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Take Good Care of
This Textbook

This textbook is the property of your school.Take good care
not to damage or lose it.

Here are 10 ideas to help take care of the book:

1. Cover the book with protective material, such as plastic, oldnewspapers or
magazines.

. Always keep the book in a clean dry place.

. Be sure your hands are clean when you use the book.

. Do not write on the cover or inside pages.

. Use a piece of paper or cardboard as a bookmark.

. Never tear or cut out any pictures or pages.

. Repair any torn pages with paste or tape.

. Pack the book carefully when you place it in your school bag.
9. Handle the book with care when passing it to another person.

10.When using a new book for the first time, lay it on its back. Openonly a few
pages at a time. Press lightly along the bound edge asyou turn the pages. This
will keep the cover in good condition.
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Welcoming Message to Students.

Dear grade 10 students, you are welcome to the second grade of secondary level
education, which is a golden opportunity in your academic career. This is a
continuation and advancement of grade 9 Mathematics education. In this stage, you
are expected to get more advanced knowledge and experiences which can help you
enhance your academic, social, and personal growth in the field of Mathematics. You,

therefore, need to bring your textbook to class and practice exercises regularly.
Enjoy it!

Introduction on Students’ Textbook.

Dear students, this textbook has 7 units namely: Relations and Functions, Polynomial
functions, Exponential and Logarithmic Functions, Trigonometric functions, Circles,
Solid Figures and Coordinate Geometry respectively. Each of the units is composed of
introduction, objectives, lessons, key terms, summary, and review exercises. Each unit
is basically unitized, or lesson based, and each lesson has four components: Activity,
Definition, Examples, and exercises (ADEE).

The most important part in this process is to practice problems by yourself based on
what your teacher shows and explains. Your teacher will also give you feedback,
assistance, and facilitate further learning. In such a way, you will be able to not only

acquire new knowledge and skills but also develop them further.

Activity
This part of the lesson demands you to revise what you have learnt or activate your

background knowledge on the topic. The activity also introduces you to what you are

going to learn in a new lesson topic.
Definition/Theorem/Note

This part presents and explains to you new concepts. However, every lesson may not
begin with definition, especially when the lesson is a continuation of the previous

one.



Example and Solution

Here, your teacher will give you specific examples to improve your understanding of
the new content. In this part, you need to listen to your teacher’s explanation
carefully and participate actively. Note that your teacher may not discuss all of the
examples in the class. In this case, you need to attempt and internalize the examples

by yourself.
Exercise

Under this part of the material, you will solve the exercises and questions individually,
in pairs or groups to practice what you learnt in the examples. When you are doing the
exercise in the classroom either in pairs or groups, you are expected to share your
opinions with your friends, listen to others’ ideas carefully and compare yours with
others. Note that you will have the opportunity of cross checking your answers to the
questions given in the class with the answers of your teacher. However, for the
exercises not covered in the class, you will be given as a homework, assignment, or

project. In this case, you are expected to communicate your teacher for the solutions.
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RELATIONS AND FUNCTIONS

Unit Outcomes

By the end of this unit, you will be able to:

4 Define relation.
4 Define function.
4 Identify types of functions.

“# Sketch graphs of various types of relations and functions.

Unit Contents

1.1 Relations

1.2 Functions

1.3 Applications of Relations and Functions

Summary

Review Exercise
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v leading coefficient v vertex
v linear function v' x-intercept

v' quadratic function v y-intercept

v" constant function v relation v' parabola
v coordinate system v range v turning point
v" combination of functions v slope v Function
v' axis(orthogonal-axis) v axis of symmetry v" domain

1.1 Relations

Introduction:

In order to continue our study of functions, we introduce the more general idea of a
relation. As its name suggests, the concept of a relation is a familiar one. In our daily
life, we come across many patterns that characterize relations with brothers and sisters,
mother and daughters, father and sons, teachers and students etc. In mathematics also,
we come across many relations such as number m is greater than number n; line n is
perpendicular to line m etc... The concept of relation is established in mathematical
form. The word “function” is introduced by Leibnitz in 17" century. Function is
defined as a special type of relation. In the present unit, we shall discuss Cartesian
coordinates, conditions for a relation to be a function, different types of functions and

their properties.
1.1.1 Revision of patterns

Activity 1.1

1. Write the numbers which come nextin 1, 3,5,7,9,
2. Which of the following arrows in figurel.l under column four can fill in the

blank space under the column three to continue the service below?
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Figure 1.1
3. Create a table of values for the set of values given in the first row of Tablel.1

by evaluating the algebraic expression 2n + 3.

Table 1.1

w
NN
Ul
o))

Input n 1 2

Output=2n + 3

4. What relationship can be represented by the table given below?
Table 1.2

Input 1 2 3 4 5

Output 2 5 8 11 14

A pattern is a regularity in the world in human-made design or in abstract ideas. As
such, the elements of a pattern repeat in a predictable manner.
Patterns are defined as regular, repeated, recurring forms or designs identifying

relationships, finding logic to form generalizations and make predictions.

I :xcomple 1]

Even numbers pattern: 2,4, 6, 8 ...

Odd numbers pattern: 1,3, 5,7,9 ...
Arithmetic pattern

The arithmetic pattern is also known as the algebraic pattern. In an arithmetic pattern,
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the sequences are based on the addition or subtraction of the terms. If two or more
terms in the sequence are given, we can use addition or subtraction to find the
arithmetic pattern.

For example, consider the pattern 2, 4, 6, 8, 10, _, 14, . Now, we need to find the

missing term in the pattern.

Here, we can use the addition process to figure out the missing terms in the patterns.
In the pattern, the rule used is “Add 2 to the previous term to get the next terms”.
First missing term: The previous term is 10. Therefore, 10+2 = 12.

Second missing term: The previous term is 14. So, 14+2 =16

Hence, the complete arithmetic pattern is 2, 4, 6, 8, 10, 12, 14, and 16.

Geometric pattern

The geometric pattern is defined as the sequence of numbers that are based on the
multiplication and division operation. Similar to the arithmetic pattern, if two or more
numbers in the sequence are provided, we can easily find the unknown terms in the
pattern using multiplication and division operation.

For example, consider the pattern 2, 4,8, ,32,

It is a geometric pattern, as each term in the sequence can be obtained by multiplying
2 with the previous term. 8 is the third term in the sequence, which is obtained by
multiplying 2 with the previous term 4.

First missing term: The previous term is 8. Multiply 8 by 2, we get 16.

Second missing term: The previous term is 32. Multiply 32 by 2, we get 64.

Hence, the complete geometric pattern is 2, 8, 16, 32, and 64.

1. Fill the blank spaces using the following pattern.
65, 60, 55, 50,45,  ,35, .
2. Identify the type of pattern for the sequence 4, 8, 12, 16, 20, ...

3. Fill the bank spaces using the following pattern.
15,22,29,36,43,  ,57,64,71,78,85, .
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4. Find the missing value for the geometric

1st St
pattern: 96, 48,24, _, 6, _ AR

5. In figurel.2, how many sticks are in the

next diagram? How many sticks are in the 2rid Siep

tenth diagram? Write an algebraic

expression to describe this system? 3rd Step

Figure 1.2 Linear patterns

1.1.2 Cartesian coordinate system in two dimensions

The Cartesian coordinate system in two dimensions (also called a rectangular
coordinate system) is defined by an ordered pair of perpendicular lines (axes). It has a
single unit of length for both axes and an orientation for each axis. The point where
the axes meet is taken as the origin for both and used as a turning point for each axis
into a number line. For any point (P), a line 4

drawn through P perpendicular to each axis

and the position where it meets the axis is P(3,2)
interpreted as a number. The two numbers in ’ ’i

that chosen order are the Cartesian coordinate /‘ é >
of P. The first and second coordinates are Origin PG.2)
called the abscissa and the ordinate of P, 1/ \

Abscissa Ordinate

respectively and the point where the axes meet
is called the origin of the coordinate system. The coordinates are usually written as two
numbers in parentheses in that order separated by a comma, as in (3, 2). Thus the origin
has coordinates (0, 0), and the points on the positive half-axes which is one unit away

from the origin and have coordinates (1,0) and (0, 1).

In mathematics, physics, and engineering, the first axis is usually defined or depicted
as horizontal and oriented to the right. The second axis is vertical and oriented

upwards. The origin is often labeled O, and the two coordinates are often denoted by
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the letters X and Y, or x and y. The axes may then

be referred to as the and -axis. The choices of
letters come from the original convention which is
to use the latter part of the alphabet to indicate
unknown values. Therefore, this coordinate system
is also called -coordinate. A plane with
coordinate axes is called  -plane. The coordinate
plane is divided into 4 parts, namely Quadrant I, II,

III, and IV as shown in the figurel.3.

Activity 1.2

Quadrant-II

Quadrant-I

5 2

Quadrant-IIIT

=1

-2

=3

Quadrant-IV

Figure 1.3

apointP ( , ).
Table 1.3

Quadrants

axes

Quadrant-I

Quadrant-II

Quadrant-I11

QOuadrant-1V

Positive - axis

Negative -axis

Positive -axis

Negative -axis

coordinate. system.

1. Complete the following table with 4+, — or 0 that applies to each coordinate of

2. Plot the points P(—2, 2), Q(2,4), R(0,—3), S(—2,1) and T(—5,—3) on the
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A system in which the location of a point is given by coordinates that represent its
distances from perpendicular lines that intersect at a point called the origin. A Cartesian

coordinate system in a plane has two perpendicular lines (the x-axis and y-axis).

In mathematics, the Cartesian coordinate system (or rectangular coordinate

system) is used to determine each point uniquely in a plane through two numbers,

usually called the -coordinate and the y
-coordinate of the point. To define the 5|
B(-1,2 i

coordinates, two perpendicular directed lines 2 L ALY

-

(the -axisor abscissa, and the -axis or

ordinate), are specified, as well as the unit -

length, which is marked off on the two axes i

—

(see Figurel.4). i C(2,-1)

Figure 1.4 the -plane
Figure 1.4 shows the location of the point A (1,1) inthe -plane. You may note that
the position of the ordered
pair B (=1, 2) is different from that of C (2,—1) Thus, we can say that( , )

and ( , ) aretwo different ordered pairs representing two different points in a plane.

=

Plot the points whose coordinates are given on a Cartesian coordinate system.

P (=3,-5), Q (—4,3), R(0,2), S(—2,0).

1.1.3 Basic concepts of relations

In order to continue our study of functions, we introduce the more general idea of a
relation, as its name suggests, the concept of relation is a familiar one. Everyone has
relatives or relations -father, mother, brothers, and sisters etc. What may come as a

surprise, however, is that this concept has an important place in mathematics. Let us
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start with an example taken from everyday life in the relationship of fatherhood. The

problem we set for ourselves is to describe this relation in mathematical terms.

If you think about this problem for a few minutes, you will probably find it somewhat
more difficult than you expected. Although everyone knows what it means to say that
is a father of , it is not quite so clear how to put this in the language we use in

mathematics.

In our daily life, we usually talk about relations between various things. For example,
7 is less than 9; Addis Ababa is the capital city of Ethiopia; Walia Ibex is endemic to
Ethiopia, and so on. In all these cases, we find that a relation involves pairs of objects
in some specific order. In this unit, you will learn how to link pairs of objects from two
sets and then introduce relations between the two objects in the pair. You also learn

here about special relations which will qualify to be functions.

Activity 1.3

Let set A contains the elements 1, 2, 4, 6, 7 and set B contains the elements 3, 5, 7,
8, 9, 12. List all the ordered pairs ( , ) which satisfy each of the following
sentences where is an element of A and is an element of B.

a.  is greater than . c. is amultiple of

b. The sumof and is odd. d. ishalfof

— Note
In activity 1.1 we have observed the following:
1. In the case of relations between objects and patterns, order is important.

2. A relation establishes pairing between objects.

Therefore, from a mathematical standpoint, the meaning of a relation is given below.

Definition 1.1

A relation is a set of ordered pairs. It is denoted by R.
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B cmple 1]

Given a relation R: The set of all ordered pairs ( , ) ofreal numbers where is greater

than

1. Which of the following ordered pairs belong to this relation?
(2,4), (4,3),(1.1,1.11), (1.1,-3),(=5,-3), (7.7, 5> 3), G, 3), (045,0.46)
2. Find a number ¢ such that
a. (4, c) is in the relation;
b. (—4,c) is in the relation;
c. (4,¢) and (¢, 4) are both in the relation.

Solution:
1. (24),(1.1,1.11),(=5,-3),(3, 3) and (0.45,0.46) belongs to the relation R.

2.  a. the set of real numbers ¢ > 4
b. the set of real numbers ¢ > —4
c. there is no real number c that satisfies the relation R.
Is there more than one answer to each of these questions? Why? As seen from the
above example 1, question number 1 has only one solution, question number 2, a and
b have many solutions and question number 2¢ has no solution. Since an ordered pair

of real numbers can be pictured as a point

y
on the graph, we can use graphs to (:Tf 3) 3
represent relations R as: ze) €32 o @2 G2)
R is the set containing ordered pairs such 1 1,06 (2606
that (—=3,-3),(=3,3),(-2,2),(-1,2), | |
(1,2),(3,2),(-2,-2),(26,06),(1,06) | | | | P
(-2.2) ' |
(313 . i

Figure 1.5 Graph of relation R
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Exercise 1.3

Given a relation R of set of all ordered pairs ( , ) of real numbers where is less
than .
a. Which of the following ordered pairs belong to the relation?
(2,1),(—4,3),(—2,0),(0.2,0.21),(—=0.2,-0.21),(7,7), (—=2,-3),(0,— 5)
b. Find a number n such that (i) (n, 0) (i1) (0,n)

I cxample 2]

Let R be a relation of the set of all ordered pairs ( , ) of natural numbers where isa

multiple of , then which of the following ordered pairs belong to R ?
(2,4),(4,3),(3,9),(18,-3),(9,3),(7,7),(3,12),(6,18), (30,5)
Solution:

(2,4),(3,9),(7,7),(3,12) and (6, 18) belong to the relation R.

B cxomple 3]

1. Let R denote the set of ordered pairs ( , ) of real numbers, where = <.

a. Find the ordered pairs belong to R which have the following first
entries: 0,1,—1, -2, %, 3,—3.

b. Find the ordered pairs belong to R which have the following second
. 11
entries: 4, 1,0, T

Solution:
11

a (0,0),(L1),(-1,1),(-24), G,
l 11

b. (24),(1,1),(00), 5.9, G50)-

), (3,9),(=3,9).

1. If R is arelation of a set of ordered pairs ( , ) of real numbers such that
= 3 — 2, then list some of the ordered pairs belong to R.

2. Let R denote the set of ordered pairs ( , ) of real numbers, where = °.
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a. Find the ordered pairs belong to R which have the following first
entries: 0,1,2,2,8, £,3,—3.
b. Find the ordered pairs belong to R which have the following second

) 1
entries: 8,—1,— 8, —27, >

Domain and range of a relation
Any set of ordered pairs ( , ) is called a relation in and y.
The set of first components in the ordered pairs is called the domain of the relation.

The set of second components in the ordered pairs is called the range of the relation.

For the relation R of the set of ordered pairs (5, 3), (-2, 4), (5,2), (-2,3)

determine the domain and the range.

In Activity 1.4, the first ordered pairs of R are 5, -2 and the second ordered pairs of R
are 2, 3,4

Definition 1.2

Let R be a relation from a set A to a set B. Then

i. Domain of R

Il
~

:(, )belongs to R for some }

i. Domainof R={ :(, )belongstoR forsome }

I £xomple ﬂ

Determine the domain and range of the relation with ordered pairs
(_2; 1); (_1: 0); (0: 0)! (41 2)! (3! 5)
Solution:

The domain of the relation is -2, -1, 0, 4 and 3. The range of the relation are 1, 0, 2

and 5.

I Exomple 2 ]

Write some ordered pairs that belong to the relation R which contains the set of
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ordered pair ( , )suchthat =2 , and are members of integers. Find also the
domain and range of R.

Solution:

R contains some set of ordered pairs (—2,—4), (-1, —2),(0,0), (1, 2), (2, 4).

The domain of the relation R is the set of all integers and the range of the relation R is

the set of all even integers.
I :xomple 3]

Find the domain and the range of each of the following relations:

a. R is the set of ordered pairs ( , ) suchthat is the square root of .

b. R is the set of ordered pairs ( , ) such that is the square of .

Solution:
a. Domain is the set of real numbers : is greater than or equal to zero and
Range is the set of real numbers : is greater than or equal to zero.

b. Domain is the set of all real numbers and Range is the set of all real numbers

. 1s greater than or equal to zero.

1. Determine the domain and range of the relation with ordered pairs (—1, 4),
(OI 7); (2; 3)1 (3' 3)1 (4'1 _2)
2. Write some ordered pairs that belongs to the following relation R; and find also

the domain and range of this relation.

a. The set of ordered pair ( , )suchthat =3 : and are members of
integers.

b. The set of ordered pair ( , )suchthat = —2 : and are members of
integers.

3. Let R be arelation of the set of ordered pairs ( , ) of real numbers such that the
sum of whose squares is one.

a. Identify the ordered pairs which belong to R:
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(1,1),0,1),(0,-1), (2, -1). (£, - D), £, D), (0,0, (- 2, -,

1 V3
G, 3

b. Find the domain and range of R.

1.1.4 Graphs of Relations

By now, you have understood what a relation is and how it can be described using
Cartesian coordinates. You will now see how relations can be represented through
graphs. You may graphically represent a relation R from domain to range by locating
the ordered pairs in a coordinate system.

Discuss the following:

i. A Cartesian coordinate system (or  -coordinate system).
ii. A point on a Cartesian coordinate system
iii. A region on a Cartesian coordinate system
From section 1.1.2, remember that the set of ordered pairs ( , ) of real numbers such
that isin the domain of the relation and  is in the range of the relation is represented

by the set of points in the  -coordinate.

I £xomple 1—|

Sketch the graph of the relation R if R is the set of ordered pairs ( , ) ofreal

numbers and suchthat = . y
A
Solution: al
We take the values of |, calculate the 5 y=x

corresponding values of , plot the resulting

points ( , ) and connect the points. " 2 2 4

Table 1.4 2f

-2 -1 0 1 2
-2 -1 0 1 2

Figure 1.6 the graph of =
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In general, to sketch graphs of relations involving inequalities, do the

following steps

1. Draw the graph of the line(s) in the relation on the  -coordinate system.

2. If'the relating inequality is < or =, use a solid line; ifitis < or >, use a broken
line.

3. Then take arbitrary ordered pairs represented by the points.

4. The region that contains these points representing the ordered pair satisfying the

relation will be the graph of the relation.

B £<omple 2]

Sketch the graph of the relation R if R be the Y

set of ordered pairs ( , ) of real numbers
and such that >

Solution:
X

To sketch the graph

1. Draw theline = .

Figure 1.7 the graph of the relation > .
2. Since the relation involves > , use the broken line: “the points on the line
= are not included.”
3. Take points representing ordered pairs, say (0, 3) and (0,—2) from above and
below the line = .
4. The ordered pair (0, 3) satisfies the relation. Hence, points above the line =

are members of the relation R.

B cxomple 3]

Sketch the graph of the relation R if R be the set of ordered pairs ( , ) of real

numbers and suchthat < 4+ 2.
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Solution:
1. Draw theline = + 2. Y
2. Since the relating inequality is < use the
solid line.

3. Select two points representing ordered
pairs one from one side and another from
the other side of the line. For example,

points with coordinates (0,4) and (1, 0).

Obviously, (1,0) satisfies the relation R

Figure 1.8 the graph of

s < 4+2,as0<1+2.
4. Shade the region below the line, = 42 herelation < 42

which contains the point(1, 0). Hence, the graph is the shaded region in figurel.8.

For each of the following relations, sketch the graph.
The relation R is set of ordered pairs ( , ): < .

a.
b. The relation R is set of ordered pairs ( ,

) < - +7.
c. The relation R is set of ordered pairs ( , ): <3 —4.
d. The relation R is set of ordered pairs ( , ): =2 +5.

B E<cmple 41

Sketch the graph of the relation R and determine its domain if R be the set of ordered

pairs ( , ) ofreal numbers and suchthat < and >— +2.
Solution:

Sketch the graphs of < and >- + 2 on the same coordinate system. The two
regions have some overlap. The intersection of the two regions is the graph of the

relation. So, taking only the common region, we obtain the graph of the relation as
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=- +2
Note that these two lines divide the coordinate system into four regions. Take any
points one from each region and check if they satisfy the relation. Say (2, 0), (0, 1),
(-1,0) and (0,-1).
The point (2, 0) satisfies both inequalities of the relation. So, the graph of the relation

is the region that contains (2,0). Hence, Domain of the relation is the set of real

number : > 1 and Range of R is the set of all real numbers .

A

® 3
PE-FHED vy

2

>-x+2

-

=

Figure 1.9 the graph of the relation R
N cmple 5|

From the graph of each of the following

relations, represented by the shaded region,
specify the relation and determine the

domain and the range:

Solution:
R={(, ) < and <4}

Domain ={ : < 4} and

Range = { : < 4}.

Figure 1.10
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Note

A graph of a relation when the relating phrase is an inequality is a region on the

coordinate system.

Exercise 1.7

1. Sketch the graph of the following relations.
a. Rissetoforderedpairs( , ): = +2and <-— .

b. Rissetoforderedpairs ( , ): =2and < -— .
c. Rissetoforderedpairs( , ): <— —2and < -—2.
2. From the graph of the following relation, represented by the shaded region,

specify the relation and determine its domain and range.

y

<
iy

Figurel.11

In this section, you shall learn about special types of relations which are called

functions, the domain and range of function, and combination of functions. The
concept of function is the most important point in mathematics. There are terms such

as ‘map’ or ‘mapping’ used to denote a function.
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1.2.1 The notion of function

Activity 1.5

Consider the following relations:
R, is the set of ordered pairs ( , ) of real numbers and such that (2, 3), (4,5),
(3,6),(6,7) and (5, 8) are members of the relation.
R, is the set of ordered pairs ( , ) of real numbers andy such that (2,3), (4, 3)
,(3,6),(7,6) and (5, 8) are members of of the relation.
R is the set of ordered pairs ( , ) ofreal numbers and such that (2,3), (2,5),
(3,6),(3,7) and (5, 8) are members of the relation.

a. Construct the arrow diagram.

b. How the first elements of the ordered pair are related with the second

elements of the ordered pair?

c. In each relation, are there ordered pairs with the same first coordinate?

Definition 1.3

A function f is a set of ordered pairs with the property that whenever ( , )
and ( ,z) belong to f,then = z.
Or

It is a relation in which no two distinct ordered pairs have the same first element.

I £xomple 1—|

Consider the following relation R;. Rqis the set of ordered pairs ( , ) of real

numbers and  such that (4,5),(6,6),(3,1),(9,7) and (5, 2) are members of the

relation. This relation is a function because no two distinct ordered pairs have the same

first element.
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I cxample 2]

Consider the relation R which is the set of ordered pairs ( , ) of real numbers and
such that (2,3),(5,3),(3,6),(7,6) and (5,8) are members of the set. Since
(5,3) and (5, 8) belong to the relation R and 3 # 8 the relation R is not a function.

I cmple 3]

Look at table 1.5

Table 1.5

y 5 5 | -8 | -8 | 4

Is R which has members of the ordered pairs (1, 5), (1,5), (3,—8),(3,—8) and (7, 4)
a function?
Solution:
Those -values are repeated still it is a function because they are associated with the
same value of . Here the ordered pairs (1,5) and (3, —8) are written twice. We can

rewrite it by taking a single copy of the repeated ordered pairs. So “ R” is a function.

B £xomple 41

Consider the following arrow diagrams in figurel.12

-

5/ \d s :\.

LT S W R W T Y

Figure 1.12

Which of the relations R{,R; and R3 represent as a function of ?
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Solution:
R, and Rj are functions, but R, is not a function because 2 and 6 are both mapped

onto two numbers.

Note

f,g and h are the most commonly used letters to represent a function; however,

any letter of the alphabet can be used.

Exercise 1.8

Determine whether each of the following relation is a function or not, and give
reasons for those that are not functions.
a. R isasetof ordered pairs ( , ) which
contains (6,7),(1,9),(—1,7),(0,0), (4,—4).
b. R isaset of ordered pairs ( , ) which contains
(=3,7),(=5,9),(=1,4),(2,0),(=5,3)
c. The relation R is a set of ordered pairs ( , ):y is a multiple of .
d. The relation R is a set of an ordered pairs ( , ):y?= .

e. Ris aset of ordered pair (x, y): y is the area of triangle x.

Domain, codomain and range of a function

Activity 1.6

Consider the following arrow diagram of a P G
function f and find the algebraic rule for f.

Figure 1.13

The domain of a function f is the set of all values of for which f is defined and this
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corresponds to all of the -values on the graph in the  -plane. Domain — The set of
all possible values which qualify as inputs to a function is known as the domain of
the function. In other words, the domain of a function can be defined as the entire set
of values possible for independent variables. Co-Domain — The set of all the outputs
of a function is known as the range of the function or after substituting the domain,
the entire set of all values possible as outcomes of the dependent variable. The range
of the function f is the set of all values f( ) which corresponds to the values on

the graph in the  -plane.

Notation: If is an element in the domain of a function f, then the element in the
range that is associated with is denoted by f( ). This is called an image of under
the function f. The notation f( ) is referred to function value and we read as * f of ’
and is the pre-image of f( ). We can define a function f( ) = 2 with a domain
and codomain of integers. But by thinking about it we can see that the range is just the

even integers. The range is a sub-set of the co-domain.

I Exomple 1]

For each of the following functions, find the domain, co-domain and the range.

a. Fis a set of ordered pairs such that (3,—2),(5,4),(1,2) and (—3,7) are

members of F

b. R isaset of ordered pairs ( , ) of real numbers such that =

Solution:
a. Domain of F is a collection of —3,1,3 and 5, Co-domain of F is a collection
of —2, 2,4 and 7, and the range of F is a collection of —2,2,4 and 7.
b. Domain of R is a set containing all real numbers and the co-domain and range

is the set containing all real numbers

A function from A to B can sometimes be denoted as f: A — B, where the domain of
the function f is A and the range of the function f is contained in B, in which we say

B contains the image of the elements of A under the function of f.
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I cxample 2]

Consider f( ) =3 + 4. Find the domain and the range of the function f.

Solution:
Since f( ) =3 + 4 is defined for every real number , the domain of the function is
the set of all real numbers. The range is also the set of real numbers since every real

number has a pre-image of a real number suchthat = f( ) =3 +4.

1. Find the domain and the range of F where F is a set of ordered pairs such
that (2, —1), (0,0), (—4, 2) and (-5, 3) are members.

2. For each of the following functions, find the domain and range.
a. f()= +1 b. f()=2 -3
¢ f()= 2 d f()= *+1

I :xcomple 1]

If f( ) =+ — 2, then find the domain and range of f.

Solution:

Since the expression in the radical must be non-zero, — 2 > 0. This implies = 2.
Hence, the domain of the function is the set of real numbers greater than or equal to 2.
The range of the function is greater than or equal to zero.

Remark: If f: A — B is a function, then, for any included in 4 (the first coordinate),
the image of under f, f( ) is called the functional value of f at .

For example, if f( )= +5,thenfat =4 isf(4)=4+5=09.

Finding the functional value of f at is called evaluating the function at .

I cxample 2]

For the function f( ) =1-3 ,

a. determine the domain and range of f.

b. find the value of f(2)and f(—1).




<
i
e

&

S S S o o S o e
L AL
S e e e e e o
e e R L R R R R R R R R L R LS
A A A A A A A A A A A A Ak
e R e et et e e e et e e e e e e e e e
csties ettt e e e e e e e e
e YA AL e

R ey
2o et

k!
e

!
b

25
£
25

i

!

k!

Bty

L

s
s

i

Solution:
a. The function f( ) =1 —3 is defined for every real number ; the domain
and range of the function f is the set all of real numbers.

b. f(2)=1-3Q2)=1-6=-5and f(-1)=1-3(-1)=1+3=4.

Exercise 1.10

1. For the function f( ) =— +4
a. Determine the domain and the range of f.
b. Find the value of f(4) and f(9).

2. For the function f( ) =+
a. Determine the domain and the range of f.
b. Find the value of f(4) and f(9).

3. Find the domain and range of each of the following functions.
a. f()=1- 2
b. f()=1[+1
c. f()=v2—"

4. If f( ) =2 ++4— | thenevaluate
a. f(=5) b. f(2)

1.2.2 Combination of functions
Just as two real numbers can be combined by the operations of addition, subtraction,
multiplication, and division to form other real numbers, two functions can be combined

to create a new function.

Activity 1.7

Consider the functions f( ) =2 —3and g( ) = —1. Then,
a. findf+ g; f—g; f+ gand 5.

b. determine the domain and range of f and g.




o o S o e O S O S e e S S S o S S e S S e o S S e S S S e S S S O S S e S S e e S e S S o S S e S S S e o S S e S S e S S e S S S S S S S S S S S S e S e e
0 A A A A 4 A 30 S 30 S A A A A A 3 S 0 S
Bt
eseseaeedaeaedediadaaadaaaedidadaddacaaaeinei
e
£

e
e b i
e e e e e
seiinnneiiineiiit el elit el S G
B e e
S e S Sramane e s
o 7 o Y i g
3 FEE R o

<
i
e

o
e

!
b

25
£
25

i

!

k!

Bty

L

25
e
SRR 25 SRR
e o s o
o ety e A A A0 I A A0 3
¥ i i o

&

k!

s
e e e

ket

B

e

A
e e e e e e
R s

e
i

i

A. Sum of functions

Let f and g be two functions with overlapping domains. Then, for all common to

both domains, the sum of f and g defined as follows:

F+O)=r()+90)
I cxample 1]

Given f( )=2 +4 and g( ) =3 —1.Find (f + g)( ) and evaluate the sum

when = 2.
Solution:
We know from above the sum of functions f and g is
F+9C)=f()+g90)
=2 +4)+GB -1)
=5 +3
and, (f +g)(2) =5(2) +3
=10+3 =13
B. Difference of functions

Let fand g be two functions with overlapping domains. Then, for all common to

both domains the difference of fand g is defined as follows:

F=9C)=f()—g90).
I cxample 2]

Given f( )=2 +1and g( )= ?+2 —1.Find (f — g)( ) and evaluate the

difference when = 2.
Solution:

The difference of the function fand g is

fF=9C)=fC)—9(0)
=2 +1D-(2%42 -1
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and, (f —g)(2)

1.Givenf( ) =3 +3and g( )= -1
a. Find (f + g)( ) and evaluate the sum when = 2.
b. Find (f — g)( ) and evaluate the difference when = 2.

2.Letf( )=2 —5and g( ) =4 + 1.Then, evaluate

a. (f+9)()
b. (f=9)()

C. Product of functions

Let f and g be two functions with overlapping domains. Then, for all

both domains the product of fand g is defined as follows:

F-9C)=fC)gC)
B cxample 1]

common to

Given: f( )= 2and g( ) = —3,find (f- g)( ) and then evaluate the product

when = 4.
Solution:

F-a)=f0C)gC)

= *( -3)
- 3_32
If = 4, the value of this product is (f - g)(4) = 43 — 3(4?)
= 64 — 48 = 16.

D. Quotient of functions
Let f and g be two functions with overlapping domains. Then, for all

both domains the quotient of fand g is defined as follows:

common to
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I cxample 2]

Iff( )=4andg( ) = — 3, then the quotient of f and g is

f _fQO_ 4
(5)( )—m—j-

Givenf( )= —1and g( )= ?,
a. Find(f - g)( ) and then evaluate the product when = 3.

b. Find (g) ( ) and then evaluate the quotient when = 3.

c. Find (%) () and then evaluate the quotient when = 3.

The domain of combination of functions

Activity 1.8

Consider the functions f( ) = —3andg( ) = + 1.Then,

a. findf+ g, f—g; f+ gand g.

b. determine the domain and the range of each function f and g.

C

is the domain of f'and g the same as the domain of f + g? Why?

The domain of an arithmetic combination of functions fand g (f +g,f—9g,f g

and g) consists of real numbers common to the domain of fand g. In the case of

quotient of functions %, there is further restriction that g( ) is not equal to zero.

_ Example 1—|

Given f( )= —5and g( ) =2 + 1.Find the domain of(f + g) ( ) and
f—9)().
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Solution:
The domain f and g is the set of all real numbers. So, the domain of f + g and

f — g is the set of all real numbers.

I cmple 2]

Given: f( ) =2and g( )= *find (- g)( ) and /3

Solution:

The domain f and g is the set of all real numbers. So, the domain of f - g and g is the
set of all real numbers. Here, g cannot be zero. So, the domain of g is R/{0} (the set
of real numbers without zero) since g cannot be zero.

B Excomple 3 |

Findﬁ( )and “}—7( ) for functions given by f( ) =+ and g( ) = V4 — 2. Then,

find the domain of 5 and %

Solution:

IO = ¥ and the quotient of g and

The quotient of f and g is given by (5) ()= O =T

The domain of fis [0, )and the domain of g is [—2,2]. The intersection of these

domains is [0, 2]. Here, g cannot be zero. So, the domain of 5 is [0,2) and domain

of % is (0,2] since f cannot be zero.

T.Letf( )=2 —5and g( )= +1,thenevaluate
a. (f+9)() b.(f—9)()
¢ (f)() NOI®

e. thedomainoff+g,f—g f-gand 5
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2. Letf( )= %2+5andg( )=+v1- . Find
a. (f+9)() b.(f—9)()
c. (f-9)() NOI®

!

i

e. thedomainoff+ g, f—g, f-gand 5.

B £<omple ﬂ

Given: f( ) =7—2 and g( ) =— - 6. Determine:
a. 3f+ g b. 4g — 3f
c. (4)g d.
Solution:
a. Bf+9)()=3f()+g()
=3(7-2)+(- —6)
=21-6 — —6=15-7.
b. (49 =3/)( ) =49()=3f()=4(- —-6)-3(7-2)
=—4 —24-214+46 =2 —45.

c. [(4f)-glC)=4fC)-g()
=4(7-2 )(— —6)
= 4(=7 —42+2 2+12)
=402 2+5 —42)=8 2+20 —168.

4g  4(—x—6)  —4x—24 _ 4x+24
5f  5(7-2x)  35-10x  10x—35

Exercise 1.14

I. Given: f( )=2—- and g( )=-2 +3.
a. Determine f + 2g and evaluate (f + 2g)(2).
b. Determine 2f — g and evaluate (2f — g)(2).

c. Determine 2f - g and evaluate (2f - g)(2).

.3 3
d. Determine 2L and evaluate - (2)
29 29
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2. Iffand g are any functions, is the domainof f + g, f — g, f - g and g differ

from the domain of f and g? If your answer is yes, why?

Note

A numerical relation R is a function if and only if no vertical line in the plane

intersects the graph of R in more than one point.

Vertical Line Tes
Vertical line test is used to determine whether a graph of a curve is a function or not.

If any curve cuts a vertical line at more than one point then the curve is not a function.

B £<omple 1—|

The figurel.14 describes the graph is not a function.

y J
A 'y
4r 4t
o 2t </
- : . »X - : 9 »X
4 2 2 |4 4 2 2/
-2t -2/
/
-4t
Figure 1.14
1.2.3 Types of functions
There are different types of function. These are
s

e One-to-one function (Injective function)

e Onto function (Surjective function)
e One-to-one correspondence (Bijective)
One-to-one function (Injective function)

If each element in the domain of a function has a distinct

Set X SetY

image in the co-domain, then the function is said to

be one -to- one function. Figure 1.15
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Definition 1.4

A function f: A — B is called one-to-one if and only if forall {, , € 4,

fC1)=f(>) implies ; = .

B £<omple 1—|

Let f:R —» R givenby f( ) =3 + 5.Show that f is one-to-one.

Solution:
Let 1, €Rf(1)=f()implies 3 {+5=3 ,+5implies ; = ,

Therefore, f is one-to-one.

I Exomple 2 ]

In figure 1.16, which of the following sets of values represent a one-to-one function?

f(x) g(x)

|/
L

m(x) n(x)

L
&
[ — ‘

Figure 1.16

Solution:

For the first set f( ), we can see that each element from the right side is paired up

with a unique element from the left. Hence, f( ) is a one-to-one function.
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The set g( ), shows a different number of elements on each side. This alone will tell

us that the function is not a one-to-one function.

Some values from the left side correspond to the same element found on the right, so

m( ) is not a one-to-one function as well.

Each of the elements on the first set corresponds to a unique element on the next,

so n( ) represents a one-to-one function.

Onto function (Surjective Function)

A function is called an onto function if each element in the co-domain has at least one

pre-image in the domain (see figure 1.17).

E
e

nto

Set X SetY

Figure 1.17

One-to-one correspondence (Bijective function)

A function f: R = R is said to be a one-to-one correspondence if f is both one-to-one

and onto.

f

Correspondence

Set X SetY

Figure 1.18
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B Excmple 3 |

Which of the following sets of values represents an injective and surjective function?

k!
R

oy
i

et

i

Figure 1.19
Solution:
a. Not one-to-one but it is an onto (surjective) function.
b. Both one-to-one and onto function.
c. An injective non-surjective function (injection).

d. A non-injective non-surjective function.

I Exomple 4]

The function f( ) = 2 from the set of positive real numbers to the set of positive real

numbers is both injective and surjective. Thus, it is also a bijective. Is it true that
whenever f( )=f( ), = ? Imagine =3, then f( ) = 9. Now I say that
f( ) = 9,whatis the value of ?1Itis3,s0 = .
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1. Which of the following mappings are injective, surjective, bijective function?

I fx) I l 8() l
I n(x) | | m(x) I

Figure 1.20

2. Which of the following are one-to-one functions?
a. Aisthesetoforderedpair (, ): = | — 2|
b. B= ftR—-> Rgivenby f () = .
3. Which of the following functions are onto?
a. ftR->R,f()=2 -3
b. g:[0,0) >R, g( )= *?
4. Identify if the following function is an injective, surjective, and/or bijective

function?
a.ftR->Rf()= +1 b. f:R->R,f() =2

1.2.4 Graphs of functions
In this section, you will learn how to draw graphs of functions suchas =ax + b
and =a 2+ bx + ¢ with special emphasis on linear and quadratic functions. You

will study some of the important properties of graphs as in the following:
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Definition 1.5
If f is a function with domain A, then the graph of f is the set of all ordered
pairs {(,f()), €A}

That is, the graph of f is the set of all points ( , ) such that f( ) = . This is the
same as the graph of the equationf( ) = discussed in Cartesian coordinates. The
graph of a function allows us to translate between algebra and pictures or geometry.

Graph of linear function:

Definition 1.6

If aand b are fixed real numbers, a # 0, then f( ) = ax + b for every real
number is called a linear function. If a = 0, then f( ) = b is called a constant

function. Sometimes linear functions are written in the form = ax + b.

I :xomple 1]

f () =2 +1lisalinear function witha =2andb =1

I £xomple 2—|

f( ) = 2isa constant function.

To work on graphic functions, you can pick a few values of and calculate the
corresponding values of or f( ), plot the resulting points ( , f( )) and connect the

points.

I Exomple 3 ]

Draw the graph of f( ) =2

Solution:

Construct a table for the value of the function; plot the ordered pairs and draw a line

through the points to get the required graph.
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Figure 1.21 Graph of the constant function f( ) = 2

I :xcomple 4

Fill in the tables shown in Table 1.7 for the function f( ) = and draw its graph.

Table 1.7

-3 -2 -1 0 1 2 3

fO)

If f(=3)==-3,f(-2)=-2fD=-Lf(0)=0,f(D =1, f(2) =2
f(@3) =3.

So, the table becomes

Table 1.8

3 | -2 |[-1 | o0 1 2 3
fC) | -3 | -2 | -1 |0 1 2 3

When you plot the corresponding points on the Cartesian plane and connect the

points to get a picture of the graph of function, the ordered pairs will give you a
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graph in the shape shown in Figure 1.22. The domain is the set of all real number

and the range is the set of all real numbers .

-4t
Figure 1.22 the graph of f( ) =

B cxomple 5 |

Consider the linear function f( ) = + 3 and evaluate the values of the function for

the values in Table 1.9 and draw its graph.
Table 1.9

-4 | =3 -2 -1 0 1 2

f(O)= +3

If =-4fH)=-Lf(=3)=0,f(-2)=1Lf(-1)=2,f0)=3,f(1) =4
f(2) =5, the table becomes

Table 1.10

—4 | =3 | =2 | -1 | o0 1 2
fC)= +3 | -1 | 0 1 2 3 4 5

Table 1.10 is pairing the values of and f( ). This is taken as a representation of set
of ordered pairs (—4,—1),(-3, 0),(—2,1),(—1,2),(0,3),(1,4) and (2,5). Now

you can plot these points in a coordinate system to draw the graph of the given function.
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Figure 1.23 the graphof f( )= +3

I Exomple 6]

Draw the graph of the linear function f( ) = -2 +6.

Table 1.11

-2 -1 0 1 2 3

f()=-2 +6| 10 | 8 6 4 2 0

v
=

-6}

Figure 1.24 the graphof f( ) = -2 +6
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Construct tables of values of the following functions for the given domains:
a. f()=4 +1, =-3,-2,-1,0,1,2,3
b. f()=-2 +5 =-1,-05,0,23,4
c. f()=7-3; =-1,0123,4
d. f( )=§+1; =—-8,—4,-2,0,2,4

B cmple 1]

Draw the graph of the following functions in the same Cartesian coordinate system.
a. f( )= +2 b. g( )=— +2
c. h( )=2 +2 d. k( )=-2 +2

Solution:

We need two points to draw a line. However, we generally choose three, and the

third point is a good check that we do not make a mistake.

a

f()= +2:£(00)=2,
f) =3,f(2) = 4,
b. g()=—- +2:9(0) =2,
g9(1) = 1,g(2) =0,
h()=2 +2:h(0) =2,
h(1) = 4,h(2) = 6,
d. k()=-2 +2:k(0)=2 T

f(x)=x+2 h(x)=2x+2 k(x)=_2x+2 g(x):-x-{-z
k(1) = 0,k(2) = —2. N

Figure 1.25 the graph of four functions f, g, h, k intersecting at a point (0,2).
As indicated on Fig.1.25, the graphs of the four functions cross the -axis at =2
because the value of b is always 2 for the equation = ax + b where b is the y-

intercept. Thus, you can see thatif a > 0 then the straight line goes up as increases,
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and the bigger a gets the faster the line goes up. Similarly, if a < 0 then the line goes
down as increases, and the bigger a gets in absolute terms, the faster the line goes
down.

From the graphs given above, you have noticed that:

a. Graphs of linear functions are straight lines.

b. If a > 0, then the graph of the linear function f( ) = ax + b is increasing.

c. Ifa < 0, then the graph of the linear function f( ) = ax + b is decreasing.

d. If a = 0, then the graph of the linear function f( ) = b is a horizontal line.

Exercise 1.17

Draw the graph of the following functions in the same Cartesian coordinate system.

a f()=2 +1 b.g()=2 —1
c. h()=-2 +1 d k()=-2 -1
e. m()=1 f. n()=-1

Slope and intercept:

The slope indicates the steepness of a line and the intercept indicates the location where
it intersects an axis. Linear functions are written in the form = ax + b and a is

called its slope and b is its -intercept.

I Exomple 1]

If f( )=3 —6,thenfindthe and -intercepts.

Solution:
To find - intercept, put f( ) = = 0 and then solve for as:
0=3 -6,
= 2.

So, the - interceptis (2,0).
To find -intercept, put = 0. And solve, you have f(0) = —6.
So, the - interceptis (0,—6).
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I cxample 2]

Draw the graph of the function f( ) =2 —3.
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Solution:

Find the and -intercept.The - intercept

is the ordered pair where = 0 that is (%, 0). f(x)=2x-3

Andthe -interceptis the ordered pair where

y
S

= 0 thatis (0, —3). Plot these intercepts on = : : :

a coordinate system and draw a line that

passes through them.

Figure 1.26 the graphof f( ) =2 —3

B cxomple 3

If f( ) =2— ,isthe graph of the function increasing or decreasing function?

Solution:

Since f( ) =2 — isthesameas f( ) = — + 2 and the coefficient of is —1,
the graph the function is decreasing.

Exercise 1.18

1. Determine the slope, -intercept and -intercept of the following linear functions:
a. + —2=0 b. 2 +2 =3
c. f()+7=2 d f()=-3 =5
2. Given the following functions:
f()=3 -1,g()=— +2,h( )=-2 andk( ) =1.
a. Which one is a decreasing function?

b. Find slope and -intercept and -intercept of each function.
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3. Sketch the graph of each of the following using intercepts:
a. =2 +4 b.3+4 =5 c. =-4 +3

Graphs of quadratic functions

A function defined by f( ) = a 2 4 bx + c where a, b, ¢ are real numbers and a #

0 is called a quadratic function. The point a is the leading coefficient of f.

B cmple 1]

f()=3 ?-2 +5isaquadratic function witha =3, b = —2 and c = 5.

Quadratic functions are useful in many applications in mathematics when a linear
function is not sufficient. For example, the motion of an object thrown either upward
or downward is modeled by a quadratic function. The graph of a quadratic function is
a curve called a parabola. Parabolas may open upward or downward and vary in”
width” or” steepness”, but they all have the same basic” U” shape. All parabolas are
symmetric with respect to a line called the axis of symmetry. A parabola intersects its
axis of symmetry at a point called the vertex of the parabola.

Many quadratic functions can be graphed easily by hand using the techniques of

stretching/ shrinking and shifting (translation) the parabola = 2.

— Note
The simplest form of a quadratic equationis = 2 whena = 1and
b=c=0.

Activity 1.9

a. Make a table of ordered pairs that satisfy the function f( )= 2.
b. Findthe and intercepts of f.
c. Plotthe points ( , ?)on -coordinate system.

d. Find the domain and range of f.
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The following are observations of the graph of h( ) = “.

» Since squaring any number gives a positive number, the values of are all
positive, except when = 0, in which case = 0.

2 is “faster’

> As increases in size, so does 2 but the increase in the value of
than the increase in .

> The graph of = 2 is symmetric about the 1

-axis (= 0). For example, if = 3, the

corresponding  value is 32 = 9.If = -3,

then the value is (—3)? = 9. The two -

values are equidistant from the -axis: one to

the left and one to the right, but the two

values are in the same height above the -

axis. Figure 1.27 the graph of =

Referring to figurel.27, we observe the following

> the line

0 ( -axis) is called the line of symmetry for this quadratic
function.
» theline = 0( -axis) is called the orthogonal axis for this quadratic function.

If the equation is, say, = 2 then the 1

y=—x' y=x* y=2x

graph will be similar to that of =2 2
but will lie above it. For example, when
= 1 the value of 2 is 1, but the

value of 2 2is 2. The value for =

2 2isabovethatof = 2. Similarly,

2
for the equation = x?, the graph is

similar to that of = 2 except lying below. Figure 1.28 the graph of =a

2

Sketch of = a 2 for different positive values of a are shown in Figure 1.28.
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Consider now the choice a = —1, with the equation = — 2 . In this case the graph

of the equation will have the same shape but now, instead of being above the -axis it

is below. When = 1 the corresponding value is—1.
Table 1.12

-3 -2 -1 0 1 2 3

fOl==% | 9 | -4 | -1 0 -1 —4 | -9
g()=-2% | 18 | -8 | -2 0 -2 -8 | —18
1 9 1 1 9
=_——_ 2 —— -2 —= 0 - -2 ——

h() 2 2 2 2 2
Examples of = a ? for various negative values of a are sketched in figure 1.29.

¥

1t

Exercise 1.19

Draw the graph of the following functions by constructing tables of values:

=-2,-1,0,1,2.
1
a f()=77%  bog()=-;"?

4
c. h()=22 d k()=-372

N W
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Graph of y = ax? + c.
This type of quadratic function is 1 y=ae2
similar to the basic ones of the previous
functions discussed but with a constant
¢ added in the function =a 2, ie., !

having the general form

3 3
= a %2 + c. As an example of this,

= 2 + 2. Comparing this with the

function = 2, the only difference is
the addition of 2 units. When =1, Figure 1.30

=1, but 2+ 2=1+42=3When =2 ?%=4,
but 2+ 2 =4+ 2 =6.
That is the values of = 2 have been lifted by 2 units. This happens for all of the
values so the shape of the graph is unchanged but it is lifted by 2 units. Similarly, the
graph of = 2 - 2 will be lowered by 2 units.
Graph of y = a(x — k)?
In the examples considered so far, the axis of symmetry is the -axis, i.e., the line

= 0. The next possibility is a quadratic function which has its axis of symmetry not
on the -axis.
A case in point to this function: = ( — 3)? i
has the same shape and the same orthogonal
axis as = 2 but the axis of symmetry is
the line = 3.1.e., shift to the right by 3 units.
The points = 0and = 6 are equidistant
from 3. When = 0the valueis 9. When

= 6the valueis (6 —3)* =0. 2

The points on the curve at these values are

both 9 units above the -axis. Figure 1.31 the graph of

I
~
I
w
—

™

This is true for all numbers which are equidistant from 3.
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From the graph of quadratic functions of the form f(x) = ax? y = ax? +

¢, a # 0, c is any real number, we can summarize:

1. Ifa > 0, the graph opens upward and if a < 0, the graph opens downward.

2. The vertex is (0,0) for f( ) =a ?and (0,c) for =a % + c.

3. The domain is all real numbers.

4. The vertical line that passes through the vertex is the axis of the parabola (or the
axis of symmetry).

5. If a > 0, the range is the set of non- negative real number for f( ) = a 2 and
the set of real number such that >cfor =a % +c¢

6. If a < 0, the range is the set of non- positive real number forf( ) = a 2 and

the set of real number suchthat <cfor =a %2+¢

Exercise 1.20

Draw the graph of the following functions.
a f()= 2+1 b. g()= 2-3
c. h()=22+2 d k()=( —1)?
e. m()=( +1)2

Graphsof =a( —k)> +m(a<0).

So far, two separate cases have been discussed: first a standard quadratic function has
its orthogonal axis shifted up or down; second a standard quadratic function has its
axis of symmetry shifted left or right. The next step is to consider quadratic functions

that incorporate all shifts.

B £<omple 1]

The quadratic function = 2 is shifted so that its axis of symmetry is at = 3 and

its orthogonal axis isat = 2.
a. Write down the equation of the new curve.

b. Find the coordinates of the point where it crosses the -axis.




<
i
e

&

e e e e e e e by

e e
g e e R

k!
e

eI eI I I I A A A I I I 0 I I I 0
e e e R e e
o R

e S S
ey g e oy

BEE o K)o F L )

S A B

e e e RS R e e e S e S e

] PR
i & 1ns: L e
e e e e i R

et b

!
b

25
£
25

i

!

k!

Bty

L

&

)
o} K%

k!
e

B

e
i

i

c¢. Sketch the new curve shifted from =
Solution:

a

The new curve = ( — 3)? is symmetric about = 3 and is shifted up by
2 units, so its equationis = ( —3)% + 2.

b. The curve crosses the -axis, when = 0. Putting this into the equation

= ( —3)% + 2, the corresponding value of is

= (0-3)? +2 =11,

so, the curve crosses the —axisat = 11.

c. The curve is shown in figure 1.32.
y

y=(x-3)+2

) 2 4 6 8
2k

Figure 1.32 the graph of = ( — 3)%+2
Note that the vertex of the graph of f( ) = ( — k)? + cis (k, ¢).

1. Thecurve = —2 2 is shifted so that its axis of symmetry is the line = —2 and
its orthogonal axis is = 8.
a. Write down the equation of the new curve.
b. Find the coordinates of the points where this new curve cuts the and axes.
c. Sketch the curve

2. Find the vertex and draw the graph of the following functions.
a f()=(-D*+2 b.g()=( -2)*-3
c. h(H)=( +1D?+1
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The final section is about sketching general quadratic functions, i.e., one of the forms

=a ?+bx+c.
The algebraic expression must be rearranged so that the line of symmetry and the

orthogonal axis can be determined. The procedure required is completing the square.

I cmple 1]

A quadratic function is givenby = 2+6 + 11.

a. Apply completing the square method, and find the vertex of the function.
b. Use this to determine the axis of symmetry and the orthogonal axis of the
curve.
c. Find the points on the and axes where the curve crosses them.
d. Sketch the function.
Solution:

a. Completing the square:

= 2+6 +11
= 246 +9-9+11
=( +3)?+2.

Thus, the vertex is (=3, 2).

b. This is the function = 2 moved to the left so that its axis of symmetry is
= —3 and shifted up by 2, i.e., its orthogonal axis is = 2.
c. The functionis = ( + 3)? + 2. It will not cross the x-axis, i.e., the graph has
not -intercept. Putting = 0 into ¥

the original form of the function

y=(x+3) +2

= 246 +11, gives =11,
1.e., it crosses the -axisat = 11.

d. The function is shown in

figurel.33.

2f

Figure 1.33 the graph of the function = 2 + 6 + 11
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1. A quadratic function is givenas = 2+4 +11.
a. completes the square on this function and find the vertex.
b. use this to determine the axis of symmetry and the orthogonal axis of the
curve.
c. finds the points on the and axes where the curve crosses them.
d. Sketch the function.
2. A quadratic function is givenas = 2 —8 + 14, and find the vertex.
a. completes the square on this function.
b. Sketch the function.
3. Sketch each of the following quadratic functions.
a. = “+2 +1 b. = -6 +5 c. = %42 45

Graphsof =a( —k)>+m(a<0).

B £<omple ﬂ

A quadratic function is givenas = — 2 + 2 + 3.

a. Complete the square on this function.
b. Use this to determine the axis of symmetry and the orthogonal axis of the
curve.
c. Find the points on the x and y axes where the curve crosses them.
d. Sketch the function.
Solution:
a. =—2+2 +3
=—(%2-2)+3
=—(( -1D*-1+3
=—( -D*+1+3
=—( -1D*+ 4

b. This is the function = — 2 moved to right so that its axis of symmetry is
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= 1 and shifted up by 4, i.e., its orthogonal axisis = 4.

c. The functionis = —( —1)? + 4. This will cross the -axis when =0
ie. when—( —1)?+4=0
4= ( —1)>
taking square roots yields —1 = +2 impliesx=1+2,i.e.,

= —1or 3.Putting = 0 into the original form of the function at the
=— 242 +3.This gives = 3,1.e., itcrossesthe -axisat = 3.

d. The function is shown in figurel.34.

(L4)

5[ y=-x"+2+3=-(x- 1) +4

) [ 2 e
Sl
-4l
Figure 1.34 the graphof =— 2+2 +3
1. A quadratic function is givenas = — 2 -2 +1.

a. completes the square on this function and find the vertex.
b. use this to determine the axis of symmetry and the orthogonal axis of the
curve.
c. finds the points on the x and y axes where the curve crosses them.
d. Sketch the function.
2. A quadratic function is givenas = — 2—2 —1.
a. completes the square on this function and find the vertex.
b. Sketch the function.
3. Sketch each of the following quadratic functions.
a. =6— *2 b. =4 — 2
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4. Findthe and -intercepts, axis of symmetry and orthogonal axes of the
following functions.

a. =-22-28 b. =—2%2+6 +7

— Note

1. Thegraphof f( ) = ( + k)? + c opens upward.

2. Thegraphof f( )= —( + k)*> + c opens downward.

3. The vertex of the graphof f( ) = ( + k)?+ cis (-k,c) and the vertex
of the graph of f ( ) = ( - k)?- cis (k,-c). Similarly, the vertex of the
graphof f ( ) = ( + k)?- c is (-k,-c) and the vertex of the graph of
f()=( -k?*+ cis(k,c).

1.3 Applications of Relations and Functions

Applications involving relations

I :xomple 1]

The data in tablel.13 depicts the length of a woman’s femur and her corresponding

height. Based on these data, a forensics specialist can find a linear relationship
between heights inch and femur cm: =2,47 +54,40< <55.
Table 1.13

Length of
femur (cm) | Height (cm)

45 164

48 173

42 158

46 167

50 178
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From this type of relation, the height of a woman can be inferred based on skeletal
remains.
a. Find the height of the woman whose femur is 44 cm.

b. Find the height of the woman whose femur is 51 cm.

Solution:
a. =247 +54
= 2.47(44) + 54
= 162.68
The woman is approximately 163 cm tall.
=247 +54
2.47(51) + 54
= 179.97

The woman is approximately 180 cm tall.

I Exomple 2 ]

If the equation 2 + 18 + 81 represents the area of the square, what is the perimeter

of the square if = 107?
Solution:
2418 + 81 factorsinto ( +9)( +9)

Since this represents the area of a square where length = width, then

( +9) =lengthand ( +9) =width

Perimeter of a square = 2(length + width)=2( + 9 + +9)
=2(2 +18)=4 +36

for =10, Perimeter 4(10) + 36 =40+ 36 =76

B c<omple 3

The width of a square is 1 less than twice its width. What is its length?

Solution:

When 1 less than a number, the algebraic symbol isis —1
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Let the width be
when 1s 1 less than 2

1=2 — and = 1.Inasquare, length = width. So, the length is 1.

Exercise 1.24

1. There is 8m wire. With this wire, make a rectangle with length m on one side.
a. Express the width using .
b. Express the area S of the rectangle using .
c. If f( ) =S5, draw the graph f( ).
d. Determine the domain and range of f( ).
2. There is an isosceles triangle with height 4cm.
a. Ifthe baseis cm and express the area S using .
b. If f( ) =S, draw the graph of f( ).

c. Determine the domain and range of f( ).

Minimum and Maximum values of quadratic functions

Suppose you throw a stone upward. The stone turns down after it reaches its maximum

height. Similarly, a parabola turns after it reaches a maximum or a minimum y value.

Activity 1.10

Let f () be a quadratic function. Discuss how to determine the maximum or

minimum value of f ().

I £xomple 1—|

The minimum value of a quadratic function expressed as
f()=(( +k*+cisc

Similarly, the maximum value of f ( ) = —( + k) + cisc.
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Find the maximum value of the function f ( ) =- 2 + 6 - 8, and sketch its
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e e

graph.

Solution:

f()=-%+6 -9+9-38
=—(%2-6 +9)+1; y

fC)=-C-37+1

The graph of f () =-( —3)2+1 -

has vertex (3,1) and hence the 2

L

maximum value of fis 1.
In this case, the range of the function is

(: <1} = (w1

y==(xe 3P 41

10t
Figure 1.35 the graphof f( ) =-( —3)?+1

1. Find the vertex and the axis of symmetry of the following functions
a. f()=(-4?%-3
b. f()= ?-5 + 38
2. Determine the minimum or the maximum value of each of the following functions
and draw the graphs:
a. f()= 244 +1
b. f()=42+2 +4
c. f()=-72-4
d f()=-6- %2-4
3. A metal wire 40 cm long is cut into two and each piece is bent to form a

square. If the sum of their areas is 58 sq.cm, how long is each piece?
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Graphical method of solving quadratic equations

Activity 1.11

For the quadratic function: = 2, complete the table, and plot the pair of
coordinates on the coordinate plane to draw the graph.

Table 1.14

-3 -2 -1 0 1 2 3

In general, the graph of quadratic function has u-shaped curve and one extreme point,
called vertex. In the Activity, the vertex of the function is (0, 0). In order to find the

solutions of a quadratic equation using a graph:

1. Rearrange the equation so that one side is equal to zero (if necessary).
2. Draw the graph of the quadratic function.
3. Read offthe -coordinate(s) of the point(s) where the curve crosses the -axis.

The quadratic function is transformed using completing the square method as

follows:

2 2 2 2
= ax? - b a2 b _ b
=ax“+bx+c=a ( +2a) te—a = a ( +2a) te—o

2 2

b 4ac—>b
—a(hy) T
. b 4ac— b2
Hence, the vertex of the function is (— 20’ az—a ).

. 2 b . C 4ac—b? . .
(That is, translate = ax* by — o5 0 -axis direction, and by o In -axis
direction.

b 4ac—b? . . .
It uses the vertex formula (— 2o T) to get the vertex which gives an idea of what

values to choose to plot the points. If the graph of the quadratic function crosses the -
axis at two points then we have two solutions. The -intercept(s) of a graph is/are the

solution(s) of the equation. If the graph touches the -axis at one point then we have
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one solution. If the graph does not intersect with the -axis then the equation has no

real solution.

B cmple 1]

Find the solutions of the equation 2 — 4 = 0 graphically.

Solution:
Draw the graph of the quadratic function, = 2 —4 ‘
Read off the x-coordinate(s) of the point(s)

o

where the curve crosses the x-axis.

Therootsare = —2and =2

vl

These are the solutions of 2 —4 =0

Figure 1.36 the graphof = 2—4

B £<omple 2|

Solve 2 —2 —3 =0 graphically.

Solution:
The solution for the equation 2 —2 — 3 = 0 can be obtained by looking at the points

— 2 _ —
where the graph = 2 3 cuts at 7oz BB Vo Axis of Symmetry

the -axis (i.e., =0). ol
= 2-2 —3=( —1)>—4, hence 4}

the vertex is (1, —4) 2|

x-intercepts

In addition to the vertex, plot some points, . ] . -

such as y-intercept (0,—3) and other
points (—1,0),(2,—3), (3,0) to draw =

Vertex

graph.

Figure 1.37 the graphof = 2 -2 —3.
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The graph = 2—2 —3cutsthe -axisat = —1and = 3. So, the solution for

the equationis = —1and = 3.
I Exomple 3 ]

Solve — 246 —9 =0 graphically.

Solution:
The solution for the equation — 2+ 6 — 9 = 0 can be obtained by looking at the
points where the graph = 246 —9cutsatthe -axis(i.e., = 0).
=— 246 —9=—( —3)2 hence the vertex is (3,0)
Plot other points, y-intercept (0, —9), and (1, —4), (2, —1), (4, -1) to draw
graph.
Thegraph =— 2+6 —9 =0 cutsthe — axisonlyat = 3. So, the solution

for the equationis = 3.

Bt
L

2

df
Figure 1.38 the graph of the function =—2+6 -9

I cxample 4]

Solve 2+ 4 + 8 = 0 graphically.

Solution:
The vertex for = 2+ 4 + 8is given by using completing the square method as

follows:
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= 24+4 +8=( +2)*+4
Then the vertex is (-2, 4). Furthermore, coefficient of 2 is positive. Therefore, there

isno -intercept and hence, no real solution to the equation % +4 +8 =10

v
=

[ 8

Figure 1.39 the graph of the function = 2+4 +38

— Note

In the graphs of quadratic functions, the sign on the coefficient a affects whether
the graph opens up or down. If a > 0, then the graph opens up and if a < 0, then
the graph opens down.

Exercise 1.26

1. Use graphical method to solve the following.
a. 2—-1=0 b. 242 +1=0
c. 243 —4= d 2-4 +6=0

2. The quadratic function f intersects the -axis at the points (1, 0) and (—4, 0).
What is the solution set of the equation f( ) = 0?

3. At what values of does the graph of the equation = ( + 2)( — 6) cross the

x-axis?
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Given the following inequalities:

a. > 2 b. < 2 c. > 244
d >1- 2 e. < %242 £ > 2-4

1. Find the -interceptand -intercept of their respective equation.

2. Which region (inside or outside the parabola satisfy the inequality)?

In solving a quadratic inequality graphically, the following steps shall be

followed.

1. Write the quadratic inequality in standard form 2+ bx+c¢ >0 or a %2+ bx +
c<0.
2. Graph the function f( ) = a 2 + bx + c using properties or transformations.

3. Determine the solution from the graph.

The graph of a quadratic function f( ) = a ? + bx + c is a parabola. When we ask
a 2+bx+c<0, f( ) <0 (Figure 1.40). We want to know when the parabola is
below the x -axis. When we ask a 2 + bx + ¢ > 0, we are asking when f( ) > 0

(Figure 1.41). We want to know when the parabola is above the x -axis.

T

f(x)

I »

2
f)>0

P
Jx) < P

Figure 1.40 the graph of the function =ax? + bx + cfora > 0
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(%)

Figure 1.41 the graph of the function =ax?+bx+cfora<0

B cmple 1]

Solve 2—6 +8<0

Solution:

Step 1: Write the quadratic inequality in standard form. The inequality is in standard
form.

Step 2: Graph the function f( ) = a 2 + bx + ¢ using properties or
transformations.

We will graph using the properties.

Look at ¢ in the equation f( )= 2—-6 +8.a=1,b=-6, andc = 8.

Since a is positive, the parabola opens upward.

f()= 2?2 -6 +8=( —3)?—1.The vertex is (3, —1). Using table to find

other points.

f()= %2-6 +8]| 3 0 -1 0 3

The -intercepts are (2,0) and (4,0) . We graph the -intercepts, and the y-intercept.
We connect these points to sketch the parabola (Figure 1.42).




<
i
e

&

e e e e e e e by

L
bbb R

k!
e

R
e e e e e
o R

e e SR S,
ey g e oy

BEE 2 e e

i) AFaftane and T

o e e

Sttt

!
b

25
£
25

i

!

k!

Bty

L

&

k!
e

B

e
fiEel

s
e e e

!

i

X - intercepts

—_—

—p X
6

2t

Figure 1.42 the graph of the function = 2-6 +8
Step 3: Determine the solution from the graph.
The inequality asks for the values of which make the function less than 0. Which
values of make the parabola below the -axis? We do not include the values 2, 4 as
the inequality is less than only. The solution, in interval notation is (2,4) or

{ 12 < < 4} for the quadratic inequality 2 —6 +8<0.

Solve the following quadratic inequalities graphically. Use the previous methods to
check the answers.

a. *+6 +5<0 b. 246 —-7=0

c. #—-10 +16>0 d 2-3 +4>0

e. 2-2 —15<0

Graphical method of solving quadratic inequalities (2)

B £<omple 2—|

Solve — 2 —8 — 12 < 0 graphically. Write the solution in interval notation.

Solution:
Consider the equation f( )=— 2—-8 —12.a=-1,b=-8, andc = —12,
Since a is negative, the parabola opens downward.

We find f(0) = —12. Hence (0, —12) is the -intercept.
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The vertex is (—4, 4). Find other points using the table.

-6 | -5 | -4 | -3 | =2
f()=—2%2-8 —-12| 0 3 4 3 0

So, the x-intercepts are (—6,0) and (—2,0). We graph the vertex, intercepts. We
connect these points to sketch the parabola (Figure 1.43).

X - intercepts 2r

-4 2

Figure 1.43 the graph of the function =—2-8 —12<0.
The inequality asks for the values of which make the function less than or equal to 0.
We include the values —6,and —2 as the inequality is less than or equal to 0. The
solution, in interval notation is (—o0,—6] U [-2,0) or { : < —6 or > —2} for
the quadratic inequality

—2_8 —-12<0.

Exercise 1.28

Solve the following quadratic inequalities graphically. Use the previous

methods to check the answers
a. — %+ +12=0 b. — 2—-2 +17<0
c. —%-6 —5<0 d —2%+2 +1=0
e. —*+8 —14<0




Summary and Review Exercise

m

1.

N

A Cartesian coordinate system in two dimensions (also called a rectangular
coordinate system) is defined by an ordered pair of perpendicular lines (axes), a

single unit of length for both axes, and an orientation for each axis.

. In relation, two things are related to each other by a relating phrase.

3. A relation is the set of ordered pairs.

>

The set of first components in the ordered pairs is called the domain of the
relation. The set of second components in the ordered pairs is called the range

of the relation.

. A function is a special type of relation in which no two distinct ordered pairs

have the same first element.

A function from A to B can sometimes be denoted as f:A — B, where the
domain of the function f is A and the range of the function f is included in B,
in which we say B contains the image of the elements of A under the function f.
A numerical relation R is a function if and only if no vertical line in the plane
intersects the graph of R in more than one point.

If each element in the domain of a function has a distinct image in the co-

domain, then function is said to be one -to- one function.

. A function is called an onto function if each element in the co-domain has at

least one pre — image in the domain.

10. A function f: A — B is said to be a one- to-one correspondence if f is both one to

one and onto.

11.Let f and g be two functions with overlapping domains. We define the sum,

difference, product, and quotient as:
f+9@) =fx) +gX) (f9)(x) = f(x)g(x)
f =) = f) ~ g () D@ =890 %0

g(x)




Summary and Review Exercise

12.1f aand b are fixed real numbers, a # O,then f(x) = ax + b for every real

number x is called a linear function.

13.In f(x) = ax + b for a # 0,xe/R, a represent the slope, (0,b) represents the
y- intercept and (— 3, 0) represent the x- intercept.

14.A function defined by f(x) = ax? + bx + ¢ where a, b, c are real numbers and
a # 0 is called a quadratic function. The point a is the leading coefficient of f.

15.We can sketch the graph of a linear function by using either a table of values, or
the x and y — intercepts.

16.We can sketch the graph of a quadratic function by using either a table of
values, or shifting rule.

17.The graph of f(x) = ax? + bx + ¢ opens upward if a > 0 and downward if
a<ao.

18.The vertex is the point on the coordinate system at which a graph of a quadratic
function turns either upward or downward.

19.The axis of symmetry is a vertical line that passes through the vertex of the
parabola.

20.The domain and range of linear functions are the set of real numbers.

21.The domain of a quadratic function f(x) = ax? + c is the set of real numbers,
whereas the range is;
{y:y = c} if the leading coefficient is positive and c¢ is the value of
y at the vertex.

{y:y < c} if the leading coefficient is negative and c is the value of y at the

vertex.
2 2_
For f(x) = ax?+ bx +c. In this case, f(x) =a(x + %) _ j:ac). The
2_
coordinate of the vertex is (— %, - %). If a > 0, the range is

b%*—4ac b*—4ac

{y:y = ” 1. If a < 0, the range is{y: y < y» 1.




Summary and Review Exercise

Review Exercise

1. Which of the following sets of ordered pairs are functions?
a. (1,2),(2,3),(3,4),(4,5)
b. (4,3),(2,2),(-3,4),(—3,—-3)
c. (1,2),(2,3),(1,3),(4,5)
d. (1,-1),(1,-6),(4,2),(2,-3)
2. LetR = {(x, y):yis shorter than x}.
a. Does(x, x) belong to the relation? Why?
b. Is true that if (x, y) belongs to R, then (y, x) belongs to R?
c. If (x,y) and (y, z) belong to R, then is it true that (x, z) belongs to R?
3. Find the domain and range of each of the following relations:
a. R is the relation which contains the set of order pairs (x,y): y = —3x.
b. R is the relation which contains the set of order pairs (x,y):x contains
-2,-1,0,1,3,5andy =2 —x
c. R is the relation which contains the set of order pairs (x,y):y = V1 —x2.
d. The set of ordered pairs (x,y), where y is a sister of x.
e. The set of ordered pairs (x,y), where a pupil in y's class is x.
4. Sketch the graph of each of the following relations and find the domain and range.
a. R is the relation which contains the set of order pairs (x,y):y = x3.
b. R is the relation which contains the set of order pairs (x,y): y < —x — 1.

c. Riis the relation which contains the set of order pairs (x,y): y > 3x — 1.

o

R is the relation which contains the set of order pairs (x,y): y = 2x — 3.
e. R is the relation which contains the set of order pairs (x,y):y = 2x and y <
x+ 1.

f. R is the relation which contains the set of order pairs (x,y): y < —x + 2

andy > x — 3.




5.

For the following graph (Figure 1.44),
specify the relation and write down st
the domain and range:

Let f(x) = 2x? —5x — 3 and

gx)=-2x>+x+7 ;
a. Find:
)f+g i) f-g

i) (f + 9)(=1) ) 2f —9)(3)

b. Determine the domain of f — g.
Let f(x) = 2x? — 1 and

g(x) = x — 3, then Figure 1.44

a. Evaluate: i) fg ii)g i) (fg)(2) iv) (5) (5)

b. Find the domain of g.

-3 x+8

If f()=2= and g(x) ==" then

X

a. find: i) fg

b. evaluate: i) (fg)(—3)

i) (3f =2 (=1)

Determine which of the following pairs of formulas define the same function.
2

a. y=x%; y=x?, x>o.
b. y=(x+1)?x-2); y=x3-3x-2.
_l_ _x+1
c'y_x’ T ox24x”
d y=2% y=x.
2_
e. y=x+1; y=%.

f. y=x; y=+Vx2
g. y=x, y=Vxs.

2x+1 2x24+7x+3
h. y=—; y="——7—,x>0.

x x243x




Summary and Review Exercise

10.Construct tables of values and sketch each of the following:
a.f(x) =2x-5 b.2x+y—-3=-5
c.f(x)=7—6x —x? d.f(x) =1-4x
11.The curve y = x? is shifted so that its axis of symmetry is the line x = 1 and
its orthogonal axisis y = —4.
a. Write down the equation of the new curve.
b. Find the coordinates of the points where this new curve cuts the
x and y axes.
c. Sketch the curve
12.The curve y = x? is shifted so that its axis of symmetry is the line x = 1 and
its orthogonal axis is y = 3.
a. Write down the equation of the new curve.
b. Find the coordinates of the points where this new curve cuts the x and y
axes.
c. Sketch the curve
13.The curve y = —x? is shifted so that its axis of symmetry is the line x = 1 and
its orthogonal axisisy = 3.
a. Write down the equation of the new curve.
b. Find the coordinates of the points where this new curve cuts the x and y
axes.
c. Sketch the curve
14.By using shifting rule, sketch the graph of each of the following:
a. y=x2—4x+2
b. y=—x*-6x—8
15.A mobile phone technician uses the linear function C(t) = 2t + 100 to
determine the cost of repair where the time in the hours is t and C(t) is the cost

in Birr. How much will you pay if it takes him 3 hours to repair your mobile?




POLYNOMIAL FUNCTIONS

Unit Outcomes

By the end of this unit, you will be able to:

4 Define polynomial functions.
Perform the four fundamental operations on polynomials.
Apply theorems on polynomial functions to solve related problems.

Determine the rational and irrational zeros of polynomials.

€ & B E

Sketch the graphs of polynomial functions.

Unit Contents
2.1 Definition of Polynomial Function
2.2 Operations on polynomial functions
2.3 Theorems on polynomials
2.4 Zeros of a polynomial function
2.5 Graphs of polynomial functions
2.6 Applications
Summary

Review Exercise
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Linear function

Location Theorem

Zero(s) of polynomial

Domain

Turning point

Xx-intercept

v" Remainder theorem Polynomial Division Theorem y-intercept
v Factor theorem Polynomial Function Multiplicity
v Leading Coefficient Rational root test Degree

v Constant function Constant term

Introduction

In unit one of this textbook, you saw functions of the form y = b,y = ax + b

and ax? + bx + c. You also attempted to sketch their graphs. These functions are
parts of a large class of functions called polynomial functions. Polynomial functions
are functions that involve only one variable x, consisting of the sum of several terms;
each term is a product of two factors; the first being a real number coefficient and the
second being x raised to some non-negative integer power. In this unit, you will be
looking at the different components of polynomial functions like degree, leading
coefficient, zeros of a polynomial function, theorems on polynomial functions and
properties of graphs of polynomial function. You will see how the leading coefficient
and the degree of a polynomial function determine the end property of the graph of the

function.

2.1 Definition of Polynomial Function

You are familiar with functions like constant functions, linear functions and quadratic

functions in unit one.
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Classify the following functions as constant function, linear function, quadratic

function or none of these:

a. f(x)=2x+4 b. gx)==—x

¢ fx)=aa=|% Ux=0 4 h()=—x2+5x+9

—-x, ifx<0
e. f(x)=x*+2x-5 £ k(x)=5
g h(x)=x-2)(x+2) h. f(x)=6 +§x + 4x?
i f(x)=-E5x+E2 o W) =3Ex+E3

A function f is a constant function if it can be written in the form f(x) = b, where
b is a real number. The domain of f is the set of all real numbers and the range is the
set containing only the number b.

A function f is a linear function if it can be written in the form f(x) = ax + b, where
a and b are real numbers and a # 0. The domain of f is the set of all real numbers and

the range is also the set of all real numbers.

A function f is a quadratic function if it can be written in the form f(x) = ax? + bx +
¢ where a, b and c are real numbers and a # 0. The domain of f is the set of all real
numbers and the range is not the set of all real numbers and it depends on the values

of a, b and c.

Definition of Polynomial Function

Definition 2.1

Let n be non-negative integer and let a,,,a,_1, . . . ,a,,a;,aq be real numbers
with a, # 0. The function p(x) = a, x™ + a,_1x" '+ .. .+ ax® + a;x +

a, is called a polynomial function in one variable x of degree n.
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In the above definition of polynomial function
. au,ayp_1, --.,03,0a1,a9 are called the coefficients of the polynomial
function (or simply the polynomial).
ii.  The number a, is called the leading coefficient of the polynomial and a,, x™
is the leading term.
iii.  The number n (the exponent of the highest power of x) is the degree of the
polynomial.

iv.  The number a is called the constant term of the polynomial.

Domain of Polynomial function: The domain of a polynomial function is the set of

all real numbers.

= Note

e The constant function f(x) = b,b # 0 is polynomial function with degree
Zero.

e The constant function f(x) = 0 is called the zero polynomial with no degree
assigned to it.

B £<omple 1—|

Find the degree, leading coefficient and constant term of the following polynomial

functions.

a. f(x)=-2x+5

b. f(x)=3x*+x-3

c. f(x)=3x3-9x%+ 5x+%

d. h(x) = —5x* +8x3+2x2-3x+7

e. g(x)=-2+3x3 +§x2 — x* + 4x° + 5x
f. gix) =2(x4+%x2—2)+x+x4+1

Solution:
a. It is a polynomial function with degree 1, leading coefficient -2 and constant term

S.
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C.

d.

€.

It is a polynomial function with degree 2, leading coefficient 3 and constant term —3.
It is a polynomial function with degree 3, leading coefficient 3 and constant term %

It is a polynomial function with degree 4, leading coefficient -5 and constant term 7.

You can rearrange the polynomial function g as

g(x) =4x® —x* +3x3 + %xz +5x —2 and it is a polynomial function with

degree 5, leading coefficient 4 and constant term —2.

g(x) =2(x4+%x2 —2)+x+xt+1=2x"+x2—4+x+xt+1
=3xt+x%+x-3.

Therefore, the degree is 4, the leading coefficient is 3 and the constant term is —3.

Find the degree, leading coefficient and constant term of the following polynomial

functions.
a. f(x)=-x*+3x+9
b. f(x) =12x3—9x* +3x + 4
h(x) = —7x° + 5x3 — 10
d. g(x) =—4x? —x3 -5+ 2x + 3x*

e

e. h(x)=-3x*+x%+3(2x%+4x* +5x3 + %)

— Note
There are two ways to check whether a given function is not polynomial function.

e Its domain is not all real numbers.

e It does not take the form or unable to transform it to the form
p(x) = apx™ + a1 x" 1+ ...+ ayx? + ayx + ag, where n is non-
negative integer ( O or positive integers) and a,,,a,_1,...,a,,aq ,aq are

real numbers with a,, # 0.

B o o o o o o o o e o o o o e o e o e o e o e o e o e o e o e o e o e o e o e o e o e o e o e e e e
e,

e e e e e e
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I Exomple 2 ]

Determine if the following are polynomial function or not.

1. g(x) =4x2+3x1 -7 2. h(x) = 2*¥

Solution:
1. g(x) = 4x~% + 3x~! — 7 is not a polynomial function because —2 and —1 are
not positive integers.
2. h(x) = 2% is not a polynomial function because it can’t take the form of the

general polynomial function.

I Exomple 3 ]

Which of the following are polynomial functions? For those which are polynomials,

find the degree, leading coefficient and constant term.

a. f(x)=2x?-9x3 +§x b. g(x) =2 —x)(2 +x)
c. h(x)=5x"*+6x*+3 d. k(y) =y
1 L = 2
e. f(x)=2x3+5x2—x+5 f. f(x)=§2x3+5x2—\/;
Solution:
a. You can rearrange it as f(x) = —9x3 + 2x? +§x and it is a polynomial

function with degree 3, leading coefficient —9 and constant term O.

b. g(x) = (2 —x)(2+x) =4 —x?, itis a polynomial function with degree 2,
leading coefficient —1 and constant term 4.

c. h(x) =5x"*+6x?+ 3 is not a polynomial function because in the term
5x~* n = —4 is not a positive integer.

d. k(y) =y is not a polynomial function because it cannot be written in the
general form of polynomial function, because the variable y is inside a radical

sign.
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e. f(x)=2x3+5x2—x+5 is not a polynomial function because % and 5 are

not integers.

f. It is a polynomial function with degree 3, leading coefficient £ 2 and constant

term —v- %

Which of the following are polynomial functions? For those which are polynomials,

find the degree, leading coefficient and constant term.

a. f(x)=3x"+2x3+x-5 b. k(x)=4—x+§x4—8x2
c. glx)=4x3-7x%2+x1-38 d. h(t)=t2t+t3
_ _ 1 1
. h(y)=g6y*+&2y+5 £ fe)=—+-+1
.2 34 .5
2 k(x) =2x5 —5x2 +2— 2—x +34x X L f) =+ +x—1)
i f(x) =V +5)* i fx)=2x2473

Definition 2.2

A polynomial expression is an expression of the form a, x™ + a,_x" 1 +

...+ ayx*> + a;x + a, where n is non negative integer and a,, # 0. Each

individual expression a,x* making up the polynomial is called a term.

B E<cmple 41

. . 8—3x3+4x*
Consider the expression — " 3x* + 5x2.

a. Isita polynomial expression?
b. Find the degree, leading coefficient and the constant term.

¢. What is the coefficient of x3 ?

Solution:
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. . 8-3x3+4ax* . . .
First, write xTH — 3x* + 5x2 in the general form of a polynomial expression,

8—3x3 +4x*
4

—3xt 4+ 5x2 =2 343 1 2yt 3yt 4 5x2
4 4 4
=2—%x3 + (x* = 3x*) +5x% = 2—%9(3 — 2x* + 5x2
= —2x* —%x3 +5x% + 2.
a. Yes, it is a polynomial expression.

b. The degree is 4, the leading coefficient is —2 and the constant term is 2.

3
c. —=
4
. . 6x3—2x249 3
Consider the expression — —* 3x° — 2x

a. Is it a polynomial expression?
b. Find the degree, leading coefficient and constant term.

c. What is the coefficient of x2?

2.2 Operations on Polynomial Functions

Recall in algebra that we can combine two real numbers using the operations addition,
subtraction, multiplication and division to find another real number. You know the
restriction we have to make when we use the operation division. Here, we will combine
two or more polynomial functions using the operations addition, subtraction,
multiplication and division and discuss the results obtained by the combination. To
combine polynomial functions the knowledge of commutative, associative and

distributive laws and like and unlike terms is very important.
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Activity 2.2

1. Which of the following pairs contain like terms?

a. 2xand 5x b. 5a? and 6a?
c. x? and 2x3 d. 3x?and 2 y?
e. 3 and y f. x° and 6x°

2. For any three real numbers a, b and ¢, determine whether each of the following

statements is true or false. Give reason for your answer.

a.a+b=b+a b.a—b=b-a

c. (@a+b)+c=a+b+c) d. (ab)c = a(bc)
e.a(b+c)=ab+ac ffa—(b+c)=a—-b+c
ga—(b—c)=a—-b+c h.(a—b)+c=a+ (—b+c)

Addition of Polynomial Functions

Definition 2.3

The sum of two polynomial functions f and g is written as f + g and is defined

as: (f + g)(x) = f(x) + g(x) for all real numbers x.

= Note

The sum of two polynomial functions is found by adding the coefficients of like

terms.

I Exomple 1]

In each of the following, find the sum of f(x) and g(x).

a. f(x)=2x*+5x3+x%>+9x+4and g(x) = —3x3 +5x> —5x—9

b. f(x)=%x2+%x—53ndg(x)= §x2—§x+3
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Solution:

fO)+g9&)

=(2x* +5x3 +x2 4+ 9x +4) + (—3x3 + 5x — 5x — 9)

=2x* + (523 — 3x3) + (x® + 5x2) + (9x — 5x) + (4 — 9)
(Grouping like terms)

=2x* 4+ 2x3 + 6x? + 4x — 5 (Adding like terms)

a

fE)+9(@) = Gx2+3x—=5) +(Gx2—2x+3)

12432 12 —

(Zx +2x)+(3x 3x)+( 5+3)

(Grouping like term)

= %xz +§x—2 = 2x? +§x—2 (Adding like terms)

Observation:

If f(x) and g(x) have different degrees, the degree of f(x) + g(x) is the same as
the degree of f(x) or the degree of g(x) whichever has the highest degree.

2. If f(x) and g(x) have the same degree, the degree of the sum may be lower than
or equal to the common degree.

3. The sum of two polynomial functions is a polynomial function.

Find the sum of the polynomial functions f(x) and g(x).
a. f(x) =2x3—-3x?—-2x+5and g(x) = 5x* + 6x3—7x% + 4x + 3.
b. f(x)=—x*+2x3—-3x2-3x+2 and g(x) =5+ 7x — 2x? — x3 + x*.
c. flx)=-2x°+2x*—x3+2x%+5x—1and g(x) = 2 + 4x — 5x° — 3x*.
d. f(x)=%t2x*+2x>-5x*>+x—£3 and
g(x) = €3 — 3x — x? + 2x3 — 28 2x*.
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Subtraction of Polynomial Functions

Definition 2.4

The difference of two polynomial functions f and g is written as f — g, and is

defined as (f — g)(x) = f(x) — g(x) for all real numbers x.

I cxample 2]

In each of the following, find f — g:
a. f(x)=-2x3+5x2+3x+2and g(x) = —2x3 +4x* + 8x — 7.
b. f(x) =6x°+5x* +2x3 —x? + 4x — 3 and g(x) = 5x* + x3 + 4x? — 3x — 3.

Solution:
a. f(x)—g(x)=(-2x3+5x?> +3x+2) — (—2x3 + 4x> + 8x — 7)
=—2x3 +5x%+3x+2+2x3 —4x*—-8x+7

(Removing brackets)

=(—2x34+2x) + (5x> —4x)) + Bx—8x) + (2+ 7)

(Grouping like terms)
=0x3 4+ 1x% — 5x + 9 (Adding like terms)
= x2 —5x +09.
b. f(x) —g(x) = (6x° +5x* + 2x3 —x? + 4x — 3 ) — (5x* + x3 + 4x? —
3x —3)

= 6x° +5x*+2x3 —x2+4x -3 —-5x* —x3 —4x2 +3x+3
(Removing Brackets)

= 6x° + (5x* = 5x*) + (2x3 — x3) + (—x% — 4x?) +
(4x + 3x) + (=3 + 3) (Grouping like terms)

6x° + 0x* 4+ 1x3 —5x2 + 7x + 0 (Adding like terms)
=6x> +x3 —5x% + 7x
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1. In each of the following find f(x) — g(x).
a. f(x) = —x3—5x?+3x+12 and g(x) = 9x3—x% — 6x + 3.
b. f(x) = —%x“ + 3x3 — 3x? —%x +2and g(x) = §x4 — x3 — 2x? +§x+ 5
c. f(x)=—5x+3x*—x3+2x% +5x+1and g(x) = 2 + 4x — 5x° — 3x*.
d. f(x) =383x*+2x3 —5x> + x —5¢3 and g(x) = &3 —3x —x? +2x% —
28 3x*.
2. The degree of f(x) — g(x) is equal to the degree of f(x) or the degree of g(x)
whichever has the highest degree. (True/False)
3. Is there a possibility for the degree of f(x) — g(x) to be lower than the degree of
f(x) or the degree of g(x)? When?

4. 1Is the difference of two polynomial functions a polynomial function?

Multiplication of Polynomial Functions

Definition 2.5

The product of two polynomial functions f(x) and g(x) is written as f - g, and

is defined as:

(f - 9)(x) = f(x) - g(x) for all real numbers x.

The product of two polynomials f(x) and g(x) is found by multiplying each term

of one by every term of the other as shown in the following example.

B £xcomple 3 |

1. Find f(x) - g(x) where f(x) = 2x + 3 and g(x) = 3x? — 5x + 6.
2. Letf(x) =x%—2x+2and g(x) = 2x3 — 4x? — 5x + 1 then

a. Find f(x) - g(x).

b. Find the degree of f, gand f - g.
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c. Isthe degree of f - g equal to the sum of the degrees of f and g?
Solution:
1. f(x)-gx) =@2x+3)(3x%>—5x+6)
2x(3x% —5x + 6) + 3(3x? — 5x + 6) (Distributive property)
(2x)(3x%) + (2x)(=5x) + (2x)(6) + (3)(3x*) + (3)(=5x) + (3)(6)
(Distributive property)
=6x3 — 10x% + 12x + 9x* — 15x + 18
6x3 + (—10x? + 9x?) + (12x — 15x) + 18
6x> —x* —3x +18
2.a. f(x)-g(x) =(x?> —2x+2)(2x3 —4x*—-5x+1)
=x2(2x3 —4x? = 5x + 1) + (—2x)( 2x3 — 4x? — 5x +
1) + 2(2x3 — 4x? — 5x + 1)  (Distributive property)

=2x° — 4x* — 5x3 + x% — 4x* + 8x3 + 10x% — 2x +
4x3 —8x%2 —10x +2  (Distributive property)
=2x° + (—4x* — 4x*) + (=5x3 + 8x3 + 4x3) +
(x? +10x% — 8x2) + (—2x — 10x) + 2
=2x% —8x* + 7x3 +3x2 —12x + 2
b. Degree of f is 2, degree of g is 3 and degree of f - g is 5.

c. Yes.

1. In each of the following find f(x) - g(x).
a. f(x)=3x+1andg(x) =2x*+4x—-5
b. f(x) =x*+x—2andg(x) =3x*—6x+1
c. f(x) = x3 + 3x and g(x) = 2x — x?
2. Let f(x) =3x* +2x — 4, g(x) = x? — 2x3.
a. Find f(x) - g(x).
b. Find the degree of f, gand f - g.
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c. Isthe degree of f - g equal to the sum of the degrees of f and g?

To find the product of two polynomial functions, we can also use a vertical
arrangement for multiplication.

B £<omple 4—|
Find (x) - g(x) ,if f(x) = x° + 2x* —3x? —x — 5, g(x) = 3x% — 4x + 2.

Solution:

We arrange the polynomials in a vertical column and multiply each term of the second

polynomial by each term of the first polynomial as indicated along with the following

solution.
x° + 2x* — 3x? —x—5}
3x% —4x + 2
2x° + 4x* — 6x? — 2x — 10 (Multiplying by 2)
—4x5 — 8x° + 12x3 + 4x? + 20x (Multiplying by —4x)
3x7 + 6x° —9x* — 3x3 — 15x? (Multiplying by 3x?)

3x7 4+ 2x% — 6x° — 5x* + 9x3 — 17x% + 18x — 10  (Adding like terms
vertically)
Thus, f(x).g(x) = 3x7 + 2x% — 6x° — 5x* + 9x3 — 17x% + 18x — 10.

Exercise 2.7

Find the product of f(x) and g(x) using vertical arrangement.
a. f(x) =2x*—2x—1and g(x) = 3x + 5.
b. f(x) = 3x3 —x? +x —1and g(x) = 5x — 2x2.
c. f(x)

x3 +2x%> +x—5and g(x) = —2x% + 5x — 3.

Observation

1. For any two non-zero polynomial functions f and g, the degree of f - gism +n

if the degree of f is m and the degree of g is n.
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2. [Ifeither f or g is the zero polynomial then f - g becomes the zero polynomial and
has no degree.

3. The product of two polynomial functions is a polynomial function.
Division of Polynomial Functions
A number that takes the form %, where a and b are integers and b # 0 is called a

rational number. If b is positive integer, we can divide a by b to find two other integers

g and r with 0 < r < b such that % =q+ %. Here, a is called the dividend, b is called

the divisor, g is called the quotient and r is called the remainder.

For example, to find g and r when 50 is divided by 3, you usually use a process called

long division as follows: —— Quotient
Hence, 50 + 3 = 2 = 16 + = 1
enee, SV m e =5 = 3 Divisor — 3) 50 — Dividend
Here, 50 is the dividend, 3 is the divisor, 16 is the 3
quotient and 2 is the remainder. 123
In almost a similar way, we can divide one )
Remainder —1

polynomial by another polynomial.

Activity 2.3

For each of the following, divide the number a by the number b to find two numbers

g (quotient) and » (remainder) with r < b such that % =q+ % if

. a=97andb = 8. 1. a =168 and b = 5.
ii. a =287 and b = 15. iv. a=355and b = 11.

Definition 2.6

The division (Quotient) of two polynomial functions f and g is written as f + g,

and is defined as (f + g)(x) = f(x) + g(x) for all real numbers x and
g(x) # 0(zero polynomial).

A A A A A X A A A A A A I A AC A A A A A A A A A A XA A A,

e e e e e e
e e e e e
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It is possible to divide one polynomial by another using a long division process. When
you are asked to divide one polynomial function by another, stop the division process
when you get a quotient and remainder that are polynomial functions and the degree

of the remainder polynomial is less than the degree of the divisor polynomial.

I cmple 5]

Find (x) = g(x) , where f(x) = 4x3 + 4x?> —x + 4 and g(x) = 2x — 1.

Solution:

Think 8 =3,
Think 22 =2y T hink Sosi
2x ) I
2x* +3x +1 «~—Quotient
Divisor— 2x- 1) 4x* +4x* - x+4 «— Dividend
4x° - 2x* «——Multiply 2x- 1 by 2x*
6x*- x+4  +— Result of subtraction

6x° - 3x «—— Multiply 2x- 1 by 3x
2x+4 +— Result of subtraction
2x-1 «—— Multiply 2x-1 by 1

5 +«——Result of subtraction
Remainder —

So, dividing 4x3 + 4x% — x + 4 by 2x — 1 gives a quotient 2x? + 3x + 1 and a

remainder 5.

Exercise 2.8

In each of the following, find the quotient q(x) and the remainder r(x) when f(x) is
divided by g(x).
a. fx)=x>+4x>+x+1and g(x) = x + 2.

b. f(x) =4x3+6x?> —8x +5and g(x) = 2x — 1.

c. fx)=x3—-3x>—-6andg(x) = —x + 1.
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I cmple ¢ ]

Find (x) + g(x) , where f(x) = x5‘ +5x3 —2x2+7and g(x) = x% + 2x + 1.

it
e
ey

By
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£

Solution:

¥’ - 2x* +8x- 16
¥ +2x+1) x* +0x* +5x° - 2x* +0x+7  Arrange the divisor and the dividend
PRIV in decreasing power of x

- 2x* +4x7 - 2x" +0x+7  Insert 0 (zero) coefficient for missing terms
- 2xt - 457 - 247
8x* +0x* +0x+7
8x’ +16x* +8x
- 16x - 8x+7 Multiply the divisor by the result, line
-16x*- 32x- 16 up like terms and subtract
24x+23

At each step divide the first term of
the dividend by the first term of the div

So, dividing x° + 5x3 — 2x? + 7 by x? + 2x + 1 gives a quotient x> — 2x? +
8x — 16 and a remainder 24x + 23.

5 3 2
x2+5x°-2x°+7 24x+23
- e T = x3 —2x24+8x—16+

Therefore = —_—
’ x24+2x+1 x242x+1

In each of the following, find the quotient g(x) and the remainder r(x) when f(x) is

divided by g(x) and write the result as

f®
9(x)

a. f)=x3+3x2+6x+5 gx)=x*>+x+2
b. f) =x*+x3+x2-6x+7, gkx)=x*>-1
. f(x)=1+8x%—-5x3+5x*+2x° gx)=2x3—-x2+1

LE]

=@+ 50
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2.3 Theorems on Polynomials

Polynomial Division Theorem

Activity 2.4

For each of the following, divide the number a by the number b to find two numbers
g (quotient) and » (remainder) with r < b such that a = gb + r if

i. a=88andb =5.

ii. a=305andb = 6.

iii. a=354and b = 17.

iv. a=444and b = 111.

Theorem 2.1 Polynomial Division Theorem

If f(x) and d(x) are polynomials such that d(x) # 0, and the degree of d(x) is
less than or equal to the degree of f (), then there exist unique polynomials q(x)

and r(x) such that
f(x) = d(x)q(x) +r(x)
where, r(x) = 0 or the degree of r(x) is less than the degree of d(x). If the

remainder r(x) is zero, d(x) divides f(x) exactly.

Proof:

Existence of the polynomials q(x) and r(x)

Since f(x) and d(x) are polynomials, long division of f(x) by and d(x) will give a
quotient g(x) and remainder r(x), with degree of r(x) < degree of d(x) or

r(x) = 0.

To show uniqueness of g(x) and r(x)

To prove that q(x) and r(x) are unique, suppose that q'(x) and r'(x) are polynomials

satisfying
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r (x) = 0 or degree of '(x) < degree of d(x).
Then we would have

q()d(x) +r(x) = f(x) = q (D)d(x) +7'(x)
This implies q()d(x) +r(x) = ¢ (x)d(x) + 1'(x)

A (@) —q ) =7 () —r(x) ... (*)
If g(x) — g (x) # 0, then the degree of the polynomial on the left-hand side of (*) is
greater than or equal to the degree of d(x). But since the polynomials 7 (x) and r(x)
are either zero or have degree strictly less than that of d(x), the right-hand side of (*)
must have degree strictly less than that of d(x). Thus, unless q(x) — q (x) = 0 the
degree of the two sides of (*) cannot be the same; that is, we have a contradiction.
Therefore, g(x) — q (x) = 0 or g(x) = q (x).
This implies the left-hand side of (¥) is zero. That is, 0 = r (x) — r(x) or

' (x) = r(x). Thus, the polynomials q'(x) and 7’(x) are unique.

Note
If the remainder r(x) is zero then d(x) divides f(x) exactly and we say the

division is exact.

I £xomple ﬂ

For each of the following pairs of polynomials, find polynomials g(x) and r(x) such
that f(x) = d(x)q(x) + r(x).

a f()=x3-1;dx)=x—-1.

b. f(x) =—2x3+x?>—-3x+7; d(x) =x*-1.

Solution:

A A A A AC A X O A A AN A I A C A X I A A A A A A A A,
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x - x — (X)(x-1)
¥ -1 — (F-D- (- X))
x - x — x(x-1)
-1 — (X*-D-(x*-x)
I @)
0 (x-1)-(x-1)

q(x) =x*+x+ 1and r(x) = 0. Since r(x) = 0 we say that x3 — 1 is exactly
divisible by x —1and x3 —1=(x? +x + 1)(x — 1)+0=(x? + x + 1)(x — 1).
b. 2x+1

X -1)-2x +x*-3x+7

- 2x° +2x

X -5x+7

x' -1
-5x+8
The quotient is g(x) = —2x + 1 and the remainder is 7(x) = —5x + 8 such that

—2x3+x?2-3x+7=(-2x+1)(x*>—1) + (—5x + 8).

Exercise 2.10

For each of the following pairs of polynomials, find the quotient q(x) and the
remainder r(x) that satisfy the polynomial division theorem.

a. f(x) =6x?—2x+3; d(x) =x—1.

b.f(x) =x3+4x> +8x+6; d(x) =x?>+2x—1
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10x +3; d(x) =x%—1
d. f(x)=—x3+4x*> —x—6; d(x) =x>+x+ 1.
e. f(x)=—x*;dx) =x+2.

Remainder Theorem

Activity 2.5

Find the remainder when the polynomial f(x) is divided by the polynomial x — ¢
for the given number c¢. Compare the result obtained with f(c).

a. f(x)=x>—x+3;c= -2

b. f(x)

x3+2x2—x—-5;c=1

Theorem 2.2 Remainder Theorem

Let f(x) be a polynomial of degree greater than or equal to 1 and let ¢ be any real
number. If f(x) is divided by the linear polynomial (x — c¢), then the remainder
is f(c).

Proof:
When f(x) is divided by x — ¢ , the remainder is always a constant. Because we
continue to divide until the degree of the remainder is less than the degree of the
divisor.

By the polynomial division theorem,

fG) = (x=0)qx) +k,

where k is a constant. This equation holds for every real number x. Thus, it holds
when x=c.

That is flo)=(—-o)qx) +k

=0.q9(c)+k=0+k=k.
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It follows that the value of the polynomial f(x) atx = ¢ is the same as the

remainder k obtained when you divide f(x) by x — c.

I cxample 2]

In each of the following pairs of polynomials, use remainder theorem to find the

remainder when f (x) is divided by d(x).
a. fx)=2x3+5x2+3x+2;d(x) =x+ 1.
b. f(x)=x*+3;d(x)=x-2.
f(xX) =x3 +5x2* —x2+9;d(x) =x — 1.
d. f(x) =55x2%1 +100;d(x) = x + 1.

Solution:

a. d(x) =x+1=x—(—1). Therefore, c = —1 and the remainder is
fl@=f=D=2
b. d(x) = x — 2, therefore ¢ = 2 and the remainder is f(c) = f(2) = 19.
c. d(x) = x — 1, therefore ¢ = 1 and the remainder is
f@O=f1)=1¥+51*-1"+9=14
d. d(x) =x+1=x—(—1), therefore c = —1 and the remainder is
f(=1) = 55(—1)2%! + 100 = 45.

In each of the following, use the remainder theorem to find the remainder when f(x)
is divided by d(x).

a. fx)=x3-3x2+4,dx)=x—1

b. f(x)=-2x3+4x2+5x—2, d(x) =x+2

c. f(x)=x7"—4x2+7x—32, dix)=x—1

d. f(x)= x1°+8x3+99, d(x)=x+1

e. f(x)=x3-2, dx) =x—%

88
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I xcmple 3]

a. When 3x3 — 4x? + b — 5 is divided by x — 2, the remainder is 10.
Find the value of b.
b. Find the value of @ and b such that when x3 + ax? + bx — 9 is divided by

x + 1 and x — 2 the remainder is 4 and -5 respectively.
Solution:

a. Let f(x) =3x3—4x%+ b —5, by the remainder theorem when f(x) is
divided by x — 2 the remainder is f(2) = 3(2)> —4(2)>+b—-5=b + 3.
Since the remainder is given as 10, we have b + 3 = 10 and solving for b,
we have b = 7.

b. Let f(x) =x3+4ax?+bx—9. When f(x) is divided by x +1 the
remainderis f(—=1) = (-1)* +a(-1)? +b(-1) =9 =a—b — 10.

Since the remainderis 4, a — b — 10 = 4,
a—b=14. . . (1.
When f(x) is divided by x — 2 the remainder is
f2) =23 +a2)?+b(2)—9=4a+2b—1.

Since the remainder is -5, 4a + 2b — 1 = =5,
4a + 2b = —4
2a+b=-2...(2).

From (1) and (2) we have a = 4 and b = —10.

1. When 5x3 — bx? + 8x — 1 is divided by x + 1, the remainder is 15. Find the
value of b.
2. Find the values of a and b such that when ax® — bx? + 5x — 2 is divided by

x —land x + 1 the remainder is 4 and 6, respectively.
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Factor Theorem

Remember that in the case of multiplication of polynomials, we multiply two or more
polynomials to find another polynomial.

For example, (x + 1)(2x — 1) = 2x? + x — 1.

The polynomial 2x? + x — 1 is called product or multiple and (x + 1) and (2x — 1)
are called factors. Factoring a polynomial means writing it as the product of its
polynomial factors. The following theorem is known as the factor theorem. It is very

helpful to check whether a linear polynomial is a factor of a given polynomial or not.

Activity 2.6

Let f(x) = x3 +4x% + x — 6.
a. Find f(1).
b. Find the quotient g(x) and the remainder r(x) when f(x) is divided by
x—1
. Express f(x) as f(x) = (x — 1)q(x) + r(x).
d. Is (x — 1) a factor of f(x)?

o

Theorem 2.3 Factor Theorem

Let f(x) be a polynomial of degree greater than or equal to one, and let ¢ be any

real number, then

1. if f(c) = 0 then x — c is a factor of f(x).

2. ifx — cis a factor of f(x) then f(c) = 0.

Proof:
1. Suppose c is a real number and f(¢) = 0 and consider the polynomial x — c.
By the polynomial division theorem when a polynomial f (x) is divided by x — c,

there exist unique polynomials q(x) and r(x) such that

fl) = (x = c)qx) +rx),
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a.

b.

where r(x) = 0 or the degree of r(x) is less than “the degree of x — ¢” = 1.
But, degree of r(x) < 1, means “degree of r(x)” = 0 that is (x) is a constant
polynomial.

Letr(x) = k, since f(c) = (c —c)q(c) +r(c) =0, r(c) =0 =k.

Thus, r(x) = 0 and this implies f(x) = (x — ¢)q(x), thus x — c is a factor of
f 0.

Suppose ¢ is a real number and x — c is a factor of f(x), then there is a
polynomial q(x) such that f(x) = (x — ¢)q(x). From this

fle) =(c—=c)qx) = 0.

R o S O S e S e e e S S S e e S S S S S S S S S S e e S S e S S S S St e
R

Show that x + 2 is a factor of f(x) = x? + 5x + 6.
Show that x + 1 and x — 2 are factors but x + 2 is not factor of

fl)=x*—x3—x?2—x-2.

Solution:

a.

Since x + 2 = x — (—2) has the form x — c, the value of ¢ = —2.
Now, f(c) = f(=2) = (=2)? + 5(=2) + 6 = 0, then by the factor theorem
x + 2 is a factor of x% + 5x + 6.

b. Since x + 1 = x — (—1) has the form x — c, the value of c = —1.

f(o) =f(-1) = (=1D* - (-1)3 = (=1)? — (=1) — 2 = 0. Then by the factor
theorem x + 1 is a factor of f(x).

Since x — 2 has the form x — c, the value of ¢ = 2.

f©) =f2)=(2)*-(2)®-(2)? — (2) — 2 = 0. Then by the factor theorem
x — 2 is a factor of f(x).

Since x + 2 = x — (—2) has the form x — c, the value of ¢ = —2.

fl©) =f(=2)=(-2)*—-(-2)> = (=2)? — (=2) — 2 = 20 # 0. Then by the

factor theorem x + 2 is not a factor of f(x).
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1. Show that x — 2 is a factor of f(x) = x* + x — 6.

2. Which of the following is a factor of f(x) = x3 + 4x? + x — 6?
a. x—1 b. x =3 c.x+1 d x+2

3. In each of the following, determine whether x — c is a factor of f(x).
a. fx) =x3—6x>+11x—6; c=1.
b. flx)=2x*—x3+3x2—4x—3; c= —%.

c. fx)=x3—-3x>+4x—3; c=2.

B cxomple 5 |

a. Find the number k such that x + 1 is a factor of kx> + 2x% — 3kx + 2.

b. Find the values of @ and b in the polynomial x> + ax? + bx + 6 such that x + 1
and x — 2 are its factors.

Solution:

a. Let f(x) = kx3 + 2x? — 3kx + 2.
x+1=x—(—1) is a factor of f implies f(—1) =0
Thatis, f(—1) =0

k(-1)3+2(-1)%?-3k(-1)+2=0
—k+2+3k+2=0
2k+4=0
k=-2
b. Let f(x) = x> + ax? + bx + 6.
x + 1 is a factor of f(x) implies f(—1) = 0.
On the other hand,
f(-1D)=(C1D3+a(-1D)?+b(-1)+6=a—b +5.
Therefore,a —b+5 =0
a—b=-5...(1)




it

&
ey

e )
S e e e e e

&
e

!
b

£
e PR
e R,
o

HEy
'3

k!

S
B
T

R R IR

Bty

L

&

E

!
e

i
i

ocs =++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++:+:+:+:++ o S S e e S e S S S e S e e S S S S S S e S S S e S S S S S S e ety

x — 2 is a factor of f(x) implies f(2) = 0.
On the other hand,
f2)=2)2+a2)?+b2)+6=4a+2b+ 14.
Therefore, 4a + 2b = —14

2a+b=-7...()
From (1) and (2) we have a = —4 and b = 1.

Exercise 2.14

1. In each of the following, find a number k satisfying the given condition.
a. x — 2 isafactorof 2x3 + kx? + 5x — 1.
b. x + 3 isafactorof x*+ 2kx3 —x? — 5kx + 6.

2. Find the values of a and b in the polynomial ax* + x3 — 2bx? — 11x + 6

such that x + 1 and x — 2 are its factors.

2.4 Zeros of a Polynomial Function

From your grade 9 mathematics lesson, you know how to find the solution or root of

linear and quadratic equations.

Activity 2.7

Find the solution of the following equations.

a. 2x+3=—5+3x b Zx+2=20x—-2)

3 4 8
c. 2x—=3)4+2x)=0 d x2-5x+6=0
e. x24+2x+1=0 f. x24+44=0

In activity 2.7, you have tried to find solutions or roots of the equations.

For a polynomial function f(x), the root of the equation f(x) = 0 is called the zero

of f(x).
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Definition 2.7

For a polynomial function f(x) and a real number c, if f(c) = 0 then c is a zero
of f.

= Note

1. If x — cis a factor of f(x), then c is the zero of f(x).
2. If c is the zero of f(x), then x — c is a factor of f(x).

3. If c is the zero of f(x), then c is the root or solution of the equation

f(x)=0.

B £<omple ﬂ

a. Find the zeros of f(x) = (x — 2)(3x + 4)(1 — 4x).
b. Determine the zeros of f(x) = x* — 13x? + 36.

c. If x = 1 is one zero of f(x) = x3 — 6x? + 11x — 6, then find the rest of real

zeros and rewrite f (x) as a product of its factors.

Solution:
a. f(x)=0
(x—2)Bx+4)(1—-4x)=0
x—2=0o0r3x+4=00r1—4x=0

x=2o0rx = 4orx—1
- T3 T4
4 1
Therefore, x = 2, x = -3 and x = S are the zeros of f(x).

f(x)=0

x*—13x2+36=0

(x%)? —13x% + 36 = 0 (Lety = x?)
y?—13y+36=0

-Hly-9 =0

(x> =4)(x*-9) =0
x—2)(x+2)(x—3)(x+3)=0
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x=2o0orx=—-2o0orx=3o0rx =-3

Therefore, x =2, x = —2, x = 3and x = —3 are the zeros of f(x).

c. Sincex = 1isazero of f(x), by the factor theorem x — 1 is one factor of f (x).
Using long division, the other factor is x? — 5x + 6.
Further factoring x> — 5x + 6 = (x — 2)(x — 3). Hence, x — 6x% + 11x —
6 = 0isthesameas (x —1)(x — 2)(x — 3) = 0.

Therefore, x = 1, x = 2 and x = 3 are the zeros of f(x).

Find the zeros of the following functions.

o ¥
e e e

a. f)=x—-1Dx+50Bx—-2)

c. f(x)

xt—x%2 -2

b.
d.

flx)=x*-5x*>+4

f(x)

=x3—x?—-10x—8

e. f(x)=2x3—-9x%—5x

Zeros of a Polynomial Function and Their Multiplicities
Consider f(x) =x%+2x? —x—2=(x—1)(x + 1)(x + 2) and

gx) =x3+4x2 —-3x—18=(x +3)*(x — 2)
f(x) has three distinct factors (x — 1), (x + 1) and (x + 2). That is, it has three
distinct zeros 1, —1 and — 2. These are called simple zeros of f(x). While, in g(x)
the factor (x + 3) is repeated twice, that is, the zero —3 of g(x) is repeated twice and

its other zero 2 appears only once. In this case we say -3 is a repeated or a multiple

zero of g(x).

‘Definition 2.8

If (x — ¢)¥ is a factor of a polynomial function f(x), but (x — ¢)**1 is not,

then c is said to be a zero of multiplicity k of f(x).
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a. Given that x = —1 is a zero of f(x) = x3 — x? — 5x — 3, find its multiplicity.

b. Find a polynomial function f (x) of degree two whose zeros are 1, —2 and
satisfying the condition f(3) = 30.

Solution:

a. By the factor theorem x + 1 is a factor of f(x). To find the other factor, you can
use long division giving f(x) = (x + 1)(x? — 2x — 3). Further factoring the
quadratic factor gives (x + 1)(x + 1)(x — 3) = (x + 1)?(x — 3). Therefore, -1 is
a zero of multiplicity 2 of f(x).

b. Let f(x) = k(x — 1)(x + 2) for some number k. Clearly 1 and —2 are zeros of
f(x). To find k, since f(3) = k(3 —1)(3 + 2) = k(2)(5) = 10k = 30, implies
k = 3. Therefore, the polynomial function of degree two is

f)=3x—1D(x+2)=3x>+3x—6

Exercise 2.16

1. Given that x = 1is a zero of f(x) = x3 — 4x? + 5x — 2, find the other zeros
and their multiplicity.

2. For each of the following polynomials, list the zeros and state the multiplicity
of each zero.

a. k(t) = (t+3)°t1°.

b. g(x) =5(x + Ef)z(x +2)3(1 + 3x).

c. h(t) = 2t3 +5t> + 4t + 1.

3. a. Find a polynomial f(x) of degree two whose zeros are -2, 3 and satisfying

the condition f(2) = 12.

b. Find a polynomial function f(x) of degree three whose zeros are —1, 2
and 1 and satisfying the condition f(3) = 16.

c. Find a polynomial function f(x) of degree 7 such that 2, —3, and 0 are
the zeros of multiplicity 3, 2 and 2, respectively and f(1) = 48.
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Location Theorem

Activity 2.8

In each of the following, determine whether the zeros of the polynomial function

are rational, irrational, or neither.
a. f(x)=x(x+2)(x—§). b. f(x) = (x+£82)(x —£3).
c. f(x)=x%+1.

Consider f(x) = x? —3. —£3 and £ 3 are the zeros of f and they are irrational
numbers. The table of values of the given functions for —2 < x < 2 and x is an

integer, is the following.

X —2 -1 0 1 2
F(x) 1 -2 -3 -2 1

Since f(—2) =1 > 0and f(—1) = —2 < 0, we see that the value of f(x) changes
sign from positive to negative between —2 and — 1. And observe that one of the
irrational roots —% 3 = —1.73 lies between these two numbers. We also see that the
value of f(x) changes sign from negative to positive between 1 and 2. Similarly
observe that the second irrational root £ 3 = 1.73 lies between these two numbers.

The following theorem which is called the location theorem helps to locate the real

zeros of a polynomial function.

Theorem 2.4 Location Theorem

Let a and b be real numbers such that a < b. If f is a polynomial function such
that f (a) and f(b) have opposite signs, then there is at least one zero of f between

the numbers a and b.

It is sometimes possible to estimate the zeros of a polynomial function from a table of

values.
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Let f(x) = x* — 2x3 — 4x? + 4x + 4. Construct a table of values and use the

location theorem to locate the zeros of f for the integers x and —3 < x < 3

x -3 -2 -1 0 1 2 3
fx) 91 12 -1 4 3 —4 7

Solution:

Since f(—=2) =12 > 0and f(—1) = —1 < 0, we see that the value of f(x) changes
sign from positive to negative between —2 and — 1. Hence by the location theorem

there is a zero of f(x) between x = —2 and x = —1.

Since f(—1) = —1 < 0and f(0) = 4 > 0, we see that the value of f (x) changes sign
from negative to positive between —1 and 0. Hence by the location theorem there is a
zero of f(x) between x = —1 and x = 0. Similarly, there are zeros of f(x) between

x = 1and x = 2 and between x = 2 and x = 3.

I :xcomple 4

Using the location theorem, show that the polynomial function

f(x) = x% — 2x> — 4x% + 4x + 4 has a zero between x = 1 and x = 2.

Solution:
f(D =M1 -2(1)°-4(1)?*+4(1)+4=3>0
f(2)=(2)°-2(2)°-4(2)?*+4(2)+4=-4<0

Hence, f (1) is positive and f(2) is negative and by the location theorem f(x) has

a zero between x = land x = 2.

Exercise 2.17

1. Use the location theorem to verify that f(x) has a zero between a and b.

a f(x)=—x*+x3+1;a=-1,b=1.
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b. f(x)=3x3+7x*+3x+7;a=-3,b=-2.
2. In each of the following, use the Location Theorem to locate the real zero of
f (x) between successive integers in the given intervals.
a. f(x)=x3—9x%+23x—14;for0 < x < 6.
b. f(x) =x*+2x3 —4x? —6x + 2; for -3 < x < 3.

Rational Zero Test

Theorem 2.5 Rational Zero Test

Suppose that all the coefficients of the polynomial function described by
) =anx™+ ap_1x" '+ ...+ ax®+ a;x + ag

are integers with a,, # 0 and ay # 0. If s in lowest term is a zero of f(x), then p

is a factor of a ; and ¢ is a factor of a,,.

Steps to find the rational zeros of a polynomial function f(x).
1. Arrange the polynomial in descending order so that it takes the form
fX) =a,x"+ a,_1x™ 1+ .. .+ ax? + a;x + ay.
2. Write down all the factors of the constant term a . These are all the possible
values of p.
3. Write down all the factors of the leading coefficient a,,. These are all the

possible values of q.

4. Write down all the possible values of s. Remember that since factors can be
negative, Sand - smust both be included. Simplify each value and cross out
any duplicates.

5. Identify those values of S for which f (g) = 0. These are all the rational zeros

of f(x).




I Exomple 5]

In each of the following, find all the rational zeros of the polynomial.

a. f(x)=x*+x-2 b. f(x) =x3—-x+1
c. f(x)= 6x3+13x%+x— 2. d. f(x)=%x3+x2—%x—1
Solution:
a. f(x) = x? + x — 2 has leading coefficient a, = 1 and constant term
ap = —2.
Possible values of p are factors of —2. These are £1, +2.
Possible values of g are factors of 1. These are +1.
The possible rational zeros s are +1, +2. Since f(x) is a polynomial function
of degree 2, it has at most 2 zeros, and from the four possible rational zeros at
most 2 can be the zeros of f. We can check this using the table below
x -2 -1 1 2
f(x) 0 -2 0 4
Therefore, the zeros of f(x) are —2 and 1.
b. f(x) =x3 —x + 1, the leading coefficient is 1 and the constant term is 1.
Hence, the possible rational zeros are +1.
Check that f(1) = f(—=1) =1 # 0. So, we can conclude that the given
polynomial has no rational zero. Use the location theorem to show that f has a
zero between —2 and —1.
c. The leading coefficient is a3 = 6 and the constant term is ay = —2.

Possible values of p are factors of —2. These are +1, +2.

Possible values of g are factors of 6. These are +1, +2, +3 and %6.

The possible rational zeros P are +1, il, il, il, +2, iz. Since f(x) is
q 2 3 6 3

a polynomial function of degree 3 it has at most three zeros and from the 12

possible rational zeros at most 3 can be the zeros of f.
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Check that f (—3) = f(=2) = f (3) = 0.
Using the factor theorem, we can factorize f(x) as f(x) = (3x —1)(2x +
1) (x + 2) wit —% ,—2 and % are the only rational zeros of f.

d. f(x) =%x3 + x? —%x— 1 =%(x3 +2x% —x —2) =%k(x)
where, k(x) = x3 + 2x? — x — 2 has integer coefficients and the same zeros
as f(x). k(x) has a constant term —2 and leading coefficient 1. The possible

rational zeros k(x) are +1 and + 2. You can check that

k(1) = k(—1) = k(—2) = 0. Therefore, the zeros of f(x) are +1 and —2.

Exercise 2.18

For each of the following polynomials, find all possible rational zeros:
a. f(x)= x*—-5x+4
b. f(x)= —3x3+x2-3x+1
c. flx)=x>-3x2—-x-3
d. f(x) =10x3—41x*>+2x+8
e. f(x)=4x*+x3—8x%>—-18x—4
f. f(x) =—6x>+17x* —14x3 + 4x -1

2.5 Graphs of Polynomial Functions

In unit 1, you discussed how to draw the graphs of the polynomial functions of degree
zero, one and two. You saw that the graph of a linear function is a straight line and the
graph of a quadratic function is a parabola. In this section you will learn about the

properties of graphs of polynomial functions.

A A A A AC A X O A A AN A I A C A X I A A A A A A A A,
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Activity 2.9
1. Use table of values to sketch the graphs of f(x) = 2x + 3 and

g(x) = —2x + 3. Include the x-intercept and y-intercept when you make
the table of values. Sketch the graphs on the same xy-plane.
2. Consider the linear function f(x) = ax + b, a # 0 and give answers for each

of the following.

a. What is its degree? Is it odd or even?

b. Find the intercepts.

c. Write the behavior of the graph when a is positive and axais large (far to
the right and far to the left).

d. Write the behavior of the graph when a is negative and axais large (far to
the right and far to the left).

e. What is the shape of the graph of f?

f. Find the domain and the range of f.

B £<omple ﬂ

For the function f(x) = x? + 2x — 3,
a. Find the intercepts.

b. Using completing the square method, rewrite f as f(x) = —4 + (x + 1)? and
find the turning point.

c. Complete the table of values below

x —4 -3 -2 —1 0 1 2
y=f(x)

d. Sketch the graph of f, first by plotting the points (x, y) and then joining them
by a smooth curve (a smooth curve is a curve that has no sharp corner).

e. Find the domain and range of f.
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Solution:
a. f(x)=y=x%+42x—3=(x+3)(x—1). By making f(x) =y = 0 and

solving the equation x> + 2x —3 = (x +3)(x — 1) = 0,

we getx = —3 or x = 1. By making x = 0 we have y = —3. Thus,

x = —3 and x = 1 are the x — intercepts and y = —3 is the y-intercept.
y=x*+2x-3=(x*+2x+1)—-1-3=(x+1D?—4=—4+ (x + 1)?

Since (x + 1)? > 0 for all real numbers x, f(x) = —4 for all values of x and

—4 is the minimum value of f. This minimum value of f is attained when

x = —1. The point (—1,—4) is called turning point or vertex of the graph
of f.

y=fx)| 5 0 -3 -4 -3 0 5

L]

“(4,5) b (2 5e (4, 5) ] S

4 4
3 3 |
2

1
(V8]
N

f(x)=x"+2x

1
(-3,0) (1,0)
-4 =3 -2 10 1 2>x -4
-1
.
(-2, -3)
I (<)
{1, 4" (1,4) "

Turning Point o
(a) (b)
Figure 2.1

e. The domain is the set of all real numbers and the range is the set of all real

numbers greater than or equal to —4.
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For the function f(x) = x? + 4x + 3,

a. Find the intercepts.
b. Using completing the square method, rewrite f as f(x) = —1 + (x + 2)? and
find the turning point.

c. Complete the table of values below

x -5 —4 -3 ) -1 0 1
y=fx)

d. Sketch the graph of f, first by plotting the points (x,y) and then joining them
by a smooth curve.

e. Find the domain and range of f.

I cxample 2]

Let f(x) = —x? — 6x — 8.

a. Find the intercepts.
b. Using completing the square method, rewrite f as f(x) = 1 — (x + 3)? and
find the turning point.

c. Complete the table of values below

x —4 -3 -2 —1 0
y=fx)

Sketch the graph of f, first by plotting the points (x,y) and then joining them
by a smooth curve.

e. Find the domain and range of f.
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Solution:

a. f(x)=y=—-x%—6x—8 = (x+2)(—x — 4). By making f(x) = 0 and
solving the equation —x% — 6x —8 = (x + 2)(—x — 4) = 0,we get
x=—-2orx = —4.

By making x = 0 we have y = —8. Thus, x = —2and x = —4 are the x —

intercepts and y = —8 is the y-intercept.

b. y=f(x)=—x*—-6x—8 =—(x?>+6x)—8
=—(x*+6x+9)+9-38
=—(x+3)*+1
1—(x+3)2
Since (x + 3)2 > 0, f(x) < 1 forall values of x and 1 is the maximum value
of f. This maximum value of f is attained when x = —3. The point (=3, 1) is

called turning point for the graph of f.

c. x —4 -3 -2 —1 0
y=f(x) 0 1 0 -3 -8

Turning Point ¥

"
3.1} *

(- 4,0) ~(-2.0) 5"'

&
"

(0,-8)

Figure 2.2

e. The domain is the set of all real numbers and the range is the set of all real

numbers less than or equal to 1.




o S o S e S o S e S S e S e e S S e o e o S O S O S S S S e S S e e e S S S e S S e S S S e o S e e S S S S S S S e S S S S S S e S S o e
PV o o L o o o o o L o o o o L o L o o o o L o o
L Lo

45
e
R
e

I
L i
e 5 B s R R

He e e e e

e
5

&

Rt
et
FEEE Lt

e o
e

k!

By

Exercise 2.20

1. For the function f(x) = —x? + 6x — 8,
a. Find the intercepts.
b. Using completing the square method, rewrite f as f(x) = 1 — (x — 3)?
and find the turning point.

c. Complete the table of values below.

x -1 0 1 2 3 4 5
y=f(x)

d. Sketch the graph of f, first by plotting the points (x,y) and then joining
them by a curve.
e. Find the domain and range of f.

3. Consider the quadratic function f(x) = ax? + bx + ¢ and give answers for
each of the following.
What is its degree? Is it even or odd?

a.
b. What is the maximum number of x-intercepts?

e

What is the y-intercept?

&

Write the behavior of the graph when a is positive and axais large (far to

the right and far to the left)

e. Write the behavior of the graph when a is negative and axais large (far to
the right and far to the left)

f. Is the graph smooth (has no sharp corner) and continuous (has no jump or
hole)?

g. What is the domain of f?

h. Can the range of f be all real numbers? Why?
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— Note
1. Graph of a polynomial function is a smooth curve (has no sharp corner).
2. Functions whose graphs are not continuous and have sharp corners are not

polynomial functions.

The absolute value function f(x) = axais not a polynomial function. Because it has a

sharp corner at the point (0, 0) as shown by figure 2.3 (a).

y w
F 3 ' 3
4} 4}
1(x)=|x]
) % i Jump
Smooth Curver Hole I ’\
L L i -Iz L i I L i L I2 L ;x L 3 -Iz ’ 3 3 L -l A " A A L A I2 s A =x
Sharp Corner
=2} <3| 22tk
(a) (b) (c)

Figure 2.3
The function shown in figure 2.3 (c¢) is not polynomial because it is not a continuous
function. It has a hole and a jump.
To study more on the property of graphs of polynomials, we will now try to observe

the graphs of polynomial functions of higher degree, that is, when the degree n > 3.

I Exomple 3 ]

By sketching the graphs of f(x) = x3 — 1 and g(x) = —x3 + 1, describe the behavior

Woow

of the graphs for large axa

Solution:
For f(x) =x3—1= (x — 1)(x? + x + 1), the x-intercept is 1, the y-intercept is —1

and by finding some points that lie on the graph of f as shown by the table of values.

x | —20 | —-10 =il 0 1 1.5 10 20
y | —8001 —1001 -2 -1 0 2.375 | 999 | 7999

R o S O S e S e e e S S S e e S S S S S S S S S S e e S S e S S S S St e
R
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We plot the points (—1, —2), (0, 1), and (1.5, 18—9) and connect them by a smooth curve

and we use the other points to see the direction of the graph far to the right and far to

the left along the x- axis.

For g(x) = —x3+ 1 = (—x + 1)(x? + x + 1), the x-intercept is 1, the y-intercept is

1 by finding some points that lie on the graph of g as shown by the table of values.

—20

—10 -1 0

1.5

10

20

8001

1001 2 1

0 | —2.375

—999

—7999

Similarly, we plot the points (—1,2), (0,1) and (1.5, —18—9) and connect them by a

smooth curve and we use the other points to see the direction of the graph far to the

right and far to the left along the x-axis. The graphs of the two functions are:

y Y
A A
3 3
2 1)y=x" =1 gx)=-x"+11 2
1
& -10] x s = =2 —10\ 3
-1
- -2
-3 =3
a b
Figure 2.4
Observation

1. The degree of f(x) is odd and its leading coefficient is positive. As shown in

figure 2.4a, when x is large positive, f(x) becomes large positive and the graph

moves upwards and when x is large negative, f(x) becomes large negative and the

graph moves downwards.

2. The degree of g(x) is odd and its leading coefficient is negative. As shown in

figure 2.4b, when x is large positive, f(x) becomes large negative and the graph
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moves downwards and when x is large negative, f(x) becomes large positive and

the graph moves upwards.

1. By sketching the graphs of f(x) = x3 and g(x) = —x3, describe the behavior of
the graphs for large axa
2. For the third- degree polynomial f(x) = asx® + a,x? + a;x + a,,
a. What is the maximum number of intersections which the graph of f makes
with the x-axis?
b. What is the minimum number of intersections which the graph of f makes
with the x-axis?
c. What is the number of intersections which the graph of f makes with the
y-axis?
d. What maximum number of turning points dose the graph of f have?
e. Write the behavior of the graph when aj is positive and axais large (far to the
right and far to the left).
f. Write the behavior of the graph when a; is negative and axais large (far to the
right and far to the left).
g. What is the domain of f?

Noted that the following are examples of graphs of polynomial functions of degree

four. The graphs are drawn using graph calculator software called GeoGebra.

[ =1+x'

I A A A
2 [

2
f) =" -DE*- 4)
-4
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[x)=-x'- " +3x" +x-2

Figure 2.5
In figure 2.5a and figure 2.5b, the leading coefficient of f(x) is positive and the degree
is even. The values of f(x) become large positive and the graphs go upward both far
to the right and far to the left as the values of x become large in absolute value.
In figure 2.5¢ and figure 2.5d, the leading coefficient of f (x) is negative and the degree
is even. The values of f(x) become large negative and the graphs go downward both
far to the right and far to the left as the values x become large in absolute value.
From figure 2.5b, it is seen that the maximum number of intersections that the graph
of a fourth-degree polynomial makes with the x-axis is 4 and the maximum number of
turning points is 3.
As shown in figure 2.5a, the graph of a polynomial function of degree 4 may not
intersect the x-axis.
By applying the rational root test and the factor theorem, there is a possibility of finding
the x-intercepts of a function. There is also a possibility of locating the real zeros using
the location theorem.
With quadratic polynomials, we were able to algebraically find the maximum or
minimum value of the function by finding the vertex (turning point). But for general
polynomials, finding the turning points like A, B and C in figure 2.5d, is not possible
without more advanced techniques from calculus (derivative of a function).
Observation
The properties of the first-degree and the third-degree polynomial are also applicable
for polynomial functions of odd degree. The properties of the second-degree and the

fourth-degree polynomial are also applicable for polynomial functions of even degree
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1. For the polynomial functions given from a to d, state the following properties of
the graph of the functions without drawing their graphs.
1. The behavior of the graph as x takes values far to the right.
il. The behavior of the graph as x takes values far to the left.
1il. The number of intersections with the x-axis.
a. flx)=x?—-2x—-1 b. f(x) = 2x? — x*
c. f)=—x3+3x—-2 d f(x)=-2(1—-x)3x+1)?
2. Graphs of some polynomial functions are given below. In each case identify the
sign of the leading coefficient of the function. State whether the degree is even or

odd.

F A
4t 4l
2f 2}
; ; ’ g " SN ; iy
-4 2 4 -4 -2 N 2 4
- _2.
-4} -4f

)
'y A
4} 4t
- F)
; : . T ; ; s
-4 \/ 2 4 4
2t 2+
-4k

Figure 2.6
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2.6 Applications

Polynomials arise in the study of problems involving areas and volumes.

I cxample 1]

A wire of length 56 m is bent into the shape of a rectangle. Find the maximum area it

can enclose and the dimensions of the rectangle of maximum area.

X

x
Figure 2.7

Solution:

Perimeter p of the rectangle, p = 2x + 2y . . . (i)

Area A4 of the rectangle, A =xy . . . (ii)

Since the rectangle is made by bending 56 meters wire, the perimeter of the rectangle
is56m 2x+ 2y =56 ... (iii)

From (iii), solving for y (you can also solve for x).
y=28—-x ... (iv)

Substituting the value of y in (iv) to the value of y in (ii) we get

A = x(28 — x) = —x? + 28x , and this is a quadratic polynomial.

Using completing the square method, we can rewrite the value A as in the following:

A=—x?+28x = —(x? — 28x) = —(x? — 28x + 196) + 196 = 196 — (x — 14)?

Thus, A = 196 — (x — 14)? and since (x — 14)? is always non-negative, we subtract
positive number or zero from 196. This means the maximum value of A is 196. This
maximum value is attained when x is 14. Substituting x = 14 into equation (iv) we get
y = 14.

Therefore, the maximum area that can be enclosed is 196 m? and the dimension of the

rectangle of maximum area is x = 14 m and y = 14 m. That is when the rectangle is
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a square of side of length 14 m.

1. A farmer has 100 meters of fencing material to use to make a rectangular

enclosure for sheep as shown. He will leave an opening of 2 meters for the gate.

[ y 1

Figure 2.8
a. Show that the area of the enclosure is given by A = 51x — x?
b. Find the value of x that will give maximum area.
c. Calculate the maximum possible area.
2. A farmer has 100 meters of fencing material to make a rectangular enclosure for
sheep. One side of the enclosure is closed by a wall as shown. He will leave an

opening of 2 meters for the gate.

WALL

“

2m

Figure 2.9
a. Show that the area of the enclosure is given by A = 102x — 2x?
b. Find the value of x that will give maximum area.

c. Calculate the maximum possible area.
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3. An open-topped box is to be made by removing squares from each corner of a
rectangular piece of card and folding up the sides.
! xcm 1

xcm

Figure 2.10

a. Show that if the original rectangle of card measured 80 cm by 50 cm and
the squares removed from the corners have sides x cm long, then the volume
of the box is given by V = 4x3 — 260x? + 4000x.

b. Find V when x =20 cm.

c. Can the value of x be 30 cm? Why?

B £<omple 2—|

Find the two real numbers whose difference is 16 and whose product is the minimum.

Solution:
Let the two numbers be x and y. Then,
x—y=16 ... (1)
If we denote the product of the two numbers by A, then
A=xy ... (2
To find the minimum value of A, first we solve either for x or for y from equation
(1).
Solving for y from equation (1) gives y = x — 16 and substituting this in equation
(2) gives A=x(x—16) = x> — 16x
= (x% — 16x + 64) — 64
=(x —8)* — 64
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Since (x —8)? > 0
A=—-64+(x—8)% = —64.
Therefore, —64 is the minimum product and this minimum product is obtained when

the value of x = 8. And when x =8,y = x — 16 = —8. Thatis, y = —8.

Exercise 2.24

1. Find the two real numbers whose difference is 10 and whose product is the
minimum.

2. Find the two real numbers whose sum is 12 and whose product is the maximum.




Summary and Review Exercise

1. A linear function is given by f(x) = ax + b, a # 0.

2. A quadratic function is given by f(x) = ax? + bx + ¢, a # 0.

3. Let n be a non-negative integer and let a,,a,_1, ...,ay,a;,ay be real
numbers with a,, # 0, the function p(x) = a, x™ + a,_1x" '+ .. .+ ayx* +
a;x + aq is called a polynomial function in x of degree n.

4. A polynomial function is over integers if its coefficients are all integers.

5. A polynomial function is over rational numbers if its coefficients are all rational

N oo

numbers.
A polynomial function is over real numbers if its coefficients are all real numbers.
Operations on polynomial functions
i Sum: (f + g)(x) = f(x) + g(x)

ii.  Difference: (f — g)(x) = f(x) — g(x)

iii.  Product: (f - g)(x) = f(x) - g(x)

iv.  Quotient: (f + g)(x) = f(x) + gx), if g(x) #0
If f(x) and d(x) are polynomials such that d(x) # 0, and the degree of d(x) is
less than or equal to the degree of f(x), then there exist unique polynomials
q(x) and r(x) such that f (x) = q(x)d(x) + r(x), where r(x) = 0 or the degree
of r(x) is less that the degree of d(x).
If a polynomial f(x) is divided by a first-degree polynomial of the form x — c,

then the remainder is the number f(c).

10. Given the polynomial function

p(x) = apx™ + a,_x" '+ ..+ ax®+ ax+ a

If p(c) = 0, then c is a zero of p(x) or a root of the equation p(x) = 0.

11. For every polynomial function f and a real number c if f(c) = 0, then x — ¢ is

a factor of the polynomial function f.




Summary and Review Exercise

12. If (x — ¢)¥ is a factor of f(x), but (x — ¢)**™! is not, we say that c is a zero of
multiplicity k of f(x).

13. If the rational number s, in its lowest term, is a zero of the polynomial

) =apx™+ ap_1x" '+ ...+ ayx*>+ a;x + a, with integer
coefficients, then p must be an integer factor of ay and g must be an integer
factor of a,, .

14. Let a and b be real numbers such that a < b. If f(x) is a polynomial function
such that f(a) and f(b) have opposite signs, then there is at least one zero of
f(x) between a and b.

15. The graph of a polynomial function of degree n has at most n — 1 turning points
and intersects the x -axis at most n times.

16. The graph of every polynomial function has no sharp corners; it is a smooth and

continuous curve.




Summary and Review Exercise

Review Exercise

1. Identify whether the following functions are polynomial or not, for those which

are polynomial indicate the degree, leading coefficient and constant term.

3 2_
a. f(x) = 5x? —§x3 —% —w

1,2 1
b. f(x)=2(;) +3(;)—6
f) =33 —4(x*)?+2(x+1)>+5

o

d. f(x)=—2(¢%)" +5tx— 10
e. f(x)=3n%+4
2. Given f(x) =6+ 4x —2x%+3x3, g(x) =x*—5x2+ x3—2and h(x) =
x + 2, find
a.hf +g b. f — hg
c.fg d.%
3. If f and g are any two polynomials, then which of the following will always be a

polynomial function?

a. f+yg b. f—-g
c. f.g d. 5
e. f2—g f g
g. 3f—§g

4. In each of the following, find the quotient and the remainder when the first
polynomial is divided by the second:
a. f(x)=3x3+5x2-7x—6; x+1
b. f(x) =4x3 —5x% +4x—17; x*—1

flx)=2x*+5x2—6; x> —x+1

d. f(x)=x>+3x*+2x3 —x?+2x—7: x+2

o




Summary and Review Exercise

e. f)=x>+2x*—x3+5x2—x—-2; x*+1
f. f(x)=2x3—x2+2x—1: 2x+1
. Prove that when a polynomial f(x) is divided by a first-degree polynomial ax +

b, the remainder is f(— g).

. Let f(x) = x™+ 1 be polynomial function and n is an odd integer then show

that

a. the remainder when f is divided by x + 1 is zero.

b. x + 1 is a factor of f.

. Factorize fully

a. x> —4x?—7x+10

b. 2x* —x3—6x?+7x -2

c. 2x°+2x*—x3—x?—-x-1

. Find the value of k such that,

a. when f(x) = 3x3 — 2x% + kx — 6 is divided by x — 3 it has a remainder of
-3.

b. x + 1is a factor of x> — kx? + 4x — 1.

c. 2x — 3isa factor of x3 + 3x2 + kx — 10.

. When the polynomial f(x) = a(2x + 1)? + b(x — 2)? is divided by x + 1 the

remainder is —10 and f (1) = 10. Then find the values of a and b.

10.Find the values of p and q if x + 1 is a common factor of f(x) = 2x* — px3 +

gx? + 2 and g(x) = px® + 8x3 — 4x? — qx.

11.Find numbers a and k so that x + 1 is a factor of f(x) = ax* — 2kx3 + ax? —

kx +2and f(1) = 2.

12.Find a polynomial function f of degree 3 such that f(2) = 48 and x + 1, x and

x + 2 are factors of the polynomial.

13.In each of the following, find a polynomial function f that has the given zeros

satisfying the given condition.




Summary and Review Exercise

a. 2,—3,5and f(4) =10

2 1 5
b° Oy_gr Er3 f(l)_z

14.Find all rational zeros of:

a. f(x)=6x3—7x>—-9x -2

b. f(x) =12x* —22x3 —12x% + 33x — 9
f(x) = —6x° +5x* —3x3 - 21x> —x + 6

— 3402 1, 1
d f(t)=1t tott =t =2

n

15.Sketch the graphs of
a. f(x)=—2x%+5x—2
b. f(x) =x?+2x+2




EXPONENTIAL AND
LOGARITHMIC FUNCTIONS

Unit Outcomes

By the end of this unit, you will be able to

“% Apply the laws of exponents for real exponents.
# Define exponential and logarithmic functions.
# Identify domain and range of exponential and logarithmic functions.

4 Solve mathematical problems involving exponents and logarithms.

Unit Contents
3.1 Exponents and Logarithms
3.2 The Exponential functions and Their Graphs
3.3 The Logarithmic Functions and Their Graphs
3.4 Relation between Exponential and Logarithmic Functions
3.5 Applications
Summary

Review Exercise




<
bR

tete?

o
e

!
ket

e
R e
R R
S i GRS

A ]

25
£
25
£

!

k!

FEE
o
2 &
e e e e e et

By

v' exponential equation v mantissa

v logarithm of a v logarithmic
number equation
v base v logarithm v natural logarithm
v characteristics v' exponential function v power

v" common logarithm v logarithmic equation v Asymptote

v' exponent v logarithmic function v antilogarithm

3.1 Exponents and Logarithms

Introduction

Two of the most important functions that occur in mathematics and its applications are
the exponential function f(x) = a* and its inverse function, the logarithmic function
g(x) =log, x. Such functions arise in many applications and are powerful
mathematical tools for solving real life problems such as analyzing population growth,

decay of radioactive substances, calculating compound interest in accounting, etc.

In this unit, we will investigate their various properties and learn how they can be used

in solving real life problems.

3.1.1 Exponents
Whenever we use expressions like 73 or 2°, we are using exponents. The symbol 2°

means 2 X 2 X 2 X 2 X 2. This symbol is read as ‘the 5™ power of 2” or 2 raised to
5 factors

5°. The expression 2° is just a shorthand way of writing the product of five twos. The

number 2 is called the base, and 5 the exponent.

Similarly, if a is any real number, then a* stands for @ x a x a x a. Here a is the

base, and 4 is the exponent.
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1. Identify the base and the exponent of each of the following.

D3 ey o () @ (-1)°

2. Find the values of each of the following.

D (D' b) (=1 o ) 0 (=27

e) —2* f (=2)* 2 (—3

Definition 3.1

For a natural number n and a real number a, the symbol a”, read as “the nth

power of a” or “a raised to n”, is defined as follows:

a=axaxX...Xa.
—
n factors

In a™, a is called the base and n is called the exponent.

Special names are used when the exponent is 2 or 3. The expression b? is usually read
as ‘b squared’, and the expression b as ‘b cubed’. Thus, ‘two cubed’ means
23=2x2x2=38.

Note that, in (—a)" the base is —a but in —a™ the base is only a.

For example,

(—=3)2=(-3)x(=3) =9but —32 = —(3x 3) = —9.

(3a)®  =3ax3ax3a=27abut3a® =3 xaxaxa=3a

I Exomple 1]

Evaluate the following.

a. 23 b. —23

(-2)3 d. —(-2)3 e. (—4t)3
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Solution:

a. 22=2x2x2=38

b. —23=—-(2x2x2)=-8

c. (=2)%=(-2)x(-2)x(-2)=-8

d. —(=2)° = -[(=2) x (=2) x (=2)] = —(-8) = 8
(—4t)3 = —4t X —4t X —4t = —64t3

Laws of Exponents
If a is any real number and n is a positive integer then a™ means

axaxax...Xa. The laws for the behaviors of exponents follow naturally from
n factors

this meaning of a™ for a natural number n.

If a is a real number and m and n are natural numbers, then

a™xat=aXaX..XaxaXaX..Xa
“ (]

m factors n factors
=aXaXaX.XaxXxaxXaX..Xa
()
m+n factors
= gmtn
Law 1. a™ X a™ = a™*™, where a is a real number and m and n are natural numbers.

That is, to multiply two numbers in exponential form (with the same base), we add

their exponents.

I Exomple 2 ]

23x2=(2x2x2)x(2%x2%x2x%x2)

=%x2x2x2x2x2x2

7 factors
= 27
— 23+4
If a is a real number different from zero and m and n are natural numbers withn > m,

then
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axXxaXaXaX..Xa axXaXaX..XaXaXaX Xa
] ] “

a™
— n factors — m factors n—m factors
am axXxaXaX..Xa axXxaxXaX..Xa
Nl L
m factors m factors

axXxaXaX..Xa
“

= mlactots Xaxax..xa
axXxaXaX..Xa “
(]

m factors

n—m factors

=agXaX..Xa=a" ™
()

n—m factors

a _ . .
Law 2. i a™ ™, where a is a real number different from zero and m and n are

natural numbers.
Since we have not yet given any meaning to zero and negative exponents, n must be

greater than m for law 2 to make sense.

B cxomple 3

36_3><3><3><3><3><3
33 3x3x%x3

3x3x3
=3X3X3X——
3%x3%3

3X3X%X3

— 33 — 36—3

Law 3. (a™)™ = a™ ", where a is a real number and m and n are natural numbers.

I Exomple 4]

(32 =(3x3)x(3x3)x(3x3)
— 36 — 32)(3_

From the definition of exponents, we know that if n is a natural number, then

(ab)™ = &ab) X (ab) X ... X (ab)

n factors

=aXaX...XaXbXxbx...Xb=a"h"
(] (]
n factors n factors
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Law 4. (ab)™ = a™b™, where a and b are real numbers and n is a natural number.

I cxample 5]

(2x3)3=02x3)x(2x3)x(2x3)
(2x2x2)x(3%x3x%x3)

=23 x33
If a and b are real numbers, b # 0 and n is a natural number, then by the definition of

exponent,
axaXxXX...Xa

n )
g ZEXEX XE: n factors
b b b b bXbX...Xb
L L
n factors n factors

an

T

a

n n
a .
Law 5. 5) =no where a and b are real numbers, b # 0 and n is a natural number.

I Exomple 6]

Y2 2 2 2
() ==X=X=X==
3737373

2><2x2><2_24
3x3x3x3 3%

1. Evaluate the following.
a) 42 b) —4?
c) (—=4)? d) —(=3)°

2. Simplify the exponential expressions

a5
a) a® x a? b) ) (a?)?
2

d) (2a)* o (3
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Zero and Negative Exponents

Activity 3.2

am—n

Evaluate each of the following using the law ‘;—: =

2
a) 2—2; what is the value of 3° ?

(=3)?%
(-3)2

(0.1)%
) o>

b) what is the value of (—=3)° ?

what is the value of (0.1)° ?

Let us begin by extending a” to include an exponent equal to 0 (n = 0). We want to
make sense of the expression a’ in such a way that Laws 1, 2 and 3 hold. What happens

to law 2 when m = n? Law 2 gives,

n
a_ — an_n
an

1=a°

It doesn’t make sense to talk about a number being multiplied by itself 0 times.
However, if we want law 2 to continue to be valid when n = m then we must define

the expression a’ to mean the number 1.

If a # 0 then we define a® to be equal to 1. We do not attempt to give any meaning to
the expression 0°. It remains undefined.

Using this definition, we can check laws 1 and 2 also remain valid.

. a® " _
Thatls,amXaO=am><1=am=am+°andE=T=a”=a” 0,

To come up with a suitable meaning for negative exponents, we can take n < m in law

2. For example, letus try n = 2and m = 3.

2

a — —
—=a*3=al
a
2
a axa 1 1 _
But, = = —— = =. Therefore, - =a™ .
a axaxa a a
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. . a _ . . 1 _ _ a _
Similarly, for a # 0, S=a implies S=a and 5 =a

—- = a .
al?

Definition 3.2 Zero and Negative Exponents

If n is a positive integer and a # 0, then

1) a® =1 and 0° is undefined.

o _ 1
2) at=—.

I :xcomple 7 ]

Evaluate the following.

a) 1° b) (—10)°
0
) % d) (0.123)°

Solution:

a) 1°=1 b) (-10)° =1
1 0

0 (;) =1 d) (0.123)° =1

I Exomple 8 ]

Evaluate the following.

a) 372 b) (= o (=

Solution:

— 1
a) 37=g5=

2 1 1
33
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Evaluate the following.

22\0

a) 4° b) (—11)° o) (5 d)273

» 373 1\~
e) 10 0 o (5

Laws for Integer Exponents:

I :xcomple 9 ]

Simplify each of the following.

a) a?xa b) (3a)* x (3a)~2 09 = d) (a3

3a

= g) (81)¢ x 92t h) (=5x X 3y)?

e) x% x x73 x x* f)
Solution:
a) a’xa’=a

b) Ba)* x (3a)% = (3a)** Y = (3a)? = 3%a% = 942

—245 _ 43

5" r4-6 _p—2 _ 1
) = 5 5 o

d) (aZ)—S = q?X(3) = g6 =

ab

) x2xx 3 xaxt =(x?xx)xxt=x"lxxt =71 =43
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f) 3a 2 _ 32xa? _ 9q2
16) ~ (16)2 ~ 256

g) (B1)F x 92t = 3% x (32)%t = 3% x 3% = 3HH4 = 38
h) (=5x x 3y)? = (=5x)? x (3y)?

Simplify the exponential expressions using laws of exponents.

N
vl

w

|
31

a) x73 x x* b) = 0)

w
|
w

d) (—2x x 4y)? e) x 3 X x7? ) (4y)%? x (8y)=3

@x? ) 30
(=3x)*

D @EH= k) (@)™ D (@)*

g) 2t x 23t x 22t h)

(a®) ’x(@®*
10

m) (2a™3 x b?)~2 n)

The Rational Exponent

Extend the definition of exponents even further to include rational numbers. For

1 1
example, to define powers like az, consider 92.

1

1 2 1
Applying law 3 and taking the square of 97, we get (92) = 9(5)'(2) = 9! =9, Thus,

1
92 is a number that yields 9 when squared. There are two numbers whose square is 9.
1
They are 3 and —3. We define 92 to be the positive square root of 9. That is, 3. To avoid

1
ambiguity, we define a2z as the non-negative number that yields a when squared. Thus,

97 =3
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1
In general, az is defined to be the positive square root of a, which can also be written

1
asva .So az =+a.

1
Of course, a must be positive if az is meaningful because if we take any real number

and multiply it by itself, then we get a positive number.

1 1
We can arrive at the definition of a3 in the same way as we did for az. For example,

3

1 1 1 1
if we cube 83, we get (83 ) = (8) 3) = 8. Thus, 83 is the number that yields 8 when

1 1
cubed. Since 2° =8 we have 83 = 2. Similarly, (—27)3 = —3.

1
This time we have no trouble giving a meaning to (—27)3 even though —27 < 0. There
is a number when multiplied by itself 3 times gives -27, namely —3, so
1
(—=27)3=-3.

1
Thus, we define a3 (called the cube root of a) as the quantity that yields a when cubed.

1
Definition 3.3 The Rational Exponent an

1
If a is positive, then an is defined to be a positive number whose n® power is

equal to a. This number is called the n®* root of a and sometimes written as V/a.
. . . 1 .

If n is even and a is negative, ar cannot be defined because raising any number

to an even power result in a positive number.

1

If nis odd and a is negative, an can be defined. It is a negative number whose nt"

power is equal to a.

I <cmple 10]

1
Express in the form ar and evaluate the following.
a) V16 b) V8 ¢) =8 d) =16

Solution:
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1
a) Since 2* =16, V16 = (16) = 2

8, Y8 = (8)F = 2

¢) Since (=2)3 = -8, Y=8=(-8)3 = -2

b) Since 23

1
d) V=16 = (=16)% is not a real number because there is no real number a such

that a* is —16

1
Express in the form an and evaluate the following

a) V81 b) V32 ) ¢) V125
d) ¥=27 ¢) —3¥—1000 f) ¥Y—10000

Activity 3.3

Simplify the following expressions.

1 1 1 1 1
a) 22X22 b) V2xV2  ¢) 22x22x22 d) V2x+2x+2

1
So far, we have defined an, where n is a natural number. With the help of the third law

for exponent, we can notice that,

m 1
—=mX-.
n n
So, if law 3 is to hold then
m 1\m
an =(an) .

m
Therefore, we can define the expression an, where m and n are natural numbers and

% 1s reduced to lowest term as in definition 3.4.
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Definition 3.4 The Rational Exponent an

1 m 1\m
If an is a real number, then an = (an (that is, the nt" root of a raised to the

mt" power).

We can also define negative rational exponents:
m

m 1
an=— (a#0)
an

— Note
The laws of exponents discussed earlier for integral exponents hold true for

rational exponents.

I Exomple 11

Evaluate the following expressions.
1

1 1 37 2 1 312 3
a) 43 X 163 b) — ¢) 273 d) (3m2 x 4nz e) (=32)75
272
Solution:
2 4

1 1 1 1oz 4 2.4
a) 43x163 =(22)3x (2Y)3=23%x23=23"3=22=4

1 1

32 32 19 _8 _ 1 1
b) —5=75=3T2=372=3"=2=m0

277 37 3t 8

¢) 273=(273) =32=9

1
d) (3mzx4nz) =(3mz) x(4nz) =3%?m x4°n® =9m x 16n3 = 144mn3

Simplify each of the following expressions.
2

1 4 165 3 1 5
a) 23 X 43 b) —& c) 1002 d) (a+x 3b2
85
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Radical notation is an alternative way of writing an expression with rational exponents.

Definition 3.5 The nt" root

1
If an is a real number and m an integer then

an = (am)% ="a™ (or an = (an "o ™.

B £<omple lﬂ

Express in the form an, with a being a prime number.
3 2 R
a) ¥4 by ¥27 o 3% d) (3/625) ¢) Vi6a

Solution:

a) V& =43 = (22)7 = 25,
by Y27 = (27)F = (3%)5 = 35

1
) 1
V8 (233 2t 1—
_—= = — = 2
° Va 22)3 T

d) (V625)°

[\
Il
N
W=

2 2 8

d 8
= 53 :5

w

(545

o Viga=Venyr=V(g)i=8=VPF=%i=2

m
Express in the form an, with a being a prime number.

325 340

) 3w Vg
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Irrational Exponents

The expressions 3V2, 22V3 57 gre powers with irrational exponents.
What is the value of 32 2

Using calculator, the value of V2 = 1.41421356. . .

Therefore, 3V2 — 3141421356 . ..

It is not possible to calculate 3V2 = 3141421356 . .. pecause 1.41421356. . . has

31.4-14-21356 ..

infinite decimals. But one can approximate the value of - as follows.

To approximate 31.4-14-21356 C

31 =3

14
314 = 3170 = 4.65553672, to eight decimal places

14
( 310 is an expression with rational exponent, use a calculator to find its value)

141
3141 = 3100 = 470696500

1414
31414 — 37000 = 4.72769503
314142 — 472873393

3141421 = 472878588
314142135 = 472880406
3141421356 = 472880437
As we can see from the above list, the values of
31 314 3141 31414 314142 3141421 314142135 3141421356
are approaching to some number. For example, the first six decimals of the values of

314142135 457 q 3141421356 yp6 the same. That is 4.728804.
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By continuing the approximation of 3V2 like above we can say 3V2 = 4.72880437 to
eight decimal places.

Now, if we define 3* then 3V2 is the real number that 3* approaches when x gets
closer and closer to /2.

In general, if we define a* and b is an irrational number, then a? is a real number that
a* approaches when x gets closer and closer to b.

The above statement about irrational exponents suggests that the expression a* is
defined not only for integral and rational exponents but also for irrational exponents.
The laws of exponents discussed earlier for integral and rational exponents continue to

hold true for irrational exponents.

I :xcomple 13

Simplify each of the following.

3
a) 3VZx 32 b) (4V2 ) (372

V3+2 NE
;g—_3 e) 5V2 x 53 f) (5v2

Solution:
a) 3V2 « 3V2 — 3V2+V2 — 32V2 (32)\/7 = 9gV2

by (472)° = 43597 = (43)V7 = 647

o (32)" =3Iog2 o9

2V3+2 _ V3% 22 _ i _ 92-(-3) = 95 — 32
2¥3-3  2¥3x2-3 273

2\/§+2

or 2\/§—_3 = (2)(\/§+2)_(\/§—3) — 25 =32

e) 5V2 x 5V3 = 5VZ+/3

f (592)" = 5v2x3 = 5V5

R,
e
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Simplify each of the following.

D 2%x2% b (572 o V8~ g v3xv3"®

V27 3VZxgV8 (5V3)2x5VIZx25V3

f (2%%) 8 S h) el

3\/7+3
3v2-1

e)

3.1.2 Logarithms

In the exponential equation 23 = 8, the base is 2 and the exponent is 3. We write this
equation in logarithm form as log, 8 = 3. We read this as “the logarithm of 8 to the
base 2 is 3”.

The logarithm to base a of a number x > 0 (written log, x) is that power to which a
must be raised to obtain the number x.

For example,

logs 9 = 2 because 32 =9
) 21
logs 5) = 2 because 37° = 5

logs 1 = 0 because 5° = 1

Definition 3.6

Fora>0,a#1,andc >0

log, ¢ = b ifand only if a’ = c.

I cxample 1]

Convert each of the following to logarithmic statement.

1
a) 2° =32 b) 3* =81 ¢) 42=2
Solution:

a) From 2° = 32, we have log, 32 = 5.
b) From 3* = 81, we have log; 81 = 4.

1
¢) From 42 = 2, we have log, 2 = %
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I cmple 2]

Convert each of the following to exponential statement.

k!

By

a) log,128=7 b) logs(5:)=—3 ¢ log,, VI0 ==

Solution:
a) From log, 128 = 7, we have 27 = 128.

b) From log; % = —3,wehave 373 = %

1
¢) From log;, ¥10 = § we have 103 = Y10.

B £xcomple 3 |

Find the value of each of the following logarithms.

a) log, 64 b) logs % ¢) logio100 d) log;,0.01
Solution:

a) Since 64 = 2°, the exponent to which we raise 2 to get 64 is 6.

So, log, 64 = 6.

: 11 _ . . 1.
b) Since il 37*, the exponent to which we raise 3 to get a1 18 —4.

Hence, logs é =—4.

¢) The exponent to which we raise 10 to get 100 is 2 as 102 = 100. Therefore,

10g10 100 = 2.

d) Since 0.01 = ﬁ = % = 1072, the exponent to which we raise 10 to get

is —2. Thus, log{70.01 = -2

1
100

Exercise 3.8

1. Write the equivalent logarithmic statement for the following equations.

2
a) 210 =1,024 b) 276 =— ¢ VI25=5 d) 273=5

2. Write the equivalent exponential statement for the following equations.
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a) log;, 1000 = 3 b) logg V64 =1

¢) logy,0.001 = —3 d) logs— = -3
3. Find the values of following logarithms

a) logz 27 b) log, 16

c) logigo0.001 d) log,z57

Properties of logarithms
The following properties follow directly from the definition of the logarithm with base
a>0anda #1

Properties of Logarithms

1. log, 1 =0 because a’ = 1.

log, a = 1 because al = a

2.
3. loggaP =p and a'°8¢? =p ... Inverse property.
4. Iflog, M =log, N,then M = N ... One-to-One property.

I £<omple 41

Use properties of logarithms to answer the following questions.

a) Find p such that log, p = log, 5. b) Simplify log, 2P.

¢) Find p such that logs 3 = p. d) Simplify 5'°85P,
Solution:

a) Using property 4, we can see that p = 5.

b) Using property 3, it follows that log, 27 = p.

¢) Using property 2, we can conclude that p = 1.

d) Using property 3, it follows that 5'°857 = p

Using properties of logarithms give answer for the following questions.

a) Find p such that log; p = logs 4. b) Simplify logs 257
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¢) Find p such that logs 6 = p. d) Simplify 2!°823P

Laws of logarithms

We now establish laws of logarithms. The laws are represented by theorems and we

prove the theorems based on the corresponding laws of exponents.

Theorem 3.1 Logarithms of products

For any positive numbers M, Nand a > 0 and a # 1,
log, MN = log, M + log, N
(The logarithm of a product is the sum of the logarithms of the factors.)

= Note

This property of logarithms corresponds to the product law for exponents:

Proof:

Let log, M = p and log, N = q.

Converting to exponential equations, we get : a? = M and a? = N.
Now, MN =aP- a9 = qP*4.

This implies MN = aP*9.

Converting back to a logarithmic equation, we obtain

log, MN =p +q.

But, p = log, M and q = log, N.

Therefore, log, MN = p + q = log, M + log, N.

B cxomple 5 |

Express log, (4 X 8) as a sum of logarithms.

Solution:
We have log,(4 X 8) =log, 4 +log, 8 . . . using the product law
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Express logs 5 + logs 8 as a single logarithm.
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Solution:

We have logz 5 + logz 8 = logz (5 X 8) = logz 40 . . . using the product law

Theorem 3.2 Logarithms of powers

For any positive number M, any real number r,and a > 0 and a # 1,
log,(M)" =rlog, M

(The logarithm of a power of x is the exponent times the logarithms of x.)

— Note
This property of logarithms corresponds to the power law for exponents:

(aM)r — aMr .

Proof:

Letp = log, M.

Converting to exponential equations, we get aP = M.

Now, (aP)" =aP" =M".

Converting back to a logarithmic equation, we obtain: log, M" = log, aP” = pr.
But, p = log, M.

Therefore, log,(M)" = rlog, M.

I Exomple 7]

Use laws of logarithms to evaluate the following.

a) log, V8 b) logs81  ¢)log;, 10.01

d) log, 8 +log, 2 e) log: z
2

4

Solution:
1
a) log, V8 = log, 82 = %logz 23 = %(3log2 2) = le 3x1= %

b) log; 81 = log;3* =4log;3 =4x1=4.
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= §10g10 1072 = %(—Zloglo 10) = % X (—2)x1 = —g.
d) log, 8 +log, 2 =1og,(8 X 2)

1 1\2
e) logi|-)=logi(=) = 2log:
2 2 2

log, 16 =log, 4> =2log,4=2%x1=2

=2x1=2
4 2

Exercise 3.10

Use laws of logarithm to find the values of

a) logs V3 b) logg 36 ¢) log, (

1 3 1
d) lo — e) log;g V— logg 32 + logg 2
) log(yy (5 ) 10g10 Vo0 f) logg gs

g) log, 6 + log;, % h) logz 10 + logs g + log; z 1) %log4 8 + log, V2

Theorem 3.3 Logarithms of quotients

For any positive numbers M, N,anda > O0and a # 1,
log, % = log, M — log, N.

(The logarithm of a quotient is the logarithm of the numerator minus the
logarithm of the denominator.)

Proof:

The proof follows from the product law and the power law.

M
log, (ﬁ) = log, MN~!
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=log, M +log, N~'. . . using product law
=log, M + (—1)log, N . . . using power law
= log, M —log, N.

I xcmple 8 ]

Use laws of logarithms to evaluate the following.
a) log; 54 — log; 2 b) log;o V2000 — log;o V20
¢) logs 30 + logs 15 — logs 2
Solution:
a) logs 54—log32=log352—4= log; 27 =log; 3> =3log33=3x1=3

b) log;o+v2000 — log;o V20 =log;, %

23 = log1o V100 = logyo 10 = 1

=logio v 2

¢) logs 30 + logs 15 —logs 2 = (logs 30 + logs 15) — logs 2
= logs(30 x 15) — logs 2
= logs 450 — logs 2

= logs % = logs 225 = logs 5° = 3logs 5=3x1 =3

Use laws of logarithms to find the values of
a) logs 50 — logs 2 b) logz 4 —log3 108
¢) log1o V2000 — log;, V2 d) logs 2 + logs 50 — logs 4

e) logg 9 —logg 15 + logg 10 f) logqo 24 — 2logy¢ 6 + logyo 15
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Theorem 3.4 Change of base

For any positive real number M, a > 0,b > 0,a # 1and b # 1,
log, M
log, a

log, M =

Proof:

Let p = log, M. Then
al = al°8«M =
logy, aP =log, M . . .taking logarithm to the base b of both sides
plog, a =log, M . . . using power law
log, M
- log, a

Therefore, p =log, M = logp M

" logpa’

I Exomple 9]

Use laws of logarithms to find:

a) log 4 b) log.1 100

Solution:

a) log ;4= 1:)0:22;7 by using base change law of logaritms

logz 22 2 l
1 because 4 = 2 and V2 = 22
log, 22

2logy2

T by power law of logaritms
Elo g22

because log, 2 =1

|
INITE N

b) logy, 100 = % by using base change law of logaritms
10 Y-

log10 102
log1g 101

because 100 = 10% and 0.1 = — = 101

10
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210g10 10 .
= — rl f logaritm
g 10 by power law of logaritms

=2 because logy 10 = 1

Exercise 3.12

1 ' i
lngz to find the value of the following expressions.
b

Use the law log, x =

a) logz9 b) log 7128 c) log% 243

1
d) logy00 0.1 e) logs (5

Remember that:

1. log, MN # (log, M)(log, N) . . . The logarithm of a product is not the product

of the logarithms.
2. log,(M + N) # log, M + log, N . . . The logarithm of a sum is not the sum of the

logarithms.

M\ , log. M . . :
3. log, 3 % . . . The logarithm of a quotient is not the quotient of the

logarithm.
4. (log,M)" #rlog, M . . . The power of a logarithm is not the exponent times the

logarithm.

Logarithms to Base 10 (Common Logarithms)

For a general number M, log,y M is equal to that power to which 10 must be raised to

obtain the number M.

Find the value of the following common logarithms.

a) logip 10 b) log;o 1000 c) logip1 d) logyp 0.1
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‘Definition 3.7

The logarithm to the base 10 is called common logarithm or decadic logarithm

and written as logo M.

A common logarithim is usually written without indicating its base. For example,

log,o M is simply denoted by log M.

B £<omple ﬂ

Find the value of each of the common logarithms.

a) logioV10  b) 10g0.0001 ¢ log200 —log2 d) log(==

Solution:
a) logio V10 =log;( 10\3
= 3 loglo 10 3 X 1= 3

1

b) log0.0001 = log 5000 = log To7

=log10™* =—4log10 becauselog10 =log;,10 =1
= 4.

¢) log200 —log2 = log (=) =1log100 = log 10 = 2log 10 =2 x 1 = 2.

Exercise 3.13

Find the values of the following common logarithms.

10™
e) IOg Ton

a)logV01  b)log(10vV10) c) log(—=) d) log

1
V1000 310

Suppose p can be written as p = m X 10,1 < m < 10, then the logarithm of p can
be read from the common logarithm table (a table that contains the common
logarithm value of a number m such that 1 < m < 10) which is attached at the last

page of the book.
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So, logp = log(m x 10¢) = logm + log 10¢ = logm + c.

That is, logp = logm + c.

The common logarithm of m, logm is called the mantissa (fractional part) of the
common logarithm of p and c is called the characterstic of the logarithm.

The common logarithm of any two decimal place number between 1.00 and 9.99 can

be read directly from the common logarithm table.

B cmple 2]

Using the table of logarithm, calculate

a) log1.23 b) log 3.57
¢) log2.478 d) log 6,920
Solution:

a) We read the number at the intersection of row 1.2 and column 3 to find

0.0899.
Mean Dillerence B
I 6 7 8 9 lHIBId.ISIGl"IIS 9
10 0.0253 0.0374 4 { ; 5§29j33 37
[ ) ()7 ‘ 316!

()} 0569

115119 26 | 30| 34
317,10 14/17/21 241283
0 123 ;

. 130 ! { | I
15| 1s§2|v24l27|

So, log 1.23 = 0.0899.

b) Reading the number in row 3.5 under column 7 from the common logarithm
table, gives 0.5527.
So, log3.57 = 0.5527.

¢) 2.478 in log 2.478 has three numbers after decimal.

0 1 2 3 4 s 6 7 3 9o Nf2[3]a]s]e]7]s8]9
21[0.3222| 03243 03263 | 0.3284 | 03304 | 0.3324 | 0.3345 0.3365 ] 0.3385 | 0.3404 1 2/4/ 6 | 8 10 12/ 14]16]18
22010.3424 | 03444 0.3464 | 0.3483 | 03502 | 03522 | 0.3541 § 0.356 | 0.3579|0.3598 12/ 4 6|8 10 12| 14f15}17
23403617 ] 0.3636 | 0.3655 | 0.3674 | 0.3692 | 03711 0.3729 037471 0.3766 037842 4 6 7 9 nl13Lish7
2.4)0.3802 | 0.382  0.3838 | 0.3856 0.3874 | 0.3892 | 0.3909 §0.3927 | 0.3945 | 0.3962 2 4 5| 7 9 11 12J14}16]

10,3070 | 0.3997 | 0.4014 | 0.4031 | 0.4048 | 0.4065 | 0.4082 J0. 0311604133213 3 7.9 10 12[14]15

To read the value of log 2.478 from the logarithm table, the steps are as follow:
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Step 1. Separate the number 2.478 in log 2.478 as 2.4, 7 and 8.
Step 2. Read the number at the intersection of row 2.4 and column 7, this
gives 0.3927.
Step 3. From the mean difference part of the common logarithm table, read
the number at the intersection of row 2.4 and column 8, this gives 14. We
write this as 0.0014.
Step 4. Add the values obtained in steps 2 and 3 to get 0.3927 + 0.0014 =
0.3941.Therefore, log 2.478 = 0.3941.

d) We have, 6,920 = 6.92 x 103.
So,10g6,920 = log(6.92 x 10%) = log 6.92 + log 103 =log 6.92 + 3.
But, log 6.92 = 0.8401. (reading from the table of common logarithm at the
intesection of 6.9 row and column 2).

Therefore, log 6,920 = log 6.92 + 3 = 3.8401.

I Exomple 3 ]

Identify the mantissa and characterstic of each of the common logarithms.

a) log0.00123 b) log 345 c) log0.01

Solution:

a) 0.00123 = 1.23 x 1073 and
log 0.00123 = log(1.23 x 1073) = log 1.23 + log 1073 = log 1.23 + (-3).
The mantissa is log 1.23 = 0.0899 (Refer to the common logarithm table to
find log 1.23).
The characterstic is —3.

b) 345 = 3.45 x 102.
So, the mantissa is log 3.45 = 0.5378 and the characterstic is 2.

¢) We have 0.01 = 1.00 x 1072,

Therefore, the mantisa is log 1.00 = 0 and the characterstic is -2.
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Exercise 3.14

1. Using the table of logarithm find the values of the following.

a) log2.13 b) log2.99 c) log6.3 d) log6.345
e) log0.28 f) log9.99 g) log 0.00008 h) log 400

2. Identify the characterstic and mantissa of the logarithm of each of the following.

1

a) 0.00503 b) 0.25 ¢) 302 d) ¢

e) 4.4 f) 9 g) 3280 h) 53.814

Antilogarithms

Suppose logM = 0.8175 . What is the value of M?

If logM = N, then M is the antilogarithm (antilog) of N and write antilog(N) = M.
When you are asked to find the antilog of a given number N you will try to find a
number M such that logM = N.

We can use the antilogarithm table attached at the end of the text book to read the
antilog of a number.

In general, antilog(log M) = M

For example, given logM = 0.8175 to read the value of M = antilog(0.8175) from
the antilogarithm table, we follow the following steps

Step 1. Separate the number 0.8175 as 0.81, 7 andl

Anti Loganthm table Mean Difference
O T-1-2 L 54-4 3-8 1 &b -8 F® 7]8]19

0.7916.166 | 6.18 | 6,194 | 6.209 | 6.223 | 6.237 | 6.252] 6.266] 6.281 | 6.295 113
0800 6.31 | 6,324 6.339 | 6.353 | 6.368 | 6.383 | 6.397] 6.412] 6.427 | 6.442 2(13

7
7
.81}] 6.457 | 6.471 | 6.486 | 6.501 | 6.516 | 6.531 | 6.546] 6.561 | 6.577 | 6.592 .1. | 2|14
8
8

w W |

b= -0

[ P

0.82]] 6.607 | 6.622 | 6.637 | 6.653 | 6.668 | 6.683 | 6.699] 6.714] 6.73 | 6.745 911213
083l 6.761 | 6.776 | 6.792 | 6.808 | 6.823 | 6.839 | 6.855] 6.871] 6.887 | 6.902

-y B B L

19 o] = |

2111 13! 14
Step 2. From the antilogarithm part read the number at the intersection of row 0.81
and column 7, this gives 6.561

Step 3. From the mean difference part, read the number at the intersection of row
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0.81 and column 5, this gives 8. We write this as 0.008.
Step 4. Add the values obtained in steps 2 and 3 to get

M = antilog(0.8175) = 6.561 + 0.008 = 6.569

Therefore, log (6.569) = 0.8175

I :xcomple 1]

Find the antilog of the following numbers.

a) 0.9335 b) 3.0913 c) -2.1202

Solution:

a) To find antilog(0.9335). That is to find a number M such that log M = 0.9335.

Step 1. Separate the number 0.9335 as 0.93, 3 and 5
Step 2. From the antilogarithm part read the number at the intersection of row
0.93 and column 3, this gives 8.570
Step 3. From the mean difference part, read the number at the intersection of
row 0.93 and column 5, this gives 10. We write this as 0.010.
Step 4. Add the values obtained in steps 2 and 3 to get
8.570 + 0.010 = 8.580, Therefore, antilog(0.9335) = 8.580
b) In 3.0913, the characterstic is 3. Therefore aftre finding the antilog of 0.0913, we
multiply it by 103.
To find antilog(0.0913),
Step 1. Separate the number 0.0913 into 0.09, 1 and 3
Step 2. From the antilogarithm part read the number at the intersection of row
0.09 and column 1, this gives 1.233.
Step 3. From the mean difference part, read the number at the intersection of
row 0.09 and column 3, this gives 1. We write this as 0.001.
Step 4. Add the values obtained in steps 2 and 3 to get
1.233 4+ 0.001 = 1.234
Step 5. 1.234 x 103 = 1234.00. Therefore the antilog(3.0913) = 1234.00
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¢) To find the antilog of negative numbers like —2.1202, we rewrite it as
—21202=-2-0.1202+(1-1)=(—-2—-1)+ (1 —-0.1202)
=—-3+ 0.8798.
Then after finding the antilog of 0.8798, we multiply it by 1073 to get the
antilog(-2.1202)
Now, to find antilog(0.8798)
Step 1. Separate the number 0.8798 into 0.87, 9 and 8.
Step 2. From the antilogarithm part read the number at the intersection of row
0.87 and column 9 , this gives 7.568.
Step 3. From the mean difference part, read the number at the intersection of
row 0.87 and column 8, this gives 14. We write this as 0.014.
Step 4. Add the values obtained in steps 2 and 3 to get
7.568 + 0.014 = 7.582
Step 5. 7.582 x 1073 = 0.007582.
Therefore the antilog(—2.1202) = 0.007582

Find a) antilog0.7412 b) antilog 0.9330 c) antilog 0.9996
d) antilog0.7 e) antilog1.3010 f) antilog 0.9953
g) antilog5.721 h) antilog (—0.2)

Computation with Logarithms

In this section, you will see how logarithms are used for computations of numbers

. 267x3252 . . . .
like :T, V254, etc. Specially common logarithms are used in mathematical
computations.

In order to compute a given number M, you can perform the following steps:

Step 1. Find log M, using the laws of logarithms.
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Step 2. Find the antilogarithm of log M.

I cmple 2]

Approximate the values of the following using logarithm.

a) 267x3252 b) \/m

403

Solution:

267%x3252
403

LOgM — 10g 267;)33252

= log 267 +log 3252 — log 403
=(2+10g2.67) + (3 +10g3.252) — (2 + log4.03)

a) LetM =

3 +log2.67 +log 3.252 — log 4.03

3+ 0.4265 + 0.5122 — 0.6053 = 3.3334
logM = 3.3334

M = antilog(3.3334) = 2155
b) LetM =+/254
logM = log(v254) = ;log 254 = (2 + log 2.54)
= 1+log2.54 = 1+ (0.4048) = 1.2024
M = antilog(1.2024) = 15.93

Exercise 3.16

Compute using logarithms.

a) 4.26 X 5.73 b) V25 ) 3142

d) (42)'3 x (0.21)41 o) a8 f)
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3.2 The Exponential Functions and Their Graphs

3.2.1 Exponential Functions

Activity 3.5

Consider a single bacterium which divides every hour.

a) Find the number of bacteria after one hour, two hours, three hours, four

hours, and t hours.

b) Complete the following table.

Time in hour (t) 0 1 2 3 4

Number of bacteria 1

c) Write a formula to calculate the number of bacteria after t hours.

‘Definition 3.8

The exponential function f with base a is denoted by f(x) = a* where

a > 0,a # 1 and x is any real number.

I cxample 1]

Given f(x) = 3*. Evaluate the following.
a) f(2) b) £(0) ¢ f(=1)

Solution:

a) f(2)=3*=09. b) f(M=3"=1 o f(-D=3"1=1
B £xomple 2—|

Write each of the following functions in the form f(x) = 2** or f(x) = 3** for a

suitable constant k.

a) f(x) =47 b) f(x) =2 Q) flx) = (%

Solution:

1\ X 1

a) f(x) = 4% = (2°)* = 2%¥ b) f(x) =vZ =(22) =22
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= Note

1) In the definition of exponential function, a # 1 because if a = 1, f(x) =
1* = 1 is a constant function.

2) The exponential function f(x) = a*, where a > 0,a # 1 is different from
all the functions that you have studied in the previous chapters because the
variable x is an exponent.

3) A distinct characteristic of an exponential function f(x) = a* is showing a
rapid increase as x increases for a > 1 and showing a rapid decrease as x
increases for a < 1.

4) Many real-life phenomena with patterns of rapid growth (or decline) can be

modeled by exponential functions.

Exercise 3.17

1

X
1. Given f(x) = 2 - Find the values of

a) f(2) b) f(=2) ¢ f % 4 f _%

2. Write each of the following functions in the form f(x) = 2** or f(x) = 3** for

a suitable constant k.
1

a) f(x) =8 D) fF)=v3 o f) ==

81

—X

d) fo)=V2" o f=(L) 0 fe=(L)

1 1
27 16

wlR

3.2.2 Graph of Exponential Functions

Graphs of exponential functions can be drawn by plotting points on the xy-plane.

B £<cmple ﬂ

Draw the graph of the exponential function f(x) = 2*.
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Solution:
First, we calculate values of f(x) for some integer values of x and prepare a table of

these values.

f(=3) =2 f(=2) = f(-1)

SO =1, f1)=2.f(2) =4.f(3) =8

x 3 | -2 [ -1 0 1 2 3
f)y=2*] 1

TN
N =

— Note
v The function f(x) = 2% is positive for all values of x.
v As x increases, the value of the function gets larger and larger.
v As x decreases, the value of the function gets smaller and smaller,

approaching zero.

N
7

Then we plot the points on the xy-plane and
join them by a smooth curve as shown in the

figure 3.1. 6

W
=

Figure 3.1: Graph of f(x) = 2*
Since the domain of a function y = f(x) is the set of all values of x for which the
function f is defined and its range is the set of all values of y, the domain of
f(x) = 2% is the set of all real numbers and its range is the set of positive real

numbers.
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Activity 3.6

1) For which values of x is f(x) = 2*¥ > 1?

2) For which values of x is f(x) = 2*¥ < 1?

3) Does f(x) = 2% increase as x increases?

4) What happens to the graph of f(x) = 2* as x gets larger and larger without
bound?

5) What happens to the graph of f(x) = 2* when x is negative and axais very
large?

6) Is there a line that the graph of f(x) = 2* approaches but never touches

when x is negative and axais very large? What is that line?

Exercise 3.18

For the function f(x) = 3%,

a) Complete the table of values below.

X -2 -1 0 1 2
y=f)

b) Find the intercepts.

c) Sketch the graph of f, first by plotting the points (x,y) and then joining them
by a smooth curve.

d) Find the domain and range of f.

B E<cmple 21
1

X
Draw the graph of the exponential function f(x) = )

Solution:

First, we calculate values of f(x) for some integer x and prepare a table of these

values.
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f(=3)=8,f(=2)=4,f(-1)=2f0)=1,f(1)
x -3 -2 -1 0 1 2 3

Il
NI
=
N
N
—
Il
BRI
=
~
w
—
Il

* 8 4 2 1

N =
| =
| =

1
f6) =)

Note

X
e The function f(x) = % is positive for all values of x.

e As x increases, the value of the function gets smaller and smaller,
approaching zero.

e Asx decreases, the value of the function gets larger and larger.

> ‘=

Then we plot the points on the xy-plane and join
them by a smooth curve as shown in the figure

3.2

N W A O OO N ® W

N2
=

-4 -3 -2 10 1 2 3 4
=1

Figure 3.2: Graph of f(x) = %

Exercise 3.19

X
For the function f(x) = % )

a) Complete the table of values below
x -3 -2 -1 0 1 2
y=f(x)
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b) Find the intercepts.
c) Sketch the graph of f, first by plotting the points (x,y) and then joining them
by a smooth curve.

d) Find the domain and range of f.

The exponential function f(x) = a*,a > 0and a # 1 has domain of the set of all
real numbers and range of the set of all positive real numbers. The x-axis (the line

y = 0) is a horizontal asymptote of f. The graph of f has one of the following shapes.
y

A

>0 f(x)=a" ,0<a<l

(1,0

(a) (b)
Figure 3.3

The basic characterstics of the exponential function are summarized below.
Characterstics of Graph of f(x) =a*,a> 1

a) Domain: R = The set of all real numbers.

b) Range: RT =The set of all positive real numbers.

¢) y-intercept: The point (0, 1).

d) Has no x-intercept.

e) Itisincreasing on R = (—o0, ).

f) The graph goes upward without bound as x gets larger and positive.

g) The graph gets closer to the negative x-axis when x is negative and axais

large.
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h) Horizontal asymptote: The x-axis (the line y = 0) is a horizontal asymptote.

(See figure 3.3a)
Characterstics of Graph of f(x) = a*,0<a < 1.

a) Domain: R = The set of all real numbers.

b) Range: RT =The set of all positive real numbers.

¢) y-intercept: The point (0, 1).

d) Has no x intercept.

e) It is decreasing function. The value of f decreases whenever the value of x
increases.

f) The graph goes upward without bound when x is negative and axais large

g) The graph gets closer to the positive x-axis when x gets larger and positive.

h) Horizontal asymptote: The x-axis (the line y = 0) is a horizontal asymptote.

(See figure 3.3b)

I :xcomple 3 |

Find the exponential function f(x) = a* whose graph is given by figure 3.4.
Y

16 (2,116)
14

12

10

J
-6 -4 -2 0 2 a4 6 8

Figure 3.4
Solution:
If f(2) = a? = 16 then a = 4. So, f(x) = 4% is the required function.
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= a* whose graph is given by figure 3.5.

=3 =N 9 1 2 3 il

Figure 3.5

2) Using the same coordinate system, draw the graphs of

a) f@) =3%and g = (3) .
1 X

b) f(x) =4 and g(x) = 2) -

3.2.3 The Natural Exponential Function

Any positive number can be used as the base for an exponential function, but for the
bases the number denoted by the letter e and 10 are used more frequently. The number

e is the most important base and convenient for certain applications.

n
The number e is defined as the value that {1 +% approaches as n becomes large.

n
The table below shows the values of the expression ( 1 +% for increasingly large

values of n. It appears that e = 2.71828 correct to five decimal places.
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1+ !
(1+2)
1 2.00000

2 2.25000

5 2.48832

10 2.59374

100 2.70481

1000 2.71692

10,000 2.71815

100,000 2.71827

1,000,000 2.71828

The approximate value to 20 decimal places is e = 2.71828182845904523536.

Definition 3.9

The natural exponential function is the exponential function f(x) = e* with

base e.

Since 2 < e < 3, the graph of the natural
exponential function lies between the graphs
of g(x) = 2% and h(x) = 3* as shown in the
figure 3.6.

=1

Figure 3.6
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I cmple 1]

Use a scientific calculator to evaluate each expression correct to five decimal places.

a) e’ b) e~ ! ¢) e3®

ket

B

e
i

i

Solution:
We use the [e] key on a scientific calculator to evaluate the exponential expressions.

a) e? = 7.38906.
b) e~! = 0.36788.
¢) e3> = 33.11545.

I Exomple 2 ]

Construct table of values for some integer values of x, sketch the graphs, find the x-

IR

intercept and y-intercept, find the asymptote and give the domain and the range of

y = —e”~.

X -2 -1 0 1 2
y=-—e* | -014 | -037 | -1 —-2.72 | =7.39

No x-intercept. A

The y-intercept is (0, -1). = =2 TREEEEI IREs lHa

X

The asymptote is the line y = 0 (x-axis

The domain is the set of all real numbers

The range is the set of negative real numbers.

Figure 3.7
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Construct table of values for some integer values of x, sketch the graphs, find the
x-intercept and y-intercept, find the asymptote and give the domain and the range of

the following functions.

a) y=e* b) y=—e7* c)y=1+¢*

3.3 The Logarithmic Functions and Their Graphs

3.3.1 The Logarithmic Functions

Every exponential function f(x) = a* with a > 0 and a # 1 is a one-to-one function
and hence it has an inverse function. The inverse function f ! is called the logarithmic
function with base a and is denoted by g(x) = log, x where g = f 1. This leads us
to the following definition of the logarithmic function.

Let a > 0 and a # 1. The logarithmic function with base a denoted by y = log, x is
defined by

y =log, x ifandonlyif x =a”.

When evaluating logarithms, remember that a logarithm is an exponent. That is,

log, x is the exponent to which a must be raised to obtain x.

B £xomple 1]

Use the definition of logarithmic function to evaluate each logarithm function at the

indicated value of x.

a) f(x)=log,x, x=4 b) f(x)=logyx, x=1
1
¢) f(x)=logsx, x =27 &) o) =logyx, x==
Solution:
a) f(4) =log,4=2 because 22 = 4.
b) f(1)=log,1=0 because 4° = 1.
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¢) f(27) =log327 =3 because 33 = 27.
1 1 _ 1
d) f(5)=1logw(5)=-1 because 1071 = o

I :xcmple 2 |

Write each of the following functions in the form f(x) = klog, x or

f(x) = klogs x for a suitable constant k.

a) f(x) = logyx b) f(x)

) f(x) = log d) f(x) =log 5

logg x

Solution:
R
» f(x) - 10g9 *= llzizgc - l:)Ogg:; - Zl(l)oggg,x3 - l°g23x - %10g3 x
0 1) oy x = = i = o
d) f(x) =logzx= logsx _ logsx _ 2log, x

log3 V3 N %logg 3

I Exomple 3 ]

Write each of the following functions in the form f(x) = clog, kx or

f(x) = clogs kx for suitable constants ¢ and k.

a. f(x) = log(%) _Tx b. f(x) = log(%) g

Solution:

~ S\ logz(_—x) 3 logz(_—x) _ logz(__x) _ logz(_x)
8. f(x) = log(%) 2/ logzé) - logz(2§‘3 B —310g222 =T

—110 1x
= 73082\ 73

b. £() =log(1) (%) = oss(5) _ toms(s) _ loss(s) _ loss(3)

1 = =
5c) \5 logs(5)~2  —2logs5 -2

|
=

1
= —51085
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1. Given f(x) = log( )x. Find the values of

1
i
1
a. f(2) b f(=2) o f(5 d. f(V2)
2. Write each of the following functions in the form f(x) = klog, x or

f(x) = klogs x for a suitable constant k.

a. f(x) =logigx b. f(x) =logz7x
c. f(x) = log(é)x d. f(x) =logsx

3. Write each of the following functions in the form f(x) = clog, kx or

f(x) = clogs kx for suitable constants ¢ and k.

a. f(x)=10g( ) _?x b. f(X)=10g( ) ;—C

1 1
32 27

3.3.2 Graphs of Logarithmic Functions
If a one-to-one function f has domain A and range B, then its inverse function f~! has

domain B and range A. Since the exponential function f(x) = a* with

a > 0and a # 1 has domain R and range (0, ), we see that its inverse function

g(x) = log, x has domain (0, o) and range R. Note that g(x) = f~1(x).

I £xomple ﬂ

Draw the graph of the logarithmic function f(x) = log; x.

Solution:

First, we calculate values of f(x) for some values of x which are powers of 2 so that

we can find their logarithms and prepare a table of these values.

f(8) =log,8=3, f(4) =log,4=2, f(2)=log,2=1, f(1)=1log,1=0,

1

1 1 1 1 1
f(5)=loga;=-1, fl;)=logy;=-2, f(5)=log,5=-3
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f(x) =logzx | -3 -2 -1 0 1 2 3

Then we plot the points on the xy-plane and join them by a smooth curve as shown

by figure 3.8

Figure 3.8: Graph of f(x) = log, x.

For the function f(x) = logs x

a) Complete the table of values below

X 1 1

W] =

y=fKx)

b) Find the intercepts.
c) Sketch the graph of f, first by plotting the points (x, y) and then joining them
by a smooth curve.

d) Find the domain and range of f.
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Basic characteristics of the graph of f(x) = log, x ,a > 1.

1. Domain: RT =The set of all positive real numbers.

2. Range: R = The set of all real numbers.

3. x-intercept: (1,0)

4. It has no y intercept. It does not intersect the y-axis.

5. It is increasing function. The value of f increases whenever the value of x
increases.

6. The graph goes upward as x gets larger and positive.

7. The graph gets closer to the negative y-axis when x gets closer to 0 from the right.

=

Figure 3.9: Graph of f(x) =log,x,a > 1

B £xomple 2—|

Draw the graph of the logarithmic function f(x) = log: x.
2

Solution:
. . 1
First, we calculate values of f(x) for some values of x which are powers of 5 80 that

we can find their logarithms and prepare a table of these values.
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f(x) =log1x 0 -1 -2 -3
2

Then we plot the points on the xy-plane and join them by a smooth curve as shown

in figure 3.10.

]

-1 0
-1

=2

-3

(8’ _3)

Figure 3.10: Graph of f(x) = log1 x
2

Exercise 3.24

For the function f(x) = log/1\ x
3

a) Complete the table of values below.

X 1 1

1
27 3

y=fx)

b) Find the intercepts.
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c) Sketch the graph of f, first by plotting the points (x,y) and then joining
them by a smooth curve.

d) Find the domain and range of f.

Basic characteristics of the graph of f(x) =log,x ,0<a < 1.

y

4

2

0

L > X

20 2 4 6

=2
* log,z ,0<al<1

Figure 3.11 Graph of f(x) =log,x 0 <a <1

Domain: R* =The set of all positive real numbers.

Range: R = The set of all real numbers.

x-intercept: (1, 0)

It has no y intercept. It does not intersect the y-axis.

N A W N o=

It is decreasing function. The value of f decreases whenever the value of x
increases.
6. The graph goes downward as x gets larger and positive.

7. The graph gets closer to the positive y-axis when x gets closer to 0 from the right.

— Note
For the logarithmic function f(x) = log, x

» The graph of - f(x) is the reflection of the graph of f(x) along the x-axis.

» The graph of f(—x) is the reflection of the graph of f(x) along the y-axis.
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I cmple 1]

Sketch the graph of the following logarithmic functions by reflecting the graph of

f(x) = log, x cither along the x-axis or along the y-axis

a) g(x) = —log, x.

b) h(x) = log,(—x).

Solution:

Let f(x) = log, x

a) Since g(x) = —logy x = —f(x), the
graph of g(x) is a reflection of the graph

of f(x) along the x-axis as shown in the . y=logyx

figure 3.12. 2

Figure 3.12: Graph of f(x) = log, x and g(x) = —log, x

b) Since h(x) =log,(—x) = f(—x), the ¥

graph of h(x) is a reflection of the graph
of f(x) along the y-axis as shown in the

y = logy(—x) y =logyz
figure 3.13. % '

ho) | (10

- X

Figure 3.13: Graph of f(x) = log, x and h(x) = log,(—x)
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Sketch the graph of the following logarithmic functions by reflecting the graph of

f(x) =log x either along the x-axis or along the y-axis.
2
a) g(x) = —logmx
2

b) h(x) = log(1y(—x)

3.3.3 Natural Logarithms

Definition 3.10

The logarithm of a number to the base e is called natural logarithm and it is
written as

log, x =Inx.

B £<omple 1—|

Find the value of each of the following natural logarithms.

a) In1 b) Ine c) Ine?
Ve e) lni

d) In
Solution:
a) Inl

log,1=0
b) Ine=log,e=1

¢) Ine>=3lne=3

3 g
d) Inie =Ine3=:lne =

[oSH e

e) 1n§ =lne!'=—-lne=-1

The graphs of y = e*, y = In x and the line y = x are shown in figure 3.14.
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Figure 3.14: Graphof y =e*,y =x andy =Inx

Exercise 3.26

Find the values of:

a) Inde b)In (= c) e’

e3

e) In (e x e?) f) In (e*-eY) g)In e—x

3.4 Solving Exponential and Logarithmic Equations

3.4.1 Solving Exponential Equations

An equation in which the variable occurs in the exponent is called an exponential
equation. For instance,
2% = 16 and 3°* = 81 are exponential equations.
To solve exponential equations, we follow the following 3 step procedure.
1. Isolate the exponential expression on one side of the equation.
2. Take the logarithm of both sides, then use the laws of logarithms, (power law
of logarithms) to “bring down the exponent.”

3. Solve for the variable.
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Moreover, we use the following property:

Base-exponent property

For any real numbers x, y, a >0, a # 1, a* = a” ifand only if x = y.

B cmple 1]

Solve 2(2x-1) = g,

Solution:

Since 8 = 23, we have A

2(2x-1) — g = 23
2(2X—1) — 23

2x—1=3
x =2
So, the solution is x = 2.
Geometrically, the solution x = 2, is the first

coordinate of the point of intersection of the

graphs y = 23D andy = 8

as shown in the figure (Figure 3.15). = '
Figure 3.15

I :xcomple 2|

Solve 2*°~3* = 16,
Solution

Since 16 = 2*, we have X =3x = 4
x> —3x =4

x?—3x—4=0
x+1Dx—-4)=0

So, the solutions are x = —1 and x = 4.
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Solve for x.

a) 5% =125 b) 337* =81 c) 42%75 = 3x+6

1 X

d)z=(3 e) 27% =512 f 3**2=9

X 2x
2) 7x2+x = 49 h) 33(x+2) — gx+2 i) 3 28_7 3" 9 %

B £xcmple 3 |

Using logarithm find x if 2* = 20.
Solution:

Taking the common logarithm on both sides, we obtain:

log 2* =log 20

xlog2 =log(2 x10)  power law of logarithm

xlog2 =log2 +1log10 productlaw of logarithm
_ log2+1

log

since log 10 = 1 and dividing each side by log 2

But, from the common logarithm table, log 2 =~ 0.3010.

_ 03010+1
= 03010 .
13010
~ 03010

~ 4.32226
So, the solution is about 4.32226.

Hence, x
(4.32226,20)

Geometrically, the solution x = 4.32226 is the

first coordinate of the point of intersection of 5

the graphs y = 2* andy = 20 as shown in __ |

the figure 3.16.

Figure 3.16
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‘Exercise 3.28

Solve for x by taking the common logarithm of each side.

a) 3* =15 b) 10¥ = 13.4 c) 10%**1 =92
d) (6)3* =5 e) 4°* =61 f) (1.05)* = 2
g) 10°*72 = 348 h) 3* = 0.283 i) 2*¥ = 0.283

3.4.2 Solving Logarithmic Equations

A logarithmic equation is an equation that involves the logarithm of an
expression containing a variable. For instance, log,(x + 3) = 4 is logarithmic
equation.

Since the logarithm of non-positive numbers does not exist, before trying to find the
solution of log,(x + 3) = 4, you have to restrict x such that x + 3 > 0. That is,

x > —3. The set of all numbers greater than —3 is called the universal set or simply
the universe of the equation log, (x + 3) = 4.

We use the following property to solve logarithmic equations.

For any positive real numbers x,y,a > 0anda # 1

log, x = log, y ifand only if x = y.

We use the following procedures to solve logarithmic equations.

1. State the universe.

2. Collect the logarithmic term on one side of the equation.

3. Write the equation in exponential form.
4

. Solve for the variable.

_ Example 1]

Solve the logarithmic equation log, (x + 3) = 4.

Solution:
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If x + 3 > 0 then the universe is x > —3.
log,(x +3) =4
x+3=2* exponential form
x+3=16
x=13> -3
So, the solution is x = 13.
Geometrically, the solution x = 13, is the first coordinate of the point of intersection

of the graphs y = log, (x + 3) and y = 4 as shown in the figure 3.17.

(13, 4)

<
Il
~

4

Figure 3.17: Graph of y = log,(x + 3)
I :xcmple 2]

Solve log3(5x — 2) = 2 — logs 4.
Solution:

If 5x —2 >0 thenx > =.
logsz(5x —2) =2 —logz 4
log3(5x —2) +logz4 =2
logs 4(5x — 2) = 2 Product law
log3(20x — 8) =2
20x—-8=32=9
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X =_-is the solution.

Exercise 3.29

State the universe and solve for x.
a) log,(3x—1) =5 b) logzx=16
c) logy(x? —3x) =4 d) log,(x — 1) +log,3 =3

e) log(x? —121) —log(x +11) = 1 f) log,(x +6) =2

I
w

2) logx —log3 =log4 — log(x + 4) h) log, (1 +§

i) log, 2 +log,(x + 2) —log,(3x —5) =3

B cxample 1]

Using logarithm find x if 3*** = 27%,

Solution:
Taking the common logarithm on both sides, we obtain:
log 3*** = log 27"
(x+4)log3 = —xlog2
xlog3+4log3 = —xlog2
xlog3+ xlog2 = —4log3
x(log3 +log?2) = —41log3

—4log3
log3+log2

X =
But, from the common logarithm table, we have

log2 = 0.3010; log3 = 0.4771.
—4(0.4771)

0.4771+4+0.3010

—1.9084

0.7781

—2.45264.

Hence, x =

IR
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So, the solution is about —2.45264.
Geometrically, the solution x = —2.45264 is the first coordinate of the point of
intersection of the graphs y = 3*** and y = 27* as shown in the figure 3.18.

y

(—2.45,5.47)

-6 -5 4 -3 -2 -1 0, 1 2 3

Figure 3.18

Exercise 3.30

Using logarithm find x if,
a) 3¥1=2% b) 9* =8*1,

3.5 Relation Between Exponential and Logarithmic

Functions with the Same Base

Consider the tables of values that we have constructed in the previous section for the

exponential function y = 2* and logarithmic function y = log, x having the same

base 2.
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x 1 1 1 1 2 4 8
8 4 2
y=log,x | -3 -2 -1 0 1 2 3
We see that the values of x and y are i’
: : : y=2"
interchanged in the functions y = 2* and 8 gy
y = log, x. That is, the domain of y = 2* .
4
is the range of y = log, x, the range of " y =log,
— X 3 : i /
y = 2% is the domain of y =log, x and ——(——; e
vice-versa. =
=
Now let us sketch the graphs of both -
functions on the same co-ordinate system -8

as shown in the figure 3.19.

Figure 3.19: Graph of y = log, x and y = 2*

Observe that the graph of y = log, x is the y
reflection of the graph of y = 2* along the A
line y = x as shown in figure 3.19.

Generally, the functions y = a* and

y =log,x,a>1 are inverses of each

other. The relation between the functions ——-)/ -

y=a* and y =log,x,a > 1 is shown

graphically in figure 3.20.

Figure 3.20: Graph of y = log, x and y = a* fora > 1

From the graphs above, observe that:

1. The domain of y = a* is the set of all real numbers, that is the range of
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y = log, x.

2. The range of y = a* is the set of all positive real numbers, that is the domain of
y = log, x.
a. Domain of y = a* = Range of y = log, x.
b. Range of y = a* = Domain of y = log, x.

3. The x-axis is the horizontal asymptote of the graph of y = a*; the y-axis is a
vertical asymptote of the graph of y = log, x.

4. The point (0,1) is the y-intercept of the graph of y = a*; the point (1,0) is the x-
intercept of the graph of y = log,, x.

2 oe (e |

of y=2%y=3%y=4%,y=>5*%

Figure 3.21 shows graphs of the A

family of logarithmic functions with

bases 2, 3, 4, 5 and 10. These graphs —

can be drawn by reflecting the graphs :— % ;

and y = 10* along the line y = x. 4 -3 -2 10 1/2 74 5 e
=
y = log,x
-2 y = logzx

y =logsx
y = logy,

Figure 3.21

B E<cmple ﬂ

. . 1\* oy .
For the exponential function y = 5 and the logarithmic function y = log1 x,
2

a. Complete the table of values below.

x -3 —2 -1 0 1 2 3

X

1
60 =3)
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b. Sketch their graphs on the same xy-plane.

c. Find the domain and the range of the functions.

d. State the relation that exists between the domain and the range of the functions.
Solution:

a.

17 8 4 2 1
f =G

N R
NN N
QR —| W

X
w|l|
[NSR NN I
=N =

g(x) =logix
2

X
Figure 3.22: Graph of y = % and y = log1 x
2
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c. The domain of f(x) is the set of all real numbers and its range is the set of positive
real numbers. The domain of g(x) is the set of positive real numbers and its range
is the set of all real numbers.

d. Domain of f(x) = Range of g(x) and Range of f(x) = Domain of g(x).

‘Exercise 3.31

X
Let f(x) = % and g(x) = log1 x.
3

1. Sketch the graphs of f(x) and g(x) on the same xy-plane.
. Find the domain and the range of f(x).

2

3. Find the domain and the range of g(x).

4. Compare the domain of f(x) with the range of g(x).
5

. Compare the range of f (x) with the domain of g(x).

3.6 Application

3.6.1 Compound Interest
Exponential functions occur in evaluating compound interest. Suppose an amount of
money P, called the principal, is invested at an annual interest rate 7, compounded once
a year, then after a year the interest is Pr. If the interest is added to the principal at the
end of the year, the new amount A(1) of money is,

A(l)=P+Pr=P(1+r)
If the interest is reinvested, then the new principal is A(1) = P(1 +r), and after
another year the interest is 7A(1), then the amount after the end of the second year,
A(2) is

AR) =AM +rA(D) =A)A+r)=PA+7r)(1+71)=P(1+71)?

Similarly, at the end of the third year, the amount A(3) is A(3) = P(1 +r)3.
Generally, after the end of t years, the amount A(t) is A(t) = P(1 + r)%.

Observe that this is an exponential function with base 1 + 7.
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Let n be the number of compounding per year and t be the number of years. Then the

product nt represents the total number of times the interest will be compounded and

the interest rate per compounding period is % . This leads to the following formula

indicated as in theorem 3.5 for the amount after t years.

Theorem 3.5 Compound interest

Compound interest is calculated by the formula
A@®) = P (1 +% "
where A(t)=amount after t years,
P = principal,
r = interest rate per year,
n = number of times interest is compounded per year and

t = number of years.

B £<omple 1—|

A total of Birr 20000 is invested at an interest rate of 7% per year. Find the amounts

in the account after 5 years if the interest is compounded
a) annually,
b) semi-annually,
¢) quarterly,
d) monthly,
e) daily.

Solution:
a) Here we have P =100, r =7% = 0.07, n=1and t = 5.
Using the formula for compound interest with n compounding per year, we
nt

have A(t) =P(1 +£ . . . Formula for compound interest

0.07\1®) .
20000 (1 + - . . . Substitute for P,r,nand t
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20000(1.07)°> . . . Simplifying
28051.03. . . use a calculator

Therefore, the amount in the account after 5 years will be about Birr 28051.03.

IR

b) For semi-annually compounding, n = 2. Hence, after 5 years at 7% rate, the
amount in the account is

0.07\2(%) L
A(5) =20000(1 + - = 20000(1.035)1° = 28211.98.

Therefore, the amount in the account after 5 years will be about Birr 28211.98.
¢) For quarterly compounding, n = 4. Thus, after 5 years at 7% rate, the amount
in the account is

4(5)
A(5) = 20000 (1 + °4ﬂ = 20000(1.0175)2° = 28295.56.

Therefore, the amount in the account after 5 years will be about Birr 28295.56.
d) For monthly compounding, n = 12. So, after 5 years at 7% rate, the amount
in the account is

0.07\12(5)
A(5) =20000 (1+%7) " = 20000(1.00583)° = 28352.51.

Therefore, the amount in the account after 5 years will be about Birr 28352.51.
e) For daily compounding, n = 365. Therefore, after 5 years at 7% rate, the
amount in the account is

0.07\365(5

)
A(5) = 20000 (1 30 = 20000(1.00019)'825 = 28380.40.

Therefore, the amount in the account after 5 years will be about Birr 28380.40.

Note

The interest paid increases as the number of compounding period n increases.

Suppose that Birr 10,000 is invested at 7% interest compounded annually.

a. Find the function (formula) for the amount to which the investement grows
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after ¢ years.
b. Find the amount of money in the account at t = 1,5, 10, 15 and 20 years.

c. Find the time t at which the investement is double.

Let us see what happens as n gets larger and larger without bound.

Ifwelet m = g, then

nt mrt m rt

r 1
AO=P(1+-) =P+ =pl1+) 1]

m
But, as m becomes larger and larger, the quantity ( 1 + i approaches the

irrational number e.
Therefore, the amount A4 approaches
A= Pe™

This expression gives the amount when the interest is continuously compounded.

Continuously compound interest is calculated by the formula
A(t) = Pe™
where A(t) = amount after t years, P = principal, r = interest rate per year and

t = number of years.

B £xomple 2]

A total of Birr 100 is invested at an interest rate of 7% per year. Find the amount in

the account after 5 years if the interest is compounded continuously.
Solution:

For countinuous compounding, the amount in the account after 5 years at 7% rate is
A(5) = 100(e%97®) = 100(e3%) = 100(1.41906) = 141.91.

The amount in the account after 5 years is Birr 141.91.
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(5,141.91)

160

50 A(t) = 10007

Figure 3.23

Exercise 3.33

1) If Birr 40,000 is invested in an account for which interest is compounded
continuously, find the amount of the investement at the end of 10 years for the
following interest rates.

a. 6% b. 7%
c. 6.5% d. 7.5%

2) Suppose you are offered a job that lasts one month, and you are to be very well

paid. Which of the following methods of payment is more profitable for you?
a) Birr one million at the end of the month.
b) Two cents on the first day of the month, four cents on the second day, eight

cents on the third day, and, in general, 2™ cents on the n‘" day.

3.6.2 Population Growth

The exponential function

P(t) = Pye*t, k > 0 is a mathematical model of many kinds of population growth.
In this function, P, is the population at initial time ty, P(t) is the population after
time t, and k is called the exponential growth rate. The graph of such an equation

is shown in the figure 3.24.
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Figure 3.24

I :xcomple 3 |

In 2013 E.C, the population of a country was 110 million, and the exponential growth

rate was 2.3 % per year.

a) Find the exponential growth function.

b) Estimate the population in 2018 E.C.
¢) How many years will it take for the population to be doubled?
Solution:
a) Here Py = 110 million, the population in the year 2013 (¢t = 0) and the growth
rate k = 2.3% = 0.023. So, the exponential growth function is:
P(t) = (110,000,000)e923¢,
b) In the year 2018, t = 5. To find the population in 2018, we substitute 5 for t,

P(5) = (110,000,000)e%°23®) = (110,000,000)e%1> = 123,406,078.
Therefore, the population will be 123,406,078 in 2018.
¢) We find t for which P(t) = 2P, = 2(110,000,000) = 220,000,000.
To find the time, we solve the equation:
P(t) = (110,000,000)e0923¢
220,000,000 = (110,000,000)e%023¢
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2 =¢%023t  dividing each side by 100,000,000

In2 =1ne%%23¢ taking the natural logarithm of both sides

In2 = 0.023t lpe . . . power law of logarithm
=1

In2 = 0.023t

__In2

©0.023

0.69315
0.023

t =30.14

t . . . dividing each side by 0.023

L
IR

because In2 = 0.69315

Hence, it takes approximately 30 years for the population of the country to be
doubled.

‘P, in million

400
(x) = 110e"023t

300

(30.14, 220) P =220

200

100
L time

D 20 40 B0 B0

Figure 3.25

From the graphs of y = 110,000,000 ¢%%23¢ and y = 220,000,000 above, we see
that the first coordinate of the point of intersection of the graphs is about 30.14.

Exercise 3.34

A culture contains 10,000 bacteria initially. After an hour, the bacteria count is 25,000.

a. Find the doubling period.




e
5

&

ket

25
£
25
£

B

tete?

i
S
edeiesie ettt tatatata sttt ittt e e e e
R A Rt &
e e T AL QR L

i

B

k!

By

b. Find the number of bacteria after 5 hours

3.6.3 The pH Scale

Chemists measured the acidity of a solution by giving its hydrogen ion concentration

until Soren Peter Lauritz Sorensen, in 1909, proposed a more convenient measure. He
defined

pH = —log[H™]
where [H*] is the concentration of hydrogen ions measured in moles per liter (M).
Solutions with a pH = 7 are defined neutral, those with pH < 7 are acidic, and those

with pH > 7 are basic.

I £<omple 4]

The hydrogen ion concentration of a sample of human blood was measured to be

[H*] = 4.53 x 1078 M. Find the pH and determine whether the blood is acidic or

basic.
Solution:
Wehave pH = —log[H'] = —log[4.53 x 1078]
= —[log(4.53) +log1078] . . . product law of logarithm
= —[0.6561 — 8] (from log tablelog(4.53) = 0.6561)
= 7.344

Since pH = 7.344 > 7, the blood is basic.

B =<omple 5 |

The most acidic rainfall ever measured occurred in Scotland in 1974 and its pH was

2.4. Find the hydrogen ion concentration.

Solution:
pH = —log[H™]
2.4 =—log[H*] log[H"] = —2.4 ... multiply both sides by -1.
log[H"] = (3—-2.4)—3 (3 —3 = 0ading 0 to a number make no change)




o o S o S O e S S e e e S e S e S S e S S O S e e S S S S o S e e S S S e S S e e S S S S e S S S o S S S S S S S e e S S S e S S e S S e S S S S S S S S S S e S S i e
U o o L o 0 30 0 A A A A A 0 A 38 S I S
B et e ) ettt o
e B e e e e e e e e e e
R i

o
o
o o3
St o
A 3

it

&
ey

k!
e

ik
e

A AR AT AT AN e
SRR B SRR

e o e e g o e
S S
S R R

S MIEERRSR PRPEERER,

e
2%

k!

ity

k!

2 X

e
S

St
i

S S e

e W 3 o SR B 5 115y
et = z b G e e e et

log[H*] = 0.6 + (—3)
antilog(log[H*]) = antilog(0.6 + (—3))
[H*] = 3.981 x 1073

So, the hydrogen ion concentration of the rainfall was about 3.98 x 1073 M.

1. The hydrogen ion concentration of a sample of each substance is given. Calculate
the pH of the substance and determine whether it is acidic or basic.
a. Lemon juice: [HY]=5%x 1073 M
b. Tomato juice: [HT] =3.2x 107* M
c. Seawater: [HY]=5x107° M
2. The pH reading of a sample of each substance is given. Calculate the hydrogen
ion concentration of the substance.
a) Vinegar: pH =3
b) Milk: pH = 6.5




Summary and Review Exercise

1. For a natural number » and a real number a, the power a™, read “the »” power
of a” or “a raised to n”, is defined as follows:

a=axXaxaX - Xa
s
n factors

In the symbol a”, a is called the base and n is called the exponent.
2. Laws of exponenets: For a real number a and natural numbers m and n,
a) a™ xa® = a™m.
b) ‘;—: =am™ ™" a+0.
c) (a™™ =a™.
d) (axb)"=a™ xb™.
e () =2 b=o0.
a’®=1,a # 0.

4. Laws/properties of logarithms: For any positive numbers x and y and

a>0anda # 1,
a) log, xy =log, x +log, y.
b) log, (i) = log, x —log, y.

c) log, x" =rlog, x.

_ logpx
d) log,x = ogra
e) log,a=1.
f) log,1=0.

g) a'°8«* = x.
5. The exponential function f with base a is denoted by f(x) = a*, where

a > 0,a # 1, and x is any real number.




Summary and Review Exercise

6. The natural exponential function is f(x) = e*, where e is the constant
2.718281828.... Its graph has the same basic characteristics as the graph of
f(x) =a*.

7. The graphs of the exponential functions f(x) = a* and f(x) = a™ have one
y-intercept (0,1), one horizontal asymptote (the x-axis), and are continuos.

8. Forx >0,a>0,and a # 1,y = log, x ifand only if x = a”. The function
f(x) =log, x is called the logarithmic function with base a.

9. The graph of the logarithmic function f(x) =log, x where a > 1, is the
graph of the inverse of f(x) = a”*.

10. For x >0,y =Inx if and only if x =eY. The function given by
f(x) =log, x = Inx is called the natural logarithmic function. Its graph has
the same basic characterstics as the graph of f(x) = log, x. They have the
same x-intercept (1,0), the same verticall asymptote (the y-axis), and are

continuos.




Summary and Review Exercise

Review Exercise

1. 53 =125,s0 logDD =[]

2. Logs25= 2,so|:’:| =|:|.
3. Let f(x) = log, x. Then find £(4), £(1), f(5), £(16)and f(2).

4. Find the values of the given logarithms.

a) log; 3 b) log; 1 c) log; 3*

d) log(%) 3 e) log ;16 f) log, G)
g) log(%) 5 h) log(ll_s) 64 i) log(%) 9
j) logs 0.2 k) logg 901 0.1 ) logyo V10
m) logs 20 + logs (%) — logs (%)

For question numbers 5 and 6, fill in the table by finding the appropriate

logarithmic or exponential form of the equation.

5.
Logarithmic Exponential
form form
log; 7=1
logg 64 = 2
2
83 =4
83 =512
| (1) =-1
08s g’ =
1
87 =—
64




Summary and Review Exercise

6. Logarithmic Exponential
form form
43 = 64
log, 2 = !
084 &4 = 2
3
42 =8
1 LA 2
084 (1 6) =
1 1. 1
084 (2) =73
-5 1
47 = —
)

7. Express the logarithmic statement in to exponential statement.

a) logs; 125 =3 b) logs1 =0
c) logp 0.1 = -1 d) logg 512 =3
9)10882=§ f)log93:%
g) logz 81 =4 h) logzé =-3
8. Express the exponential statement in to logarithmic statement.
a) 3% =27 b) 1073 = 0.001
c) 10° = 1000 d) 81z = 9
e)8‘1=§ f)2‘3=§
g) 477 = 0125 h) 1073 = 0.001
9. Use the definition of logarithmic function to find x.
a)logzx =06 b) log, 32 = x
c) logs x =4 d) logg 0.1 = x
e) log(%) 2=x f) logyx =2




Summary and Review Exercise

1 1
g) log, 6 =~ h) log, 3 =
10.Given log;, 2 = 0.3010 and log;¢ 3 = 0.4771. Then find the following
logarithms.
a) log,V3 b) log, 0.3
c) log; 0.6 d) log, 108
e) log;5 f) log, 75
11.Match the function with its graph.
1 X
a) f(x) = #* b) f(x) =(3)
c) g(x) = logy x d) f(x) =logix
4
1)
X
Figure 3.26
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Figure 3.28




Summary and Review Exercise

V)

2 1 a 1 2
-1 4
Figure 3.29
12.1In each of the following, tell which is greater.
V3 3
a) V5or V2 b) G) or G)
0 (V02) Cor1 d) log 1) 20 or log1) 50
2 2

e) log(5 +V7) orlog5 +logv7 ) (2¥2) *or271

13.Solve each of the following equations.

x—1
a) (;) =4 b) 2% x 5% = 0.1 x (10&~1)°

) G)Bx - (%)x_1 =128  d)22¥2 = 9(2%) —2

e) 911 4312 _18=0  f) 28— 21l0g, V2 = 4 x 32*¥> _ 3448

81°972%x243%2 1

g porem) h) 91+log3x _ 31+10g3x —-210=0

14.State the universe and solve each of the following equations.

a) logy(x +2) +log,(x —1) =2  b)logs(x? —8x) =2

) logx _ d) 2+logx
log(5x—3) 3-logx




Summary and Review Exercise

2
e)log(3x% +1) —log(3+ x) =log(3x —2) f) % =

g) log(3x — 1) —log(3x + 1) =log16 h) logs[1 +logz(2*—=7)] =1
i) 3Vlogx + 2logVx~1 =2 j) logy(x+12)-log,2 =1
15.For the function given below, find the x-intercept, the y-intercept, the asymptot,
the domain, the range and sketch its graph.
a) f(x)=—-2+2% b) h(x)=-2+4+27%
c) f(x) =loga(x +2) d) g = 10g(%)(x -1
16.The initial size of a culture of bacteria is 1,000. After an hour, the bacteria count
is 8,000.
a) Find a function that models the population after t hours.
b) Find the population after 1.5 hours.
c) When will the population reach 15,000?
d) Sketch the graph of the population function.
17.Suppose that Birr 10,000 is invested in a saving account paying 7% interest per
year.
a) Write the formula for the amount in the account after ¢ years if interest is
compounded monthly.
b) Find the amount in the account after 5 years if interest is compounded daily.
c) How long will it take for the amount in the account to grow to 25,000 if

interest is compounded semiannually?
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TRIGONOMETRIC FUNCTIONS

Unit Outcomes

By the end of this unit, you will be able to:

# Define the basic trigonometric functions.
Sketch graphs of basic trigonometric functions.
Define reciprocals of basic trigonometric functions.

Identify trigonometric identities.

£ &k F

Solve some examples of real-life problems involving trigonometric

equations.

¥

Conceptualize theorems on special triangles.

Unit Contents
4.1 Radian Measure of Angle
4.2 Basic Trigonometric Function
4.3 Trigonometric Identities and Equations
4.4 Applications
Summary

Review Exercise




Angle of elevation v Period
Co-terminal angle v" Radian
Complementary v Reference
angles angle
Supplementary angles Negative angle v Trigonometry

Trigonometric function Pythagorean identity v Unit circle

Angle of depression Periodic function v' Degree
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Angle in standard position Quadrantal angle

Introduction

The word ‘trigonometry’ is derived from the Greek word ‘trigon” and ‘metron’ and it
means ‘measuring the sides of a triangle’. The subject was originally developed to
solve geometric problems involving triangles. It was studied by sea captains for
navigation, surveyors for mapping out the new lands and engineers for other purposes.
Currently, trigonometry is used in many areas such as seismology, designing electric
circuits, describing the state of an atom, predicting the heights of tides in the ocean,

analyzing a musical tone and in many other areas.

In grade 9, you studied the trigonometric ratios of acute angles as the ratio of the sides
of a right-angled triangle. In this unit, we will study the trigonometric identities and
application of trigonometric ratios in solving the problems and generalize the concept

of trigonometric ratios to trigonometric functions and study their properties.

4.1 Radian Measure of Angle: Conversion between
radian and degree measures

Activity 4.1

1. What is an angle?
2. Discuss the initial and terminal side of an angle.

3. What is a positive angle? What is a negative angle?
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Angle is a measure of rotation of a given ray about its initial point. The original ray is
called the initial side and the final position of the ray after rotation is called the
terminal side of the angle. The point of rotation is called the vertex.

B V"’"“’g Initial Side A

L TS

(I) Positive Angle (IT) Negative Angle

Figure 4.1
If the direction of rotation is anticlockwise, the angle is said to be positive and if it is
clockwise, then the angle is negative. The measure of an angle is the amount of rotation
Initial Side 4

revolution from the position of the initial side is Terminal Side  p

performed to get the terminal side. One complete

indicated in the figure 4.2. Figure 4.2
Angles in standard position

An angle in the coordinate system is said to be in standard position if

1. its vertex is at the origin.

2. its initial side lies on the positive x-axis
I Ecmple 1]

The following angles in figure4.3 are in standard position.

»

hn
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bt
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B £<omple 2—|

The following are measures of different angles. Put the angles in standard position.

a. 200° b. 1125° c. —900°

Solution:
a. 200° = 180°+ 20°
b. 1125° = 3 x 360° + 45°
c. —900° =2 x (—360°) + (—180°)

We shall describe two units of measurement of an angle which are most commonly

used degree measure and radian measure.

1. Degree measure

: o : . o1 th .
If a rotation from the initial side to terminal side is (%) of a complete revolution,

the angle is said to have a measure of one degree, written as 1°. A degree is divided
into 60 minutes, and a minute is divided into 60 seconds. One sixtieth of a degree is

called a minute.

1° 60’
1 60"

Some of the angles whose measures are 360°,180°,270°,420°, —30°, - 420° are

shown in figure4.4.
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360°
o -30°

8 -420°
A
A

420°

Figure 4.4

1. The following are measures of different angles. Put the angles in standard
position.
a. 765° b. 245° c. —740°
2. Draw the following angles. a. 270° b. 90° c. —270°

2. Radian measure

There is another unit for measurement of an angle called the radian measure. An angle
at the center of a circle with radius » which is subtended by an arc of length r unit in a
circle is said to have a measure of 1 radian. In the figure 4.5, OA is the initial side and
"OB is the terminal side of the
central angle. The figures show

the central angles whose

measures are 1 and - 1 radians,

respectively.
Figure 4.5

We know that the circumference of a circle of radius 7 unit is 2zr. Thus, one complete




<
bR

tete?

S
e

25
£
25
£

i

e

ettty
I PC A AC AN

R s
S

revolution of the initial side subtends an angle of 2mr radian. It is well-known that
equal arcs of a circle subtend equal angle at the center. Since in a circle of radius 7, an

arc of length r subtends an angle whose measure is 1 radian; an arc of length [ will

L o . )
subtend an angle whose measure is - radian. Thus, if in a circle of radius r, an arc of

length [ subtends an angle 6 at the center, we have 8 = % orl =1r6.

Relation between degree and radian measure

Since a circle subtends at the central angle whose radian measure is 2 and its degree
measure is 360°, it follows that 27 radian =360° or mradian = 180°. The above
relation enables us to express a radian measure in terms of degree measure and a degree
measure in terms of radian measure. The relation between degree measures and radian

measure of some common angles are given in table 4.1.

Table 4.1
Degree 30° 45° 60° 90° 180° 270° 360°
Radian T T n n T 3m 2m
6 4 3 2 >
~ Note

When an angle is expressed in radian, the word ‘radian’ is frequently omitted
Thus, m = 180° and % = 45° are written with the understanding that 7 and % are
radian measures.

Therefore, we can convert degrees to radians using the relations:

I
Radian measure = 180 X degree measure

and radians to degrees using the relation

180 .
Degree measure = T X radian measure.

I Exomple 1]

Convert 120° into radian.

B R S R,
'
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Solution:
We know 180° =1

o_ _T_ o _2
120° = —-x 120° =-m.
B ccmple 2 ]

4 o
Convert 37 radian into degree measure.

Solution:

4 180° _ 4 4
3= X 3T = 240°. Hence, JT s 240°.

B £xcomple 3 |

Convert 6 radians into degrees.

Solution:

We know that m radian = 180°.

. 180 22
Hence, 6 radians = — X 6 (Usem = 7)

1080x7 3780
22 11

degree

1. Convert each of the following degrees into radian:

a.30° b. 60° c. 240° d. 270° e.—330° f. 220°

2. Find the degree measures of angles which have the following radian measures:

b4 51 -3
a. — b. — c. — d.

-1 e 11w
10 4 5 12

15

3. Convert each of the following radians into degrees: (Use m = %)

110 ) 4 .
a.—= radian b. - radian

B £<cmple 41

Find the radius of the circle in which a central angle of 30° intercepts an arc of length

11em ( w= 2).
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Solution:

307

Here, anarc lengthl = 1lcm,and 8 = 30° =150

ola

) l . )
Since, r = 5 we have radius of the circle,

11x6 _ 11x6X7
T 22

B c<omple 5 |

The minute hand of a watch is 1.5 long. How long does its tip move in 40 minutes?

= 21 cm.

Solution:

In 60 minutes, the minute hand of a watch completes one revolution. Therefore,

: . . 2 .
in 40 minutes, the minute hand turns through 3 of a revolution.

Therefore, 8 = % X 360° or 4?” .
Hence, the required distance travelled [ is calculated as follows:

I =r0 = 1.5 x 4?” — 27 units.

I Exomple 6 ]

If the arcs of the same lengths in two circles subtend angles 65° and 210° at the center,

find the ratio of their radii.
Solution:

Let 7 and 7, be the radii of the two circles. It is given that

o= Ty = 137 o T _ =
65° = 180)(65 = 2 and 210° = a0 X 210 = -

Let I be the length of each of the arcs. Then, [ = r;0; = r,0, which gives

13m Vais .
e X1 = 7 X, le, 13ntr; = 42nr, . Hence, ry:r, = 42:13.

1. Find the radius of the circle in which a central angle of 60° intercepts an arc of
length 37.4cm (use m = %).

2. The minute hand of a watch is 1.5 long. How long does its tip move in 15 minutes?

e
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4.2 Basic Trigonometric Functions

In grade 9, we studied trigonometric ratios for acute angles as the ratio of sides of a
right-angled triangle. We will now extend the definition of trigonometric ratios to any

angle in terms of radian measure and study them as trigonometric functions.

Activitv 4.2

1. Draw an isosceles triangle ABC in which angle C is a right angle and
AC = 2 cm.
a. What is m(2A4)?
b. Calculate the length of AB.
c. Find sin45°, cos45° and tan45°.

2. Discuss Right-angled Triangle and Pythagoras Theorem.

A Adjacent

Opposite Opposite

oc

Adjacent

Figure (a) Figure (b)
Figure 4.6

In the figure 4.6, for a given right-angled triangle, the hypotenuse is the side which is
opposite to the angle of right angle and it is the longest side of the triangle. For the
angle marked by 8 in figure 4.6(a), AC is the side opposite to angle 8 and BC is the
side adjacent to the angle 6 .

Similarly, for the angle marked by f8 in figure 4.6(b), BC is the side opposite to angle
B and AC is the side adjacent to the angle £3.
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4.2.1 The sine, cosine and tangent functions

Trigonometric functions are originally used to relate the angles of a triangle to the
length of the sides of a triangle.

In this section, the same upper-case letter denotes a vertex of a triangle and the measure
of the corresponding angle; the same lower-case letter denotes an edge of the triangle
and its length. Given anacute angle A = a of aright-angled triangle,
the hypotenuse h (or AB) is the side that connects the two acute angles. The side b
(or AC) adjacent to « is the side of the triangle that connects a to the right angle. The
third side a (or BC) is said to be opposite to a.

If the angle «a is given, then all sides of the right-angled triangle are well-defined up to
a scaling factor.

For any triangle AABC, with an angle «, the sine, cosine and tangent functions will be

defined as follows:

) opposite side to «a BC a B

sina = . =—=—

hypotenuse sidetoa AB h

adjacent side to AC b

cosa = , =—=-and h

hyp otenuse side to a AB h a

oppo site side to a BC a
tana = pP - =—=-

adjacent side to AC b

o
A dC
b
Figure 4.7

B E<cmple ﬂ

Find the values of the trigonometric ratios of angle 6 in figure 4.8 where P(5,12) isa

point on the terminal side of 6.

Solution:

e
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Before we find the values of the trigonometric ratios,

we need to find the length of the missing side length 12}

(hypotenuse). If r is the length of hypotenuse, we

use the Pythagoras Theorem as

r=vVx?+y?=+52+122

= /25 + 144

=+v169 = 13.

Now we can find the values of the three

trigonometric ratios. Hence,

opposite sideto 8 _ 12
13

sinf =
hyp otenuse

__ oppositesideto6 12

~ adjacentsideto 8 5

tan

Exercise 4.4

1. Evaluate the sine, cosine and tangent of angle 6 if 8 is in standard position

cos B =

adjacentside to 6

10}

3 12

RORS

B

Figure 4.8

hyp otenuse

5
= —an
13 d

and its terminal side contains the given point (x, y).

a. (43) b. (6,8)

c. (1,2)

VZ 1

2. Find the values of the trigonometric ratios of angle A in figure 4.9.

a

b.

[-"-15

10

v

Figure 4.9
3. Almaz wants to find the value of x in the given AMNO, where cosf = % How

you help Almaz?




<
Sk

b

&
e

k!

oo
o o
1-“1-:1-“1-“1-“1-“:“‘1-:1-“““

S
tq- AR R R

!
b

e
0 0 o I
e
S
e
e
e
R

i
o

2 2 2
25 25 25
2 2 2

kel 25 25
2 2 2

25
£
25

o3
3

o3
Sl
A -
o3

o

R

o

A A
Rt Rt Rt Rt Rt Rt ot ot

:
i
Coion

ey
!
et

i
i

o S O S S e e S S o e S S e e S S S S e S S e S S S S e S e S S S e e S S o e o S e S S S e o S e S S S S S S S S o S e S S S e S e S S e S S S S S S S S S S e S
A A N A A 3 S 3 S P o L o L o o o o o L o o o o Lo L o o o b
£ et e

LA o B R iy
HE e i G e R

X
Figure 4.10

B E<omple 2—|

Calculate all angles and sides if the hypotenuse in a A

right-angled triangle ABC is equal to 5.

C 30 np
Figure 4.11
Solution:
When solving problems such as this, it is advisable to draw a sketch. In this
example, either sine or cosine can be used. The order in which the problem is solved
doesn’t affect the final result. Angle at the point B is equal to 30° and the opposite side

of this angle is AC.

sin30° = 2¢ AC = sin30° x 5

AB’
AC = 2.5

Adjacent side is BC. So, cosine is used.

cos30° = 25 , BC =cos30°x5
AB

BC =2 x5=22 and m(24) = 60°.

In mathematics, the trigonometric functions (also called circular functions or angle
functions) are real functions which relate to an angle of a right-angled triangle to ratios

of two side lengths.
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1. Calculate all angles and sides if the hypotenuse of an isosceles right-angled

triangle ABC is equal to 4.

Figure 4.12
2. Ali wants to find the exact length of the shadow cast of a 15 m lamppost when
the angle of elevation of the sun is 60°. What is the length of the shadow cast?

15 m

60"

Ground ¥

————
xm

Figure 4.13
3. A kite in the air has a string tied to the ground as shown in figure 4.14. If the
length of the string is 100 m, find the height of the kite above the ground when

the string is taut and its inclination is 30° to the horizontal.

K

0

30"

J Ground

Figure 4.14
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The unit circles

Activity 4.3

Based on the right-angled triangle labeled A and B as shown in figure 4.15.

a. Find cosine of angle A b. Compute sine of angle A
B

4
Figure 4.15

The unit circle is in the xy-plane. It is a circle with a radius of 1 and centered at the
origin.
Now let us draw a right-angled triangle with the same acute angles a hypotenuse of 1

unit long. We find that the side opposite to angle A is §= 0.6 long and the side

S

adjacent to angle A is o= 0.8 long.

0.8

Figure 4.16

CcosA = 01;8 = 0.8 andsin A4 = % = 0.6. Thus, the length of the side adjacent is

numerically equal to the cosine of the angle, and the length of the side opposite is

numerically equal to the sine of the angle. Because of this result, we can use a circle




o o o e o o o o o o o o o o o o o e o o o e o e o o o e e o o o e o e o e o e o e o e o e o o e o e o e o e o e o e o e o e o e e o e o e o e o e o e o e o o o e o e o o e o e o e o e o e o o e o e o e o e o o o e o o o e e o e e o o e e o o e
!

R R Ry
S e e et b e seetebatete ettt e ettt bttt
el e ¥

whose center is the origin and whose radius is 1 unit long to help us visualize the values
of the cosine and sine of the central angle.
e  Plot the points (1,0), (0,1),(—1,0),and (0,—1) on the xy- coordinate

system.
Let P (a, b) be any point on the circle with angle AOP = x radian, i.e., length of arc
AP = x as shown figure4.17. !

a
We define cosx =7=a and
) b
sinx =-= b.

So, the point (a, b) = (cosx, sinx).

Since AOMP is a right-angled triangle, we Lg)

have (OM)? + (MP)? = (OP)? or

a’?+b* = 1. 0. 1)
Thus, for any point on the unit circle,

we have a? + b? = 1, or cos?x + sin’x = 1. Figure 4.17

Since one complete revolution subtends an angle of 27 radian at the center of the circle

m(£AOB) = %, m(£A0C) =7 and m(£AOD) = 37”

All angles which are integral multiples of g are called quadrantal angles. The

coordinates of the points 4,B,C and D are respectively (1,0),(0,1),(-1,0) and

(0,-1).
Therefore, for quadrantal angles, we have
cos0=1 sin0 = 0
VA . T
cos— = 0 sin- = 1
31 . 3m
COS?—O smT——l
cos2mt =1 sin2r =0

Now, if we take one complete revolution from the point P, we again come back to the
same point P. Thus, we also observe that if x increases (or decreases) by any integral

multiple of 2m, the values of sine and cosine functions do not change.
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sin(2nm + x) = sinx,n € Z
cos (2nm + x) = cosx,n € Z.

0,if x = 0,+m+2m,+ 3m,.

Furthermore, sin x

i.e., when x is an integral

multiple of 7.

3 51

cosx = 0,if x =+ g, + > + ~ i.e., when x is an odd integral multiple ofg.

Thus

=

sinx = implies x = nm, where n is any integer,
cosx = 0, impliesx = (2n + 1) g,wherenis any integer.
In grade 9, we discussed the values of the trigonometric ratios for
0°,30°,45° 60° and 90°.
The values of trigonometric functions for these angles are the same as those of

trigonometric ratios in table 4.2.

Table 4.2

w
(@)
o
NN
Ul
o
(o))
(e
o

degree 0° 90° 180° 270° 360°

radian 0 T 3 21

IS
\©)

sinx 0

COSX 1

tanx 0 V3 Not 0 Not 0

Defined Defined

alr—\ Nla N = N

Exercise 4.6

Using the unit circle, find the values of the sine, cosine and tangent functions of
the following quadrantal angles:

a. 0° b. 450° c. 540° d. 630°
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b. Fill in the blank with numbers.

degree | —360° | —450° | —270° | —180° | —90° | 90° 180° | 720°

sinx

COSX

tanx

Sign of trigonometric functions

Let P(a,b) be a point on the unit circle with center at the origin such that
m(£AOP) = x. If m(£A0Q) = —x, the coordinate of the point Q (a, —b)(see Figure
4.18).

Therefore, cos(—x) = cosx and sin(—x) = —sinx.

Since for every point P(a, b) on the unit circle where —1 <a<land—-1<b <1,
we have —1 < cosx < 1 and —1 < sinx < 1, for all x.

Jy

C
(_ l: 0)

Figure 4.18
We have learnt that in the first quadrant (0 < x < % ), a and b are both positive; in
the second quadrant (g < x < m), aisnegative and b positive; in the third quadrant

3 . : 3
nT<x< 7”, a and b are both negative and in the fourth quadrant (?ﬂ < x < 2m),

a is positive and b is negative.
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Therefore, sinx is positive for 0 < x < m and negative for m < x < 2m. Similarly,

. . . 3 iy
cosx is positive for 0 < x < g , and negative for g <x< 7” and also positive for

7” < x < 2m. Likewise, we can find the signs of other trigonometric functions in

different quadrants.

In fact, we have the following table.

Table 4.3

Quadrants
11 111 v

+ - -

sinx

COSXx

S A
1
1
+

tanx

i o)

Cx) ol ()

> X

1 0 al
T 10

III T IV

(0,-1)
Cx-» (x,-)

Figure 4.19
I cxample 1]

Find the quadrant where angle x makes sinx > 0 and cosx < 0.

Solution:
Here, sin x > 0 in the first and second quadrants, and cos x < 0 in the second and
third quadrants. Thus, when sin x > 0 and cos x < 0 are both satisfied, x is the angle

of the second quadrant.
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Exercise 4.7

1. Find the quadrant where angle x is located for the following conditions.
a.sinx < 0 and cosx > 0
b.sinx > 0 and tanx < 0
c.cosx > 0andtanx < 0

2. Fill in the blank with numbers.

Degree 0° 120° | 135° | 150° | 210° | 240° | 330°
2T 3 51 7 4 11

radian 0

sinx

COSXx

tanx

Reciprocal trigonometric functions

— Note
We can define other trigonometric functions in terms of sine and cosine:
It is convenient to have a name for the reciprocal of the sine, cosine, and tangent
of a given angle 8. We call these reciprocal functions the secant(sec),

cosecant(csc), and cotangent(cot) and define them as follows:

1
sin@ sect = cos @ cotd = tan@’

cscl =

I e xample 1]

Evaluate sec30°

Solution:

We know sec30° is the reciprocal of cos 30°. Therefore, we have
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cos300 /3

So, sec30° =

I cxample 2]

Evaluate sec60° + csc30°.

Solution:

) 1 . . .
Since cos60° = 3 and sec60° is the reciprocal of cos60° we obtain

1

cos 60°

sec60? = =2.

NIEE I

Juny

Since sin30° = 3 and sin30° is the reciprocal of csc30° we have

1

sin30°

csc30° = = 2.

N|>—l|)—l

Thus, sec60° + csc30° =2 + 2 = 4.
Exercise 4.8

1. Evaluate the following

21

T
a. sec45° b. sec— C. sec (—g)

d. csc30° e. csc%7r f. csc(—300°)

. 5
g. cot60° h. cot%ﬂ 1. cot(—Tn)
2. Evaluate the following trigonometric expressions.
10 7
a) secTn + csc (—7”)

b) sec330° + cot480°

4.2.2 Trigonometric values of angles

Trigonometry angles are the angles given by the ratios of the trigonometric functions.
Trigonometry deals with the study of the relationship between angles and the sides of
a triangle. The angle value ranges from 0° to 360°, . The important angles in

trigonometry are 0°,30°,45°,60°,90°,180°,270° and 360°. And the important six
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trigonometric ratios or functions are sine, cosine, tangent, cosecant, secant and

cotangent.

Complementary angles

Activity 4.4

Based on the isosceles right-angled triangle
ABC in Figure 4.20, calculate the length
of the hypotenuse AB and verify that the

two angles A and B are congruent.

Figure 4.20

Two angles are said to be complementary angles if they are added up to 90°. In the
figure 4.21,

60° + 30° = 90°. Hence, these two angles are complementary. Each angle of the
complementary angles is called the "complement" of the other angle. Here, 60° is the
complement of 30°. Similarly, 30° is the 4
complement of 60°.Thus, the complement of an

angle is calculated by subtracting the angle

from 90°. So, the complementary angle of

0
angle x° is (90 — x)°. &

30°

Figure 4.21

B £<omple ﬂ

Find the complementary angle of 57°.

Solution:

The complementary angle of 57° is obtained by subtracting it from 90°, that is,
90° — 57° = 33°.

Thus, the complementary angle of 57° is 33°.
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B £<cmple 21

Evaluate the following angles:
a. 54° b. 30°
Solution:
sin 54° = sin(90 ° — 36°) = cos 36°, and sin 30° = sin(90° — 30°) = cos 60°.

— Note

Note the following on acute angle a and its complementary angle (/2 - a ).
e sin(m/2-a) = cosa

e cos(m/2-a) = sina
e tan(n/2-a) = cota

e cot(m/2-a) = tana

I Exomple 3 ]

If sin 34 = cos (A — 26°), where 34 is an acute angle, find the value of A.

Solution:
Given that, sin 34 = cos (A — 26°) ....(1)
Since, sin 34 = cos (90° - 34), we can write (1) as:
cos(90° — 34) = cos (A — 26°)
90°—34 = A- 26°
90° + 26° = 34 + A whichimplies 44 = 116°.
116

So,A = — = 29°.

Therefore, the value of A is 29°.

Exercise 4.9

Answer each of the following questions:
1. Find the numerical value of

a. sin 30° and cos 60° b. sin 45° and cos 45°

c. What can you generalize or deduce based on your answer to a and b above?
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2. If sin 31° = 0.515, then what is cos 59°?

3. If sinf = g then what is cos(90° — 8)?

4
5

5. Ifsin@ =k , then what is cos (5 — 6)

4. If cosa == ,then what is sin(g —a)?

6. If tanpB = g then what is T 00— )

7. If cos(4a) = sin(a — 20°) where 4a is an acute angle. Find the value of a.

Reference angle (6g)

The reference angle of any angle always lies between 0° and 90°. It is the angle
between the terminal side of the angle and the x- axis. The reference angle depends on

the quadrant's terminal side.

The steps to find the reference angle of an angle depend on the quadrant

of the terminal side:

e We first determine its coterminal angle which lies between 0° and 360°.
e We then see the quadrant of the coterminal angle.
e If'the terminal side is in the first quadrant ( 0° to 90°), then the reference angle

is the same as our given angle.

For example, if the given angle is 25°, al
then its reference angle (6y) is also 25°
as shown in Figure 4.22. G §
i 0,=25"
-4 3 - 2 4
2t
-4}

Figure 4.22
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e If'the terminal side is in the second quadrant ( 90° to 180°), then the reference

angle (6z) is 180° minus the given y

angle. af
For example, if the given angle is 100°, then e
its reference angle is 180° - 100° = 80° as 0,=80°
shown in figure 4.23. M; . -'; - ‘ .2 I— :1: *
2t
~4F

Figure 4.23
e [fthe terminal side is in the third quadrant (180° to 270°), then the reference
angle (0z) is the given angle minus Yy
180°. ar
For example, if the given angle is 215°, then

215° 2F
its reference angle is 215° - 180° = 35° as

shown in figure 4.24. -4 B 2 4

Figure 4.24

e [fthe terminal side is in the fourth quadrant (270° to 360°), then the reference

angle (6z) is 360° minus the given 2
4 o
angle.
For example, if the given angle is 330°, then — 2t
its reference angle is 360° - 330° = 30° as . . S
shown in figure 4.25. -4 -2 2 4
0.=30
-2f
—4F

Figure 4.25
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Find the reference angle 6p for the angles

e

i

a. 60 =129° b. 0 = 245°
Solution:

0 = 320°

a. Since 8 = 129° is a second quadrant angle,

Or = 180° — 129° = 51°.
b. Since 8 = 245° is a third quadrant angle,
O = 245° — 180° = 65°.

c. Since 6 = 320° is a fourth quadrant angle,
Or = 360° — 320° = 40°.

~ Note
The value of the trigonometric function of a given angle 0 and the values of the
corresponding trigonometric functions of the reference angle Oy are the same in

absolute value.

B £xomple 2—|

Express the sine, cosine and tangent of 155° in terms of its reference angle.

Solution:

Remember that an angle with measure 155°is a second quadrant angle. In the second
quadrant, only sine is positive. So, 85 = 180° — 155° = 259,

Therefore, sin155°, = sin25° cos155° = —cos25° and tan155° = —tan25°.

Exercise 4.10

1. Find the reference angle g for the angles

a. 0 =109° b. 6 = 345° c. 6=190° d. 8 = 140°
5w 7T 4
e. 0= 3 f. =7 g. 0 = 3
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2. Express the sine, cosine and tangent of 150° in terms of its reference angle.

Supplementary angles
The supplementary angles are angles that exist in pairs summing up to180°. So,

supplementary angle of an angle x is 180° minus x.

B £<omple 1—|

Determine whether the following pairs of angles are supplementary or not.

a. 50° and 130° b. 70°and 100°.

Solution:
We know that two angles are supplementary if their sum is 180°.
a. 50° + 130° = 180°
Since the sum is 180°, the given angles are supplementary.
b. 70° + 100° = 170°

Since the sum is not180°, the given angles are not supplementary.

Co-terminal angles

What are co-terminal angles?

Co-terminal angles are angles that have the same initial side and share the terminal
sides. The co-terminal angles occupy the standard position, though their values are
different. They are on the same sides, in the same quadrant and their vertices are
identical. When the angles are moved clockwise or anticlockwise, the terminal sides

coincide at the same angle.

Consider 45°. Its standard position is in the first quadrant because its terminal side is
also in the first quadrant. Look at the image as shown in figure 4.26. On full rotation

anticlockwise, 45° reaches its terminal side again at 405°. So, 405° coincides with

e
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45° in the first quadrant. On full rotation ¥
clockwise, 45° reaches its terminal side

again at —315°. —315° coincides with 45°

in the first quadrant. 405° =360° +45°

» X

45°-360° = - }fs‘r
Thus 405° and —315° are co-terminal : \ '_/ iln‘lial = d:a
1 1

angles of 45°.

Figure 4.26
The formula to find the co-terminal angles of an angle 8 depends upon whether it is in
terms of degrees or radians:
1. Degrees: 6 + 360n, where n is an integer.
2. Radian: 8 + 2nm, where n is an integer.

So, 45° —315° 405° — 675°,765° ..... are all co-terminal angles. They differ only by

a number of complete circles. We can conclude that two angles are said to be co-
terminal if the difference between the angles is a multiple of 360° (or 2 if the angle

is in terms of radians).

I Exomple 1]

Find two co-terminal angles of 30°.

Solution:

The given angle is 8 = 30°. The formula to find the co-terminal angle is
6 + 360°n Then find the first co-terminal angle using n = 1.

The corresponding co-terminal angle = 6 + 360°n

= 30° + 360° (1)

= 390°.
To find the second co-terminal angle when n = —2 (clockwise).
Then, the corresponding co-terminal angle = 6 + 360°n

= 30° 4+ 360° (—2)
= —690°

B R iy
P e e e e R
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= Note

From the above explanation, we can find the co-terminal angle(s) of any angle
either by adding or subtracting multiples of 360° (or 27) from the given angle. So,
we actually do not need to use the co-terminal angles formula to find the co-
terminal angles. Instead, we can either add or subtract multiples of

360° (or 2m) from the given angle to find its co-terminal angles.

B cmple 2]

Find a co-terminal angle of %.

Solution:

The given angle is 8 = %, which is in radians.

A

So, we add or subtract multiples of 2rr from S, to find its co-terminal angles.

Let us subtract 2 from the given angle as

. : 7
Thus, one of the co-terminal angles of % is — Tn.

e

What are positive and negative co-terminal angles?

Co-terminal angles can be positive or negative. In one of the above examples, we found
that 390° and — 690° are co-terminal angles of 30°.
Here, 390° is the positive co-terminal angle of 30° and —690° is the negative co-

terminal angle of 30°.

= Note

6 + 360 n, where n takes a positive value when the rotation is anticlockwise and
takes a negative value when the rotation is clockwise. So, we decide whether to
add or subtract multiples of 360° (or 2m) to get positive or negative co-terminal

angles, respectively.
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Exercise 4.11

1. Determine whether the following pair of angles are supplementary or not.
a. 90° and 100° b. 135° and 45° C. %and %ﬂ
2. Find a positive and a negative angle which are co-terminal with angle 55°.

3. Find a positive and a negative angle which are co-terminal with angle g

I cxample 1]

Find a reference angle Og of 495°.

Solution:

First let us find the co-terminal angle of 495°. The co-terminal angle is
495° — 360° = 135°.

The terminal side lies in the second quadrant.

Thus, the reference angle is 180° — 135° = 45°.

Therefore, the reference angle of 495°is 45°.

I Exomple 2 ]

Evaluate: sin 780°

Solution:
780° = 720° + 60° = 2 x 360° + 60°
Therefore, sin780° = sin60° = ?

Exercise 4.12

Evaluate the following expressions.

a. sin 390° b, coleT" c. tan(—420°)
d. sin (—660°) e. cos% f. tan (—wTﬂ

g. 4cos135° h. gc05300° i. — 2cos(—150°)
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Graphs of the sine, cosine and tangent functions

To sketch the trigonometry graphs of the functions of sine, cosine and tangent, we need
to know the period, phase, and amplitude, maximum and minimum turning points. The
graphical representation of sine, cosine and tangent functions are explained here
briefly. Students can learn how to graph a trigonometric function here along with
activities based on it.

Sine, cosine and tangent are the three important trigonometric ratios based on which
functions are defined. In these trigonometry graphs, we use x-axis for values of the

angles in radians and the y-axis values of the function at each given angle.

The graph of the sine function

Activity 4.6

1. Complete the following table of values for the function y = sinf
Table 4.4
0 —3609 —2701 —90°| —30°| 0° | 30° |90° | 270°| 360°

y

2. Sketch the graph of y = sinf using table 4.4.
3. What is the period of sine function?

I Exomple 1]

Draw the graph of y = siné.

Solution:

To determine the graph of y = sinf, we construct a table of values for y = sinf
where —360° < 6 < 360°.

The table below shows some of the values of y = sinf in the given interval. To draw
the graph, you mark the values of 8 on the horizontal axis and the value of y on the

vertical axis. Then you plot the points and connect them using smooth curve (see figure

4.27)

B R S R,
'
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Table 4.5

0 indegred —3601 —330{ —270{ —240{ —210{ —180{ —150{ —120{ —90°| —90°| —45°| —30°| 0°

@ inradian| —27 | —11m| 3w i m | —x 5t 2| ™| ™| W | T 0
6 2 3 6 6| 3| 2 3 4 6
y = sinf 0 0.5 1 0.87 | 0.5 0 —-0.5| —-0.87 —1 -0.87, —0.71 —0.5 0
Oin degree| 30° | 60° | 60° 90° | 120° | 150° | 180° | 210° | 240° | 270° | 300° | 330° | 360°
0 inradian| T n n n 21 57 T Ve 4 3 57 11 | 27
6 4 3 2 3 6 6 3 2 3 6
y=sind | 05 0.71 | 0.87 1 0.87 | 0.5 0 -05| -087 -1 | —-0.87 —05| O

After a complete revolution (every 360° or 2m), the values of the sine function
repeat themselves. This means

sin0° = sin(0° + 360°) = sin(0° + 2 x 360°) = sin(0° + 3 X 360°), etc

sin90° = sin(90° + 360°) = sin(90° + 2 X 360°) = sin(90° + 3 X 360°), etc
sin180° = sin(180° + 360°) = sin(180° + 2 X 360°) = sin(180° + 3 X 360°),etc
In general, sinB° = sin(6° + 360°) = sin(8° + 2 X 360°) = sin(B8° + 3 x 360°)etc
A function that repeats its value at regular intervals is called a periodic function. The

sine function repeats after every 360° (or 2m). Therefore, 360° (or 2m) is called the

period of the sine function.

»
»

NN
o

Figure 4.27 The graph of y = sinf for —2n < 0 < 2m

Exercise 4.13

1. Draw graph of the following functions.

y = 2sinx, for —2n < x < 2m
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Figure 4.28

Domain and range:
For any angle 6 taken on the unit circle, there is some point P(x,y) on its terminal
side. Since y = sinf , the function y = sinf is defined for every angle 6 taken on

the unit circle.

Therefore, the domain of the sine function is the set of all real numbers.

Note

The domain of the sine function is {6: & € R}. The range of the sine function is

{y(0):-1<y<1,0€R]}.

The graph of the cosine function

Activity 4.7

1. Complete following table of values for the function y = cosf.
Table 4.6
0 —3601 —2701 —90°| —30°| 0° 30° | 90° | 270° | 360°

y = cosf

2. Sketch the graph of y = cos6 using table 4.6.

3. What is the period of cosine function?
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From the above activity, you can see that y = cos@ is never less than —1 or more than

+1 (see figure4.29). Just like the sine function, the cosine function is periodic at

every 360° (or 2m) radians. Therefore,360° (or 2m) is called the period of the cosine

function.

\

»

2n -
2

A

2

N
N

-1}

Figure 4.29 Graph of y = cosf

The domain of the cosine function is the set of all real numbers. The range of the cosine

functionis {y: -1 <y < 1}.

Exercise 4.14

1. Draw graph of the following functions.
y = cosx, for =2 < x < 2m.

2. Find the values A to H in the following graph of y = cosx.

COSX

|
N QY

Figure 4.30
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Graph of the tangent function

Activity 4.8

1. Complete the following table of values for the function y = tané.
Table 4.7

0 —360 —270| —90°| —45°| —30°| 0° 30° | 45° | 90° | 270° | 360°

y = tanf@

2. Sketch the graph of the function y = tanf using table 4.7.
3. What is the period of tangent function?

4. For which values of 8, y = tanf is not defined?

I :xcomple 2 |

Draw graph of the function y = tan@, where —360° < 6 < 360°.

Table 4.8 shows some of the values of y = tanf in the given interval.

Table 4.8

0 —360° | —315° | —270° | —225° | —180° | —135° | —90° —45° 0°

@ inradian | —27r m 3 51 - 3 T
¢ 2 4 4 2 4

y = tanf 0 1 undefing —1 0 1 undefing —1 0

90° | 135° | 180° | 225° | 270° | 315° | 360°

6 in radian
2 4 4 2 4
undefined _ 1 0 1 undefing —1 0

45°

T T 3 T 51 3n 7 21
2 i

1

y=tand | (56

Look at the tangent function y = tanf graph shown in figure 4.31.
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Figure 4.31 The graph of y = tanf for —2n < 0 < 2m

Do you notice that the pattern of curves is repeating after an interval of ?

. . . Vs Y
Also, observe that the values of tanx increases as x increases in (0, 3), (=

> ),

3

(m, 7”),
n
2

The domain of the tangent function is {6: 8 # —, where n is an odd integer}.

The range of the tangent function is the set of all real numbers.
From the graph we see that the tangent function repeats itself every 180° or m radians.

Therefore, the period of the tangent function is 180° or r radians.

Exercise 4.15

1. Draw graph of the function y = tanx, for -2 < x < 2m.

2. The following is the graph of y = tan x.
a. Find the values y of the following points A, B, C and D.
b. Find the values of x of the following points E, F and G.

Figure 4.32
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By considering a right-angled triangle, the trigonometric identities or equations are

formed using trigonometry ratios for all the angles. Using trigonometry identities, we
can express each trigonometric ratio in terms of other trigonometric ratios. If any of
the trigonometry ratio value is known to us, then we can find the values of other
trigonometric ratios. We can also solve trigonometric identities, using these identities

as well.

Trigonometric Identities

There are basically three trigonometric identities, which we learn in this topic.

They are:
1. cos?f + sin?6 =1
2. 1 + tan® 6 = sec®
3. 1 + cot?8 = csc® @

Here, we will prove the above trigonometric identities. Take an example of a right-

angled triangle AABC as shown in figure 4.33. *
Proof of Trigonometric Identities if ™
In a right-angled triangle, by the Pythagoras Theorem, we know § %%%
(Perpendicular side length) 2 g 'y
+ (Base length)? = (Hypotenuse length)? . . 5
Therefore, in AABC, we have; ol L
(AB)? + (BC)? = (AC)? (D Figure 4.33

Dividing equation (1) by (AC)? we get,

(AB)?  (BC)?
(A0)2 ' (AC)Z

1
(E)z + (E)2 =1 by rule of exponent
AC AC Y P

(sinf)? + (cosA)? = 1 (Since sinf = % and cosf = %)

sin?@ + cos?0 =1 ..(2)

B R S R,
'
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For all angles equation (2) is satisfied.

B £<omple ﬂ

x is the angle of the third quadrant. When sinx = — %, find the value of cos x.
Solution:

. . 2 9 1 :
sinx + cos?x =1 and cos?x =1—sin’x =1— (— %) =1- %= %. But x is the angle

of the third quadrant, so cos x < 0.

16 4
Thus cos x= \/25— -

Exercise 4.16

a. If x is the angle in the second quadrant and cosx = — ?, find the value of sin x.
b. If x is the angle in the fourth quadrant and sinx = — é, find the value of cos x.

Again, when we divide equation (1) by (4B)?, we get

(AB)? | (BC)? _ (AC)?
(AB)2 ' (4B)? ~ (AB)?

(BC)? _ (AC)?

1+ (AB)2 ~ (AB)2

BC. 2 ac?

1+ =5 (By rule of exponent)
2 _ 2 : _ BC _AcC
1 + (cotfd)* = (csch) (Since cotf = S and csc = AB)
1+ cot?8 = csc?6 ..(3)

Therefore, it proves that for all values of 8, equation (3) is satisfied.

Let’s see what we get if we divide equation (1) by (BC)?, we get

(4B)? _ (40

o T = Goy

(ﬁ)2+1—(£2 by rule of t
5C = (53¢ y rule of exponen
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(tanf)? + 1 = (sech)? (Since tanf = % and secf = £)

1+ tan?6 = sec?6 (4

B cmple 2]

x is the angle of the fourth quadrant. When tan x = —2, find the values of sec x and
COS X.

Solution:

sec’x =1+tan’x =1+ (-2)>=5

x is the angle of the fourth quadrant and secx = ﬁ

In the fourth quadrant cos x > 0, so secx > 0.

1

1
Therefore secx = V5 and cosx = —=—.
secx 5

Exercise 4.17

Answer the following questions.
a. x is the angle of the third quadrant. If tan x = 3, find the values of sec x and

COS Xx.

b. x is the angle of the second quadrant. If tan x = 3, find the values of sec x and

COoS Xx

Addition and subtraction of identities
The formulas for the addition and subtraction theorems of sine and cosine are
expressed as in the following:
sin(a + B) = sina cosf + cosa sinf,
sin(a — B) = sina cosf — cosa sinp,
cos(a + )
cos(a — )
B E<cmple ﬂ

Find the values of trigonometric expressions:

cosa cosf — sina sing,

cosa cosf + sina sinf.
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Solution:

a. sin75° = sin (30° + 45°)
sin30° cos45° + cos30° sin45°

2 3 2 1 6+v2
V23 1 VenE
2 2 2 2 4

b. cos75° = cos (30° + 45°)

= c0s30° cos45° — sin30° sin45°

VZ V62

2 4

\/EX\/E

1
- =X
2

Exercise 4.18

Find the values of the following trigonometric expressions.

a. sin 105° b. cos 105° c.sin15° d.cos15° e. sin% f. cos%

Double angle identities

Formulas expressing trigonometric functions of an angle 26 in terms of an angle 8:
sin26 = 2sinfcosf
c0s26 = cos?6 — sin?0 = 1 — 2sinf = 2cos?6 — 1

2tan 6
1-tan26

I Exomple 1]

If x 1s an angle of the second quadrant and sinx = g, find the following values.

tan26 =

a. COSX b. sin2x C. COS2x
Solution:
a. sin’x + cos?x =1

2
2y ] —sin®x =1— (3 =1 -2 =1
cos“x =l—sin“x =1 (5 1 i

x is the angle of the second quadrant, so cosx < 0
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Thus cos x——\/g =—3

: . 3
b. sin2x = 2sinxcosx = Z-E- (—2)=—=
2 2
. 4 3
c. cos2x = cos?x —sin’x = (-2 - =5

Half angle identities
The half-angle identities for the sine and cosine are derived from two of the cosine

1dentities described earlier.
c0s20 = 2cos?f — 1. Let 8 = %, then cos (2 X %) = 2cos? % -1
cosa = 2cos? % -1

2cos?— = cosa + 1

NI R

14+cosa 14+cosa

a
= . S0, cos = = +/ .
2 > 2 = 2

Cos

N R

.. .2 1—cosa . a
Similarly, sin? = and sin- = +V

1—cosa
PR

The sign of the two preceding functions depends on the quadrant in which the resulting

angle is located.

B £xomple ﬂ

Find the exact value for cos 15° using the half-angle identity.

Solution:

30° 1 + cos30°
cos15° = cos > = i\/ >

v
= \/#g = 2+\/§ (15° is in the first quadrant, hence cos15° > 0)
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Exercise 4.19

1. Assume x is the angle in the first quadrant. When cos x = §= find the following

values.
a. sinx b. sin2x C. COS2x

2. Find the exact values using the half - angle identity.

. . T 3T
a. sin15° b. sin C. COS—

Trigonometric equations
Trigonometric equations can be solved using the algebraic methods, trigonometric

identities and values.

B £<omple ﬂ

Solve the equation 2cosf —1 =0, 0 < 6 < 2m.

Solution:

. 1
When we rearrange the above equation, we get cosf = 7

1 )
For the reference angle 6Oy, we have cosfp = 2 and hence, 6p = g Using the

reference angle O we determine the solution 8 in the interval [0, 27] of the given

. 1 . "y . .
equation cosf = 5 suggests that cos@ is positive and that means the terminal side of

@ solution to the given equation is either in quadrant I or [V. Hence,

_r — g _F_5m
91 = 9R_3 and 92 =2 3 3
I :xomple 2]
Solve the trigonometric equation 2sinf = —1.

Solution:
Rewrite the above equation in simple form as shown below:

. 1 : 1.
sinf = —3 The reference angle Oz such that sinfp, = S 18 Or = %‘

B e e e e e e e e e o o e e e o o e o o e e e e
PR
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Use the reference angle 85 to determine the solutions 8; and 6, on the interval
[0, 2m) of the given equation. The equation sinf = —% suggests that sinf is negative

and that means the terminal side of angle 6 is either in quadrant III or IV as shown in

the unit circle figure 4.34.

A
a1
62
0 > X
& O
A
e
A G B

Figure 4.34
Hence,
61:7T+9R or 92:27T—9R

™ s
T+ = =2m — -
t5 6

6 6

7T _Urm

Use the solutions on the interval [0, 2m) to find all solutions by adding multiples of

21 as follows:

7T 11w . .
0, = v + 2nm and 6, = - + 2nm, where n is an integer.

Exercise 4.20

Solve the following trigonometric equations

) 1 R
a. sinf = % where 0° <6 < 2m.

b. v2cosx =—1 when 0° < 6 < 360°
c. 2sinx ++/3 = 0 when 0° < 8 < 360°
d. 2cosx =+/3

e. secx —v2=0
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Find all the solutions of the trigonometric equation V3 secd + 2 = 0

Ly

i
o

s
s

i

Solution:

Using the identity secd = we rewrite the equation in the form

cos 6’

cosf = — E.

-

Find the reference angle 6 by solving cosfy = — \/2_5

»
I

>

for O acute. Accordingly, 6r =—. Using the

S all

reference angle 0 in the interval [

,2m) of the A ez\
[

given equation cosf = —? . This suggests that

cos@ is negative and that means the terminal side of B
angle 0 is either in quadrants II or III as shown in

figure 4.35. Figure 4.35

Hence,

91:7T_9R or 92:7T+9R

T T

6 6
_5m _ 7
T 6 6

Use the solutions on the interval [0, 2m) to find all solutions by adding multiples of

21 as follows:

5 7 . .
0, = ?n + 2nm and 6, = ?n + 2nm where n is an integer.

Exercise 4.21

Solve the following trigonometric equations.
a. 2++3cscd =0 for0°< 6 < 2m.
b. 3vV2+3cscd =0 for0°< 0 < 2m.
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4.4 Applications of Trigonometric Functions

Activity 4.9
1. Assume that a skateboard ramp at a park has
an inclination of 45° and its base is 12 m long
as shown in figure 4.36. So, what is the length
of the ramp? 450
12m
Figure 4.36
2. Youare 50 m away from a river. Rather than i
walking directly to the river, you walk 100 m \(
along a straight path to the river’s edge as 100m
shown in figure 4.37. What is the angle (
between this path and the river’s edge?
\
50m
Figure 4.37

In the figure 4.38, angle labeled 1 indicates the angles of elevation. It is the angle by

which the ground observer’s line of vision must

Horizontal

Angle of Depression

B
be raised or elevated with respect to the N
horizontal to see an object at B. The angle labeled
2 is the angle of depression. It is the angle by

which an observer’s line of vision at B must be Angle of Elevation

5 N ——

lower or depressed with respect to the horizontal T

to see an object at A. Figure