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 Introduction 

Dear distance learner, Grade 10 mathematics has two modules. The first module consists 3 units. 

They are: Relations and Functions, Polynomial functions, Exponential and Logarithmic Functions. 

The second module has 4 units: Trigonometric Functions, Circles, Solid Figures, Coordinate 

Geometry. Each unit is generally organized as: Activities, Definitions, Checklist, Self-Test Exercise 

and Unit Review Exercises. 

Each unit starts with its own introduction and objectives. Each unit is further broken in to sections. In 

each section, sufficient number of examples are given to make the module simple and 

understandable. 

Each section is followed by checklist to help you think about you have studied. This is an important 

technique to review the section before you start working on the self-test exercise. 

At the end of each section, we have self-test exercise, your achievement in the exercise will show 

you how much of the given section you have mastered. Answer key for all activities and self-test 

exercises is given at the end of the module. Before looking at the answer key you have to try your 

best to find the solution individually or in your study group.  

Generally, the two Grade 10 Mathematics Modules are expected to be covered in one academic year. 

Thus, you will have about six months to complete each module. As you are learning by your-self, 

you will not have regular direct face-to-face support from anyone. Therefore, you are advised to 

adjust your time to go through each unit again and again until you feel comfortable with it and do all 

the tasks and assignments in time by your-self. However, whenever you encounter any challenges, 

you may ask your tutor/tutorial center for assistance. 

Dear distance learner! you will have at least one tutor marked assignment which accounts about 30%  

and one final examination valuing 70% which you will be delivered by the respective tutorial center.  

 Learning Outcomes 

By the end of this module, you will be able to: 

 Define relations and functions. 

 Identify types of functions. 

 Sketch graphs of functions. 

 Define polynomial function. 

 Perform the four-fundamental operation on polynomials. 

 Apply theorems on polynomial functions to solve related problems. 

 State and apply the properties of exponents and logarithms. 

 Define exponential and logarithmic functions 



 
 

 Draw graphs of exponential function and logarithmic functions. 

 Describe the properties of exponential and logarithmic functions by using their graphs 

There are a number of symbols in this material to guide you as you study 

 

This tells you there is objective(s) of the unit and subunit or 

competencies sections. 

 This tells you there is an overview of the unit and what the unit is about    

 

This tells you there is an in-text question to answer or think about in the 

text 

 

This tells you to take not of or to remember an important point 

 This tells you there is a self-test for you to do 

 

 

This tells you there is a checklist 

 This tells you there is a written assignment 

 

This tells you that this is the key to the answers for the self-tests 

 

This tells you there is an activity for you to do 
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RELATIONS AND FUNCTIONS 

 Introduction 

Dear learner, in order to continue our study of functions, we introduce the more general idea of a 

relation. As its name suggests, the concept of a relation is a familiar one. In our daily life, we come 

across many patterns that characterize relations with brothers and sisters, mother and daughters, 

father and sons, teachers and students etc. In mathematics also, we come across many relations such 

as number   is greater than number  ; line   is perpendicular to line   etc. The concept of relation 

is established in mathematical form. The word “function” is introduced by Leibnitz in      century. 

Function is defined as a special type of relation. In the present unit, we shall discuss Cartesian 

coordinates, conditions for a relation to be a function, different types of functions and their 

properties. 

 

 

 Learning Outcomes 

By the end of this section, you will be able to: 

 define relations. 

 define functions. 

 identify types of functions. 

 sketch graphs of various types of relations and functions. 

Unit contents 
Section 1: Definition of Relation 

Section 2: Functions 

Section 3: Types of Functions 

Section 4: Application of Relations and Functions 

 

 

 

   UNIT 1 
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Unit Learning Strategies 

We would like to mention the following for your study of this chapter.  

 Create a schedule and follow it. Scheduling makes you more practical. 

 New topics are explained and worked out examples are given. So, take your time to read and 

do the examples and the activities given in the module by your own repeatedly until you get 

the steps clearly and apply it in self-test exercises. 

 Try your best to understand the concept of functions, their properties and their graphical 

interpretations. Because, this can support your understanding in unit 2, 3 and 4. 

 When you attain what you had intended for a specific learning session, you should reward 

yourself with anything positive. This makes you more inspired to keep moving and cherish 

your learning and achievements. 

 

  Section Overview 

Dear learner, you are familiar with Cartesian product of two sets in Grade 9. The Cartesian product 

of any two sets A and B is a set, and the elements of that set are ordered pairs. In each ordered pair, 

the first component is an element of A, and the second component is an element of B. Relations and 

its types concepts are one of the important topics of set theory. Sets, relations and functions are 

interlinked topics. Sets denote the collection of ordered elements whereas relations and 

functions define the operations performed on sets. 

The relations define the connection between the two given sets. There are also different types of 

relations stating the connections between the sets. Hence, here we will learn about relations that we 

are going to define now. In addition, terms like domain, range and graphs of a relation will be 

defined. 

 

 

Definition of relation Section 1 

 Section Objectives 

By the end of this section, you will be able to: - 

 define relation. 

 draw the graphs of relations. 

 

 

Do you remember the cartesian product or cross product of two sets?  Can you write the 

first and the second element of these sets? 

https://byjus.com/maths/relations-and-functions/
https://byjus.com/maths/relations-and-functions/
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Let    {         }and   { 10, 7, 9, 6, 4}. List all the ordered pairs       which satisfy each of 

the following sentences where      and    . 

a.   is greater than  .                    c.    is a multiple of  . 

b. The sum of   and   is odd.       d.    is half of  . 

 

Have you done it? Well. If not, you can find the answer at the end of this module. 

The Cartesian product of two sets A and B, denoted A × B, is the set of all ordered  pairs  

(a, b) where a is in A and b is in B. In terms of set-builder notation, that is 

    {          and    }.   is the first element and   is the second element. 

As you have noticed from above activity, each sentence involves what is intuitively understood to be 

a relationship. Expressions of the type “is greater than”, “is a multiple of”, “is half of”, etc. which 

express the relation are referred to as related phrases. 

1.1 Basic concepts of relations  

In order to continue our study of functions, we introduce the more general idea of a relation, as its 

name suggests, the concept of relation is a familiar one. Everyone has relatives or relations -father, 

mother, brothers, and sisters etc. What may come as a surprise, however, is that this concept has an 

important place in mathematics. Let us start with an example taken from everyday life in the 

relationship of fatherhood. The problem we set for ourselves is to describe this relation in 

mathematical terms. 

If you think about this problem for a few minutes, you will probably find it somewhat more difficult 

than you expected. Although everyone knows what it means to say that   is a father of  , it is not 

quite so clear how to put this in the language we use in mathematics.  

In our daily life, we usually talk about relations between various things. For example,   is less than 

 ; Addis Ababa is the capital city of Ethiopia; Walia Ibex is endemic to Ethiopia, and so on. In all 

these cases, we find that a relation involves pairs of objects in some specific order. In this unit, you 

will learn how to link pairs of objects from two sets and then introduce relations between the two 

objects in the pair. You also learn here about special relations which will qualify to be functions.   

In activity 1.1 we have observed the following: 

1. In the case of relations between objects, order is important. 

2. A relation establishes pairing between objects. 

Therefore, from a mathematical standpoint, the meaning of a relation is given below. 

 Activity 1.1 

https://en.wikipedia.org/wiki/Set_(mathematics)
https://en.wikipedia.org/wiki/Ordered_pair
https://en.wikipedia.org/wiki/Set-builder_notation
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Given a relation   {           s greater than  }, which of the following ordered pairs belong to this 

relation  ? 

                                              (
 

 
 
 

 
)  (

 

 
 
 

 
)              

Solution: 

   {                         (
 

 
 

 

 
)             }. 

 

Let   {         is a multiple of  }, then which of the following ordered pairs belong to   ? 

                                                           

Solution:  

  {                               }.   

 

Let    {           }. 

a. Find the ordered pairs belong to   which have the following first entries:              
 

 
     . 

b. Find the ordered pairs belong to   which have the following second entries:       
 

 
 

 

  
. 

Solution:  

a.   {                          (
 

 
 

 

  
)              }  

b.   {                  (
 

 
 

 

 
)  (

 

 
 

 

  
)}                                                        

1.2  Domain and range of a relation 

Any set of ordered pairs       is called a relation in   and y.   

 

For the relation    {      (–    )       (–    )} determine the set of all the first elements of   

and the set of all the second elements of  . 

 

Example 1 

Example 2 

Example 3 

 

 

A relation is a set of ordered pairs. It is denoted by 𝑅  

Definition 1.1 

 Activity 1.2 
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The first ordered pairs of   are 5, -2 and the second ordered pairs of   are 2, 3, 4. 

 

 

Determine the domain and range of the relation   {                               }  

Solution: 

The domain of the relation    {           }. The range of the relation    {       }. 

Write some ordered pairs that belong to the relation    {                 }. Find also the 

domain and range of  . 

Solution: 

   {                                 }  

The domain of the relation   is the set of all integers and the range of the relation   is the set of all 

even integers.  

 

Find the domain and the range of each of the following relations: 

a.      {          is the square  }. 

b.      {          is the square root of  }. 

Solution: 

a. Domain of relation    {     } and Range of relation    {     }. 

b. Domain of relation    {     } and Range of relation    {     }. 

1.3 Graphs of Relation   

Dear learner, you have understood what a relation is and how it can be described using Cartesian 

products. You will now see how relations can be represented through graphs. You may graphically 

represent a relation   from domain to range by locating the ordered pairs in a coordinate system.  

Example 1 

Example 2 

Example 3 

 

 

Let 𝑅 be a relation from a set A to a set B. Then 

i.   Domain of 𝑅  {𝑥  𝑥 𝑦  belongs to R for some 𝑦} 

ii. Range of 𝑅  {𝑦  𝑥 𝑦  belongs to R for some 𝑥} 

 

Definition 1.2 
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Co-ordinate system is used to locate the position of a point in a plane using two perpendicular lines. 

Points are represented in the form of coordinates       in two-dimension with respect to  - and  -

axes. The Cartesian coordinate system in two dimensions (also called a rectangular coordinate 

system) is defined by an ordered pair of perpendicular lines (axes). It has a single unit of length for 

both axes and an orientation for each axis. The point where the axes meet is taken as the origin for 

both and used as a turning point for each axis into a number line. For any point  , a line drawn 

through   perpendicular to each axis and the position where it meets the axis is interpreted as a 

number. The two numbers in that chosen order are the cartesian coordinate of      The coordinates 

are usually written as two numbers in parentheses in that order separated by a comma, as in        

Thus the origin has coordinates        and the points on the positive half-axes which is one unit 

away from the origin and have coordinates                     

From section 1.2, remember that the set of ordered pairs       of real numbers such that   is in the 

domain of the relation and   is in the range of the relation is represented by the set of points in the 

  -coordinate. 

Since an ordered pair of real numbers can be pictured as a point on the graph, we can use graphs to 

represent relations   as: 

   {                                                                  } 

 

Figure 1.1 

Sketch the graph of the relation   if   {         }. 
Solution:  

Example 1 

 

i. What is a coordinate system? 

ii. What is a Cartesian coordinate system (or 𝑥𝑦-coordinate system)? 

iii. What is the coordinate of the origin? 
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We take the values of  , calculate the corresponding values of  , plot the resulting points       and 

connect the points.  

                       Table 1.1 

 

                           

 

 

                                                                                   

 

                                                                                    Figure 1.2 the graph of                                                                            

 

Sketch the graph of the relation   if   {         }. 
Solution:  

To sketch the graph 

1. Draw the line      

2. Since the relation involves    , use the broken 

line: “the points on the line     are not included.” 

3. Take points representing ordered pairs, say 

      and         from above and below the 

line    .                                                          Figure 1.3 the graph of the relation    .                                                  

4. The ordered pair       satisfies the relation. Hence, points above the line     are members of 

the relation                                                                                         

Sketch the graph of the relation   if   {           }.  
Solution:  

Example 2 

Example 3 

  -2 -1 0 1 2 

  -2 -1 0 1 2 

In general, to sketch graphs of relations involving inequalities, do the 

following steps  

1. Draw the graph of the line(s) in the relation on the 𝑥𝑦-coordinate system.  

2. If the relating inequality is   𝑜𝑟  , use a solid line; if it is < 𝑜𝑟  , use a broken 

line. 

3. Then take arbitrary ordered pairs represented by the points. 

4. The region that contains these points representing the ordered pair satisfying the 

relation will be the graph of the relation. 
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1. Draw the line        

2. Since the relating inequality is   use the solid 

line. 

3. Select two points representing ordered pairs one 

from one side  of line       and another from 

the other side of the line. For example, points with 

coordinates       and      . Obviously,       

satisfies the relation   is        as      . 

4. Shade the region below the line,         

which contains the point      .  

Hence, the graph is the shaded region in 

figure1.8.                                                                              

Sketch the graph of the relation   and determine its domain if 

   {       <   and       }. 

Solution: 

Sketch the graphs of   <    and     –     on the same coordinate system. The two regions have 

some overlap. The intersection of the two regions is the graph of the relation. So, taking only the 

common region, we obtain the graph of the relation as shown in figure 1.5. 

To obtain the intersection point solve the equations      and    –    . 

Note that these two lines divide the coordinate system 

into four regions. Take any points one from each region 

and check if they satisfy the relation. Say               

(–    )and (  –  )  

The point       satisfies both inequalities of the 

relation. So, the graph of the relation is the                                          

region that contains      . Hence, Domain of the 

relation is the set of real number             and 

Range of R is the set of all real numbers  .                                                                                                                     

 

From the graph of each of the following relations, represented by the shaded region, specify the 

relation and determine the domain and the range: 

Example 4 

Example 5 

Figure 1.4 the graph of the relation 𝑦  𝑥     

Figure 1.5 the graph of the relation 𝑅 
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                                                      Figure 1.6 

Solution: 

   {                 };        {     } and Range   {     }  

 
Dear learner, now it is time to check your understanding about relation.  Read each question and 

put a tick (" √ “) if you can do the task and an “x” if you can’t on the space provided. 

 

 

 

 

 

 

 

 

 

If your response to the above check list questions is positive, proceed to do the self-test exercise 

given below and check your answer at the end of your module. If not please review the section again 

and again till you think you do not have any problem. 

 

1. Given a relation   {         is greater than  }. 

a. Which of the following ordered pairs belong to the relation?  

                                                                 

2. If   {     :      }, then list some of the ordered pairs belong to  .  

3.  Let    {     :     }. 

 Can you define a Cartesian product?             

 Can you define a relation?              

 Can you define a coordinate system?                                                                        

 Can you find the domain of the relations?                                                                     

 Can you find the range of the relations?                                                                                           

 Can you give two examples of relations?                 

 Can you define a Cartesian coordinate system?     

 Can you draw graphs of relations?                                                           

 

         

     Checklist  

     Self-Test Exercise 1  
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a. Find the ordered pairs belong to   which have the following first entries:          
 

 
     . 

b. Find the ordered pairs belong to   which have the following second entries:              
 

  
. 

4. Determine the domain and range of the relation  

   {                               }.   

5. Write some ordered pairs that belongs to the following relation  ;  and find also the domain 

and range of this relation.  

a.    {               ,    }.        b.      {              ,    }. 

6. For each of the following relations, sketch the graph. 

a.   {           }.                          b.       {            }.  

  c.      {            }.                       d.       {       <     }. 

 

 

  Section Overview 

Dear learner, in this section, you shall learn about special types of relations which are called 

functions, the domain and range of function, the graphs of functions and combination of functions. 

The concept of function is the most important point in mathematics. There are terms such as „map‟ or 

„mapping‟ used to denote a function. 

 

2.1 The notion of a function 

Dear learner, to introduce the notion of function, we begin by defining a relation between a set of 

inputs having one output each. We usually visualize one of them is an input and the other as an 

output. The input is called the first ordered pair, the second ordered pair is the output. 

 

Function Section 2 

Section Objectives 

By the end of this section, you will be able to: - 

 define a function. 

 find domain of a function. 

 find range of a function. 

 find sum, difference, product and division of functions. 

 draw the graphs of different functions. 

 
How do you define an ordered pair? 
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An ordered pair is a combination of the   coordinate and the y coordinate, having two values written 

in a fixed order within parentheses. 

The ordered pair (2, 5) means a pair of two integers, strictly in the order with 2 at the first place and 

5 at the second place. 

 

The pair of elements that occurs in a particular order and is enclosed in brackets is known as a set of 

ordered pairs. If 'a' and 'b' are two elements, then the two different pairs are (a, b), (b, a). In an 

ordered pair (a, b), a is called the first element, and b is called the second element. 

 

A relation defines the relationship between sets of values of ordered pairs. 

For example,       and      –   are relations because every  -value produces a  

different   -value. A relation is any set of ordered-pair numbers. Consider the following arrow  

diagram. 

 

                                          (a)                                                                (b) 

Figure 1.7 

This mapping depicts a relation from set   into set  . A relation from   to   is a subset of  

     . In figure (a), the ordered pairs are                        . In figure (b), the ordered pairs 

are                        .  

 

Consider the following relations: 

   {                               } ,     

   {                             }   

   {                             }   

Construct the arrow diagram. 

a. How are the first elements of the ordered pair related with the second elements of the ordered 

pair?  

 
How do you obtain the ordered pair that corresponds to a given set? 

 
What are relations? 

 Activity 1.3 
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b. In each relation, are there ordered pairs with the same first coordinate? 

Have you done it? Well. 

 

A function is a relationship between inputs where each input is related to exactly one output. In 

activity1.1, does each input is related to exactly one output for   ? For   ? For     

In    and    each input is related to exactly one output. But    is not since one input maps to two 

outputs. i.e., 2 maps with 3 and 5. 

 

Consider the following relation  , 

  {                       ,      }. This relation is a function because no two distinct ordered 

pairs have the same first element.  

Consider the relation  .  

  {                       ,      }. Since       and       belong to the relation   and     

the relation    is not a function.  

Consider the following arrow diagrams in figure1.8   

 

Figure 1.8 

Which of the relations   ,    and    represent   as a function of  ? 

Solution: 

   and    are functions, but    is not a function because   and   are both mapped onto two 

numbers.   

Example 1 

Example 2 

Example 4 

 
What is a function? 

 

 

A function 𝑓 is a set of ordered pairs with the property that whenever  𝑥 𝑦  

and  𝑥 𝑧  belong to 𝑓  then 𝑦  𝑧    

Definition 1.3 
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    and   are the most commonly used letters to represent a function; however, any letter of the 

alphabet can be used. 

 

2.2 Domain, Codomain and Range of a Function 

 

Consider the following arrow diagram of a function   and find the algebraic rule for  .  

  

Figure 1.9 

 

The domain of a function   is the set of all values of   for which     is defined and this corresponds 

to all of the  -values on the graph in the    -plane. Domain – The set of all possible values which 

qualify as inputs to a function is known as the domain of the function. In other words, the domain of 

a function can be defined as the entire set of values possible for independent variables.  

Co-Domain – The set of all the outputs of a function is known as the range of the function or after 

substituting the domain, the entire set of all values possible as outcomes of the dependent variable. 

The range of the function   is the set of all values      which corresponds to the   values on the 

graph in the   -plane. 

Notation: If   is an element in the domain of a function  , then the element in the range that is 

associated with   is denoted by     . This is called an image of   under the function  . The notation 

     is referred to function value and we read as „       ‟ and   is the pre-image of      . We can 

define a function         with a domain and codomain of integers. But by thinking about it we 

can see that the range is just the even integers. The range is a sub-set of the co-domain 

For each of the following functions, find the domain, co-domain and the range. 

a.   {                         }  

b.   {       }.        

Example 1 

Note 

 Activity 1.4 
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Solution:  

a. Domain of   {         } , Co-domain of   {      ,  } and the range of 

  {      ,  }  

b. Domain of   is a set containing all real numbers   and the co-domain and range is the set 

containing all real numbers  .  

A function from        can sometimes be denoted as         where the domain of the function   

is    and the range of the function   is contained in  , in which we say   contains the image of the 

elements of   under the function of  . 

Consider            Find the domain and the range of the function  .  

Solution:  

Since           is defined for every real number  , the domain of the function is the set of all 

real numbers. The range is also the set of real numbers since every real number   has a pre-image of 

a real number   such that              

If      √   , then find the domain and range of     

Solution: 

Since the expression in the radical must be non-zero,      . This implies      Hence,  

the domain of the function is the set of real numbers greater than or equal to  . The range of  

the function is greater than or equal to zero. 

 

For example, if            then   at      is              

Finding the functional value of   at   is called evaluating the function at  . 

For the function            

a. determine the domain and range of    

b. find the value of      and         

Solution: 

a. The function            is defined for every real number     the domain and   range of 

the function   is the set all of real numbers.  

Example 2 

Example 3 

Example 4 

 If 𝑓 𝐴  𝐵 is a function, then, for any 𝑥 included in 𝐴 (the first coordinate), the 

image of 𝑥 under 𝑓, 𝑓 𝑥   is called the functional value    of 𝑓 at 𝑥.  
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b.                     and                     . 

2.3 Combination of functions 

Dear learner, in this section you will see, just as two real numbers can be combined by the 

operations of addition, subtraction, multiplication, and division to form other real numbers, two 

functions can also be combined to create a new function. 

 

Consider the functions           and          Then,  

a. find                 and  
 

 
         

b. determines the domain and range of    and   

 

A.  Sum of functions 

 

Given             and              Find          and evaluate the sum when      

Solution:  

We know from above the sum of functions   and   is 

                                       

                                                            

          And,                  

                                                     

B.  Difference of functions 

 

Given             and                 Find          and evaluate the difference 

when      

Example 1 

Example 2 

 Activity 1.5 

Let  𝑓 and  𝑔 be two functions with overlapping domains. Then, for all 𝑥 common to 

both domains, the sum of 𝑓 and  𝑔 defined as follows: 

              𝑓  𝑔  𝑥  𝑓 𝑥  𝑔 𝑥  

   

 

Let 𝑓and 𝑔 be two functions with overlapping domains. Then, for all 𝑥 common to 

both domains the difference of 𝑓 and  𝑔 is defined as follows:  

                          𝑓  𝑔  𝑥  𝑓 𝑥  𝑔 𝑥    
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Solution:  

The difference of the function   and   is  

                                             

                                                                

                                                    .                                       

                 and,                   

                                                               . 

C. Product of functions  

 

Given:         and          , find          and then evaluate the product when      

Solution:  

                                            

                                                  

                                                 . 

If    , the value of this product is                            .     

 

D. Quotient of functions 

  

If        and           then the quotient of   and   is  

                          (
 

 
)     

    

    
 

 

   
 . 

 

 

Example 3 

Example 4 

Let 𝑓 and 𝑔 be two functions with overlapping domains. Then, for all 𝑥 common to 

both domains the product of 𝑓 and 𝑔 is defined as follows:  

                                   𝑓  𝑔  𝑥  𝑓 𝑥  𝑔 𝑥  

   

 

 
Can you check    𝑥   𝑥     𝑥   𝑥 ?   

Let 𝑓 and 𝑔 be two functions with overlapping domains. Then, for all 𝑥 common to 

both domains the quotient of 𝑓 and 𝑔 is defined as follows: 

                                       
𝑓

𝑔
 𝑥  

𝑓 𝑥 

𝑔 𝑥 
 𝑔 𝑥      



 Unit 1 : Relations and Functions  
 

 
17 

The domain of combination of functions 

 

Let          and        , then find  

a.         and                b. (
 

 
)    and (

 

 
)           c. (

 

 
)    and (

 

 
)     

 

The domain of an arithmetic combination of functions f and    (        ) consists of real 

numbers common to the domain of   and  .  

 

As with the addition and subtraction of functions, the domain for the multiplication and division of 

functions is the intersection    . However, when we divide functions, we need to further restrict 

the domain of the combined function since we can't divide by zero. So, for the division of functions, 

the domain is {                    } .This is read as "the set of all values of   such that   is 

an element of the intersection of   and  , as long as   is not equal zero." 

In the case of quotient of functions 
    

    
, there is further restriction that      is not equal to zero. 

Given           and           Find the domain of           and         . 

Solution: 

The domain   and    is the set of all real numbers. So, the domain of      and     is the set of 

all real numbers. 

Given:        and         , find          and 
    

    
 and their domains. 

Solution: 

The domain   and    is the set of all real numbers. So, the domain of      and 
 

 
 is the set of all real 

numbers. Here,   cannot be zero.   So, the domain of  
 

 
  is         (the set of real numbers 

without zero) since   cannot be zero.  

Example 1 

Example 2 

 Activity 1.6 

 
What is the domain of multiplication and division of functions? 
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Find 
 

 
    and  

 

 
    for functions given by      √  and      √      Then, find the domain 

of  
 

 
 and  

 

 
. 

Solution:  

The quotient of   and   is given by  (
 

 
)     

    

    
 √ 

√    
 and the quotient of   and   is 

(
 

 
)     

    

    
 

√    

√ 
. 

The domain of   is [     and the domain of       [    ]  The intersection of these domains is 

⌈   ⌉. Here,   cannot be zero. So, the domain of  
 

 
    [     and domain of  

 

 
        ] since f cannot 

be zero.  

 

Vertical Line Test: 

Vertical line test is used to determine whether a graph of a curve is a function or not. If any curve 

cuts a vertical line at more than one point then the curve is not a function. 

The figure1.10 describes the graph is not a function. 

                  

                                                                  Figure 1.10 

 

Dear learner, now it is time to check your understanding about relation.  Read each question and 

put a tick (" √ “) if you can do the task and an “x” if you can’t on the space provided. 

Example 3 

Example 1 

 Can you define a function?             

A numerical relation 𝑅 is a function if and only if no vertical line in the plane 

intersects the graph of 𝑅 in more than one point. 

   

 

     Checklist  
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If your response to the above check list questions is positive, proceed to do the self-test exercise 

given below and check your answer at the end of your module. If not please review the section again 

and again till you think you do not have any problem.    

 

1. Determine whether each of the following relation is a function or not, and give reasons for those 

that are not functions.  

a.   {                                }. 

b.   {                                }. 

c.    {       y                   }  

d.    {          }   

2. Find the domain and the range of   where   {                          }. 

3. Given           and             

a. Find          and evaluate the sum when    . 

b. Find          and evaluate the sum when    . 

4. Given           and          

a. Find         and then evaluate the product when       

b. Find (
 

 
)     and then evaluate the product when       

c. Find (
 

 
)     and then evaluate the product when      

 

 

 

 Can you define a relation?              

 Can you draw the graphs of functions?                                                                        

 Can you find the domain of the functions?                                                                     

 Can you find the range of the functions?                                                                                           

 Can you give two examples of functions?         

 Can you explain the rule for combination?                                                                                                               

 Can you find combination of functions?      

 Can you find the domain of combination of functions?         

 Can you find the range of combination of functions?     

     Self-Test Exercise 2  
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  Section Overview 

Dear learner, in this section you will see three different types of functions. These are one -to- one 

function (Injective function), onto function (Surjective function) and one- to- one correspondence 

(Bijective) 

 

 

A function is a kind of rule that, for one input, it gives you one output. An example of this would be 

     . If you put in anything for x, you get one output for y. We would say that y is a function of 

x since x is the input value. Many widely used mathematical formulas are expressions of known 

functions. For example, the formula for the area of a circle, A = πr
2
, gives the dependent 

variable A (the area) as a function of the independent variable r (the radius). 

One-to-one function (Injective function) 

 

If each element in the domain of a function has a distinct image in the co-domain, then the function 

is said to be one -to- one function.  

 

Figure 1.11 

Types of functions Section 3 

Section Objectives 

By the end of this section, you will be able to: - 

 Identify types of functions. 

 Draw the graphs of different functions. 

 

 
What is a function? 

 
What is one-to-one function? 

https://www.britannica.com/science/circle-mathematics
https://byjus.com/maths/one-to-one-function/
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Let        given by             Show that   is one-to-one. 

Solution:   

Let                      implies              i.e.,       

Therefore,   is one-to-one. 

 

In figure 1.12, which of the following sets of values represent a one-to-one function?  

  

                                             Figure 1.12 

Solution: 

For the first set       we can see that each element from the right side is paired up with a unique 

element from the left. Hence,      is a one-to-one function. 

The set     , shows a different number of elements on each side. This alone will tell us that the 

function is not a one-to-one function. 

Some values from the left side correspond to the same element found on the right, so    ) is not a 

one-to-one function as well. 

Example 1 

Example 2 

 

 

A function 𝑓 𝐴  𝐵 is called one-to-one if and only if for all 𝑥  𝑥  𝐴  

 𝑓 𝑥   𝑓 𝑥   implies 𝑥  𝑥 . 

Definition 2.4 
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Each of the elements on the first set corresponds to a unique element on the next, so      represents 

a one-to-one function. 

Onto-function (Surjective Function)  

 

 

                                                                       Figure 1.13 

Which of the following sets of values represents an injective and surjective function? 

                     a.                                                                   b.  

 

                  c.                                                                 d. 

 

Figure 1.14 

Solution: 

a. Not one-to-one but it is an onto (surjective) function. 

Example 1 

A function is called an onto function if each element in the co-domain has at least one 

pre- image in the domain    

https://byjus.com/maths/onto-function/
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b. Both one-to-one and onto function.  

c. An injective non-surjective function (injection). 

d. A non-injective non-surjective function. 

One to one correspondence (Bijective function) 

 

 

                                                                     Figure 1.15 

The function         from the set of positive real numbers to the set of positive real numbers is 

both injective and surjective. Thus, it is also a bijective. Is it true that whenever              

      Imagine    , then        . Now I say that        , what is the value of  ? It is  , 

so      

2.5 Graphs of functions 

Dear learner, in this section, you will learn how to draw graphs of functions such as     

        and             with special emphasis on linear and quadratic functions. You 

will study some of the important properties of graphs as in the following: 

 

That is, the graph of   is the set of all points       such that       . This is the same as the graph 

of the equation        discussed in Cartesian coordinates. The graph of a function allows us to 

translate between algebra and pictures or geometry. 

 

Example 1 

A function 𝑓 𝐴  𝐵  is said to be a one-to-one correspondence if 𝑓  is both one to one 

and onto.  

  
 

 

 

If 𝑓 is a function with domain 𝐴, then the graph of 𝑓 is the set of all ordered pairs   

{ 𝑥 𝑓 𝑥   𝑥  𝐴} 

Definition 2.5 
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Graph of linear function: 

 

             is a linear function with     and     

       is a constant function. 

To work on graphic functions, you can pick a few values of   and calculate the corresponding values 

of   or     , plot the resulting points (      ) and connect the points. 

Draw the graph of         

Solution:  

Construct a table for the value of the function; plot the ordered pairs and draw a line through the 

points to get the required graph. 

Table 1.2 

                   

     2             

                                            

 

                                        Figure 1.16 Graph of the constant function        

Example 1 

Example 2 

Example 3 

 

 

If 𝑎 and 𝑏  are fixed real numbers, 𝑎     then 𝑓 𝑥  𝑎𝑥  𝑏 for every real number 

𝑥 is called a linear function. If 𝑎     then 𝑓 𝑥  𝑏  is called a constant function. 

Sometimes linear functions are written in the form 𝑦  𝑎𝑥  𝑏. 

 

Definition 2.6 
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Fill in the tables shown in Table 1.3 for the function        and draw its graph. 

Table 1.3 

                   

            

                                                                

If                                                        .  

So, the table becomes               

Table 1.4                         

                   

                      

When you plot the corresponding points on the Cartesian plane and connect the points to get a 

picture of the graph of function, the ordered pairs will give you a graph in the shape shown in 

Figure    . The domain is the set of all real number    and the range is the set of all real numbers  .  

  

                                        Figure 1.17 the graph of         

Consider the linear function          and evaluate the values of the function for the   values in 

Table 1.5 and draw its graph. 

Table 1.5 

                    

                

If      ,                 ,                ,       ,       ,        ,  the 

table becomes 

 

Example 4 

Example 5 
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Table 1.6 

                    

                        

Table     is pairing the values of   and       This is taken as a representation of set of ordered 

pairs                                          and      . Now you can plot these points in 

a coordinate system to draw the graph of the given function.       

 

                                                  Figure 1.18 the graph of             

Draw the graph of the linear function            . 

Table 1.7 

                

                        

 

 

                                          Figure 1.19 the graph of            

Draw the graph of the following functions in the same Cartesian coordinate system. 

                   b.                c.                    d.               

Example 6 

Example 7 
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Solution:                                                                                                                 

We need two points to draw a line. However, we generally choose three, and the third point is a good 

check that we do not make a mistake.  

 a.                   

                , 

               :         

                 

 c.             :         

                 

 d.             :         

                .           

 

                                                                             

As indicated on Fig.1.25, the graphs of the four functions cross the  -axis at     because the value 

of b is always 2 for the equation        where b is the y-intercept. Thus, you can see that if 

      then the straight line goes up as            , and the bigger   gets the faster the line goes up. 

Similarly, if   <    then the line goes down as            , and the bigger   gets in absolute terms, 

the faster the line goes down. 

From the graphs given above, you have noticed that: 

a. Graphs of linear functions are straight lines. 

b. If    , then the graph of the linear function           is increasing. 

c. If  <  , then the graph of the linear function           is decreasing. 

d. If    , then the graph of the linear function        is a horizontal line. 

Slope and intercept: 

The slope indicates the steepness of a line and the intercept indicates the location where it intersects 

an axis. Linear functions are written in the form         and   is called its slope and   is its  -

intercept. 

If             then find the   and   -intercepts. 

Solution:  

To find  - intercept, put           and then solve for   as:  

                       , 

Example 1 

Figure 1.20 the graph of four functions 𝑓 𝑔   𝑘  

                                     intersecting at a point              
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So, the  - intercept is         

To find  -intercept, put      And solve, you have        .  

So, the   –                       

Draw the graph of the function             

Solution:      

Find the   and  -          . 

The  -           is the ordered pair where     that 

is (
 

 
  )  And the  -           is the ordered pair 

where     that is         Plot these intercepts on a 

coordinate system and draw a line that passes through 

them. 

 

   

                                                                                                                                   

                                                                                          Figure 1.21 the graph of           

If          , is the graph of the function increasing or decreasing function? 

Solution:  

Since                                   and the coefficient of   is      the graph the 

function is decreasing.                                                         

Graphs of quadratic functions 

 

              is a quadratic function with          and    . 

Quadratic functions are useful in many applications in mathematics when a linear function is not 

sufficient. For example, the motion of an object thrown either upward or downward is modeled by a 

quadratic function. The graph of a quadratic function is a curve called a parabola. Parabolas may 

open upward or downward and vary in” width” or” steepness”, but they all have the same basic” U” 

Example 2 

Example 3 

Example 1 

A function defined by 𝑓 𝑥  𝑎𝑥  𝑏𝑥  𝑐 where 𝑎 𝑏 𝑐  are real numbers and 

𝑎    is called a quadratic function. The point 𝑎 is the leading coefficient of 𝑓    
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shape. All parabolas are symmetric with respect to a line called the axis of symmetry. A parabola 

intersects its axis of symmetry at a point called the vertex of the parabola. 

Many quadratic functions can be graphed easily by hand using the techniques of stretching/ shrinking 

and shifting (translation) the parabola     . 

 

a. Make a table of ordered pairs that satisfy the function         . 

b. Find the         intercepts of   . 

c. Plot the points         on   -coordinate system.  

d. Find the domain and range of  . 

 

Have you done it? Well! 

The following are observations of the graph of        . 

 Since squaring any number gives a positive number, the values of   are all positive,    

            except when     , in which case      

 As   increases in size, so does     but the increase in the value of    is „faster‟ than  

                      the increase in  . 

 The graph of      is symmetric about the  -axis           For example, if        the 

corresponding   value is             , then the   value is          The two    -

values are equidistant from the  -    : one to the left and one to the right, but the two 

         are in the same height above the  -        

                                                       

Figure 1.22 the graph of      

Referring to figure1.22, we observe the following  

  the line     ( -axis) is called the line of symmetry for this quadratic function. 

  the          ( -axis) is called the orthogonal axis for this quadratic function. 

If the equation is, say,      then the graph will be similar to that of       but will lie above it. 

For example, when      the value of     is  , but the value of     is  . The   value for          

 Activity 1.7 
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is above that of      . Similarly, for the equation   
  

 
, the graph is similar to that of       

except lying below.  

 

                                          Figure 1.23 the graph of          
 

 
     

Sketch of       for different positive values of   are shown in Figure 1.23.  

Consider now the choice     , with the equation        . In this case the graph of the 

equation will have the same shape but now, instead of being above the   -axis it is below. When 

    the corresponding   value is   .  

Table 1.8 

                   

                             

                                

      
 

 
    

 

 
     

 

 
    

 

 
     

 

 
 

Examples          for various negative values of   are sketched in figure 1.24.  

 

                                      Figure 1.24 the graph of              
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Graph of            

This type of quadratic function is similar 

to the basic ones of the previous functions 

discussed but with a constant c added in 

the function      , i.e., having the 

general form                     

            . As an example of this, 

          . Comparing this with the 

function       , the only difference is  

the addition of   units. When                                                                    

       but                             Figure 1.25  graph of          for           

When                 but                      

That is the values of       have been lifted by   units. This happens for all of the   values so the 

shape of the graph is unchanged but it is lifted by   units. Similarly, the graph of 

       –    will be lowered by  units.                                               

Graph of            

In the examples considered so far, the axis of symmetry is the  -axis, i.e., the line    . The next 

possibility is a quadratic function which has its axis of symmetry not on the  -axis. A case in point 

to this function:  

          has the same shape and the same orthogonal axis as      but the axis of symmetry 

is the line      i.e., shift to the right by 3 units. The points      and     are equidistant   from 

3.                                                                                                                                                                                                                                                                                                 

When     the   value is           When     the   value is            

The points on the curve at these values are both   units above the  -        

This is true for all numbers which are equidistant from  .          

 

                                   Figure 1.26 the graph of             
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From the graph of quadratic functions of the form                       ,        

is any real number, we can summarize: 

1. If    , the graph opens upward and if  <  , the graph opens downward. 

2. The vertex is       for           and       for           . 

3. The domain is all real numbers. 

4. The vertical line that passes through the vertex is the axis of the parabola (or the axis of 

symmetry). 

5. If    , the range is the set of non- negative real number    for          and the set of real 

number such that     for         

6. If   <  , the range is the set of non- positive real number   for         and the set of real 

number such that     for         

Graphs of              ( <  ).  

So far, two separate cases have been discussed: first a standard quadratic function has its orthogonal 

axis shifted up or down; second a standard quadratic function has its axis of symmetry shifted left or 

right. The next step is to consider quadratic functions that incorporate all shifts.  

The quadratic function       is shifted so that its axis of symmetry is at     and its   

 orthogonal axis is at      

a. Write down the equation of the new curve. 

b.  Find the coordinates of the point where it crosses the  -axis.  

c.  Sketch the new curve shifted from       

Solution: 

a. The new curve           is symmetric about      and is shifted up by   units, so its 

equation is             .   

b. The curve crosses the  -axis, when      

Putting this into the equation                               

            , the corresponding value 

of   is                 ,  

so, the curve crosses the   axis at     .  

c. The curve is shown in figure1.27.                       

 

 

 

Example 1 

Figure 1.27 the graph of 𝑦   𝑥     +2    
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Note that the vertex of the graph of               is         and the vertex of the graph of 

              is       . On the contrary, the vertex of the graph of 

              is          and the vertex of the graph of                 is      .     

The final section is about sketching general quadratic functions, i.e., one of the forms 

            .  

The algebraic expression must be rearranged so that the line of symmetry and the orthogonal axis can 

be determined. The procedure required is completing the square.  

A quadratic function is given by              

a. Apply completing the square method for the function. 

b. Use this to determine the axis of symmetry and the orthogonal axis of the curve.  

c. Find the points on the   and   axes where the curve crosses them. 

d. Sketch the function. 

Solution:  

a.  Completing the square  

                    

                       

                               

b. This is the function       moved to the left so that its axis of symmetry is      and 

shifted up by 2, i.e., its orthogonal axis is        

c.  The function is              It will not cross the x-axis, i.e., the graph has not  -

intercept. Putting     into the original form of the function 

           , gives     , i.e., it crosses the  -axis at       

d. The function is shown in figure1.28.                      

                                                    

     Figure 1.28 the graph of the function                           

Example 2 
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 Graphs of              ( <  ).                                                                                    

A quadratic function is given as                   

a.  Complete the square on this function. 

b.  Use this to determine the axis of symmetry and the orthogonal axis of the curve.  

c.  Find the points on the x and y axes where the curve crosses them. 

d. Sketch the function.  

Solution: 

a.                      

                                       

                             

                    

b.  This is the function         moved to right so that its axis of symmetry is       and 

shifted up by 4, i.e., its orthogonal axis is          

c. The function is                  This will cross the  -axis, when      

  i.e., when              

                                          

taking square roots yields             implies x = 1 ± 2, i.e.,            . 

Putting      into the original form of the function at the              

            Gives      i.e., it crosses the   -axis at       

d.  The function is shown in figure1.29.                

 

Figure 1.29 the graph of             

 

1. The graph of                      opens upward. 

2. The graph of                       opens downward. 

Example 1 

Note 
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3. The vertex of the graph of                     is (–    ) and the vertex of the graph of 

       ( –   )
 
 –    is (  –  ). Similarly, the vertex of the graph of 

               –    is (–   –  ) and the vertex of the graph of        (  –   )
 
    is      .    

 

 

Dear learner, now it is time to check your understanding about relation.  Read each question and 

put a tick (" √ “) if you can do the task and an “x” if you can’t on the space provided. 

 

 

 

 

 

 

 

 

 

If your response to the above check list questions is positive, proceed to do the self-test exercise 

given below and check your answer at the end of this module. If not please review the section again 

and again till you think you do not have any problem. 

 

1. Which of the following mappings are injective, surjective, bijective function? 

         

Figure 1.30 

 Can you define a function?              

 Can you give two examples‟ functions?      

 Can you define one-to-one, onto and one-to-one correspondence 

function?   

 

           

 can you list types of functions?     

 Can you draw graphs of quadratic functions?         

 Can you find the domain of the functions?                                                                     

 Can you find the range of the functions?                                                                                           

     Checklist  

     Self-Test Exercise 3  
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2. Which of the following are one-to-one functions?     

a.    is the set of ordered pair                    

b.             given by           . 

3. Which of the following functions are onto? 

a.          ,              

b.     [      ,         

4.  Identify if the following function is an injective, surjective, and/or bijective function? 

       a.                                                    

5.  Construct tables of values of the following functions for the given domains: 

a.                                 

b.                                 

c.                                                         

d.      
 

 
                       

6. Draw the graph of the following functions.  

                            b.             

       c.                           d.                                

   

 

Applications involving relations 

  Section Overview 

Dear learner, in this section you will see application of relations and of functions. 

 

The data in table1.9 depicts the length of a woman‟s femur and her corresponding height. Based on 

these data, a forensics specialist can find a linear relationship between heights   and femur     :   

             ,        . 

                                                                     

 

Example 1 

Applications of Relations and Functions Section 4 

Section Objectives 

By the end of this section, you will be able to: - 

 solve Quadratic inequality. 

 find the Maximum and Minimum values of the functions. 
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                                                                  Table 1.9 

Length of 

femur (cm)    

Height (inches) 

  

45.5 65.5 

48.2 68.0 

41.8 62.2 

46.0 66.0 

50.4 70.5 

 

From this type of relation, the height of a woman can be inferred based on skeletal remains. 

a. Find the height of the woman whose femur is        . 

b. Find the height of the woman whose femur is          

Solution:  

a.                 

                                      

          The woman is approximately      inches tall. 

b.                  

                                      

            The woman is approximately             tall. 

If the equation           represents the area of the square, what is the perimeter of the square if 

    ? 

Solution:  

           factors into            

Since this represents the area of a square where length   width, then 

       length and       width 

Perimeter of a square   (length   width)                                

For        Perimeter                    

The width of a square is   less than twice its width. What is its length? 

Solution:  

When   less than a number, the algebraic symbol is is     

Example 2 

Example 3 



Unit 1 : Relations and Functions 
 

 
38 

Let the width be   

       when   is   less than    

              and    . In a square, length = width. So, the length is 1. 

Minimum and Maximum values of quadratic functions 

Dear learner, some of the application of functions will be treated like minimum and maximum value, 

solving inequality by graphical method.  

Suppose you throw a stone upward. The stone turns down after it reaches its maximum 

height. Similarly, a parabola turns after it reaches a maximum or a minimum y value.  

 

Let       be a quadratic function. Do you know how to determine the maximum or minimum value 

of           

The minimum value of a quadratic function expressed as                     is  . 

Similarly, the maximum value of                      is c. 

Find the maximum value of the function        –   
      –   , and sketch its graph. 

Solution:  

        –   
      –        

             –    
           ; 

        –         . 

The graph of        –          has vertex       and hence the maximum value of f is 1. 

In this case, the range of the function is {       }   (–   ] 

 

                       Figure 1.31 the graph of the function         –                                                                                             

Example 1 

Example 2 

 Activity 1.8 
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Graphical method of solving quadratic equations  

 

For the quadratic function:      , complete the table, and plot the pair of coordinates on the 

coordinate plane to draw the graph. 

Table 1.10 

  … -3 -2 -1 0 1 2 3 … 

  … 9 4 1      

 

In general, the graph of quadratic function has u-shaped curve and one extreme point, called vertex. 

In the Activity, the vertex of the function is      . In order to find the solutions of a quadratic 

equation using a graph: 

1. Rearrange the equation so that one side is equal to zero (if necessary). 

2. Draw the graph of the quadratic function. 

3. Read off the  -coordinate(s) of the point(s) where the curve crosses the  -axis. 

The quadratic function is transformed using completing the square method as follows: 

            =   (  
 

  
)
 
     

  

    =   (  
 

  
)
 
   

  

  
  

     =   (  
 

  
)
 
 

       

  
 

Hence, the vertex of the function is ( 
 

  
 
        

  
 ).  

(That is, translate       by  
 

  
  in  -axis direction, and by 

        

  
 in  -axis direction. 

It uses the vertex formula (
  

  
    

      

  
) to get the vertex which gives an idea of what values to 

choose to plot the points. If the graph of the quadratic function crosses the  -axis at two points then 

we have two solutions. The  -intercept(s) of a graph is/are the solution(s) of the equation. If the 

graph touches the  -axis at one point then we have one solution. If the graph does not intersect with 

the  -axis then the equation has no real solution. 

Find the solutions of the equation        graphically. 

Solution:  

Draw the graph of the quadratic function.        

Read off the  -coordinate(s) of the point(s)  

where the curve crosses the  -axis. 

Example 1 

 Activity 1.9 
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The roots are      and     

These are the solutions of        

                                                                                     

     

                                                                                 

                                                                                              

                                                                                                

                                                                                               Figure 1.32 the graph of the function                                                                              

Solve           graphically. 

Solution:  

The solution for the equation           can be obtained by looking at the points where the 

graph           cuts at the  -axis (i.e.    ).  

                  , hence the vertex is        

In addition to the vertex, plot some points, such as y-intercept        and other 

points              , (     to draw graph. 

The graph           cuts the  -axis at      and    . So, the solution for the equation is 

     and    .  

 

Figure 1.33 the graph of the function             . 

Solve             graphically. 

Solution:  

The solution for the equation             can be obtained by looking at the points where the 

graph           cuts at the  -axis (i.e.    ).  

                  , hence the vertex is       

Example 2 

Example 3 
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Plot other points, y-intercept       , and       , (     , (4, -1) to draw graph. 

The graph               cuts the  -axis only at    . So, the solution for the equation is 

   .   

 

Figure 1.34 the graph of the function               

Solve           graphically. 

Solution:  

The vertex for           is given by using completing the square method as follows:   

                                           

Then the vertex is (-2, 4).  Furthermore, coefficient of    is positive. Therefore, there is no x-

intercept and hence, no real solution to the equation           

 

Figure 1.35 the graph of the function              

 
In the graphs of quadratic functions, the sign on the coefficient   affects whether the graph opens up 

or down. If      then the graph opens up and if  <  , then the graph opens down. 

 

Example 4 

Note 
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Graphical method of solving quadratic inequalities (1)   

 

Given the following inequalities: 

a.                                b.    <                             c.              

d.                              e.                           f.          

1. Find the  -intercept and  -intercept of their respective equation. 

2. Which region (inside or outside the parabola satisfy the inequality)? 

 

In solving a quadratic inequality graphically, the following steps shall be followed. 

1. Write the quadratic inequality in standard form                          . 

2. Graph the function               using properties or transformations. 

3. Determine the solution from the graph. 

The graph of a quadratic function               is a parabola. When we ask   

        <  ,      <   (Figure 1.36). We want to know when the parabola is below the    x-

axis. When we ask            , we are asking when        (Figure 1.37). We want to 

know when the parabola is above the x -axis.    

 

Figure 1.36 the graph of the function               for     

 

Figure 1.37 the graph of the function               for  <   

 Activity 1.10 
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Solve        <   

Solution: 

Step 1: Write the quadratic inequality in standard form. The inequality is in standard form. 

Step 2: Graph the function                using properties or transformations. 

We will graph using the properties. 

Look at a  in the equation              .                 . Since a is positive, the 

parabola opens upward. 

                       . The vertex is       . Using table to find other points. 

            

                        

The  -intercepts are       and       . We graph the  -intercepts, and the y-intercept. We connect 

these points to sketch the parabola (Figure 1.38).      

  

Figure 1.38 the graph of the function               

Step 3: Determine the solution from the graph. 

The inequality asks for the values of   which make the function less than 0. Which values of   make 

the parabola below the  -axis? We do not include the values 2, 4 as the inequality is less than only. 

The solution, in interval notation is       or {   <  <  } for the quadratic inequality 

        <  .  

Graphical method of solving quadratic inequalities (2)  

Solve             graphically. Write the solution in interval notation. 

Solution:  

Example 1 

Example 2 
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Consider the equation               .                    . Since a  is negative, 

the parabola opens downward.                                            

We find         .  Hence         is the  -intercept. 

                             

                     . 

The vertex is       . Find other points using the table. 

                 

                         

So, the x-intercepts are        and       . We graph the vertex, intercepts. We connect these 

points to sketch the parabola (Figure 1.39).       

  

Figure 1.39 the graph of the function                 .  

The inequality asks for the values of   which make the function less than or equal to 0. We include 

the values    and    as the inequality is less than or equal to  . The solution, in interval notation is 

      ]  [      or {               } for the quadratic inequality             .  

 

Dear learner, now it is time to check your understanding about relation.  Read each question and 

put a tick (" √ “) if you can do the task and an “x” if you can’t on the space provided. 

 Can you define a function?             

 Can you define one-to-one, onto and one-to-one correspondence 

function?   

 

           

 Can you list types of functions?       

 Can you draw graphs of quadratic functions?     

 Can you find the domain of the functions?                                                                     

 Can you find the range of the functions?                                                                                           

     Checklist  
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If your response to the above check list questions is positive, proceed to do the self-test exercise 

given below and check your answer at the end of this module. If not please review the section again 

and again till you think you do not have any problem.      

 

1. There is 8m wire. With this wire, make a rectangle with length   m on one side.  

a. Express the width using  . 

b. Express the area S of the rectangle using  . 

c. If       , draw the graph     . 

d. Determine the domain and range of     . 

2. There is an isosceles triangle with height  cm.      

a. If the base is   cm and express the area S using   

b. Determine the domain and range of     . 

3. Find the vertex and the axis of symmetry of the following functions  

a.                –    

b.                

4. Determine the minimum or the maximum value of each of the following functions and draw the 

graphs: 

a.                                                   –    –       

5. A metal wire 40 cm long is cut into two and each piece is bent to form a square. If the sum 

of their areas is 58 sq.cm, how long is each piece?  

6. Use graphical method to solve the following. 

a.           b.                 

7. Solve the following quadratic inequalities graphically. Use the previous methods to check 

the answers. 

a.        <                b.              

 

 

 

 axis(orthogonal-axis)  leading coefficient                      vertex 

 Can you give two examples of functions?                                                                                                                     

     Self-Test Exercise 4  

Key terms 
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 axis of symmetry  linear function                            x-intercept 

 combination of functions  quadratic function                       y-intercept 

 constant function  relation  parabola 

 coordinate system  range  turning point 

 domain    slope  Function 

 

 

1. A Cartesian coordinate system in two dimensions (also called a rectangular coordinate 

system) is defined by an ordered pair of perpendicular lines (axes), a single unit of length for 

both axes, and an orientation for each axis. 

2. In relation, two things are related to each other by a relating phrase. 

3. A relation is the set of ordered pairs. 

4. The set of first components in the ordered pairs is called the domain of the relation. The set of 

second components in the ordered pairs is called the range of the relation. 

5. A function is a special type of relation in which no two distinct ordered pairs have the same 

first element. 

6. A function from        can sometimes be denoted as         where the domain of the 

function   is    and the range of the function   is included in  , in which we say   contains the 

image of the elements of   under the function of  . 

7. A numerical relation   is a function if and only if no vertical line in the plane intersects the 

graph of   in more than one point. 

8. If each element in the domain of a function has a distinct image in the co-domain, then function 

is said to be one -to- one function.  

9. A function is called an onto function if each element in the co-domain has at least one                   

pre – image in the domain. 

10. A function        is said to be a one- to-one correspondence if    is both one to one and onto. 

11. Let    and    be two functions with overlapping domains. We define the sum, difference, 

product, and quotient as: 

                                                                 

                                                  (
 

 
)     

    

    
 ,       

12. If   and    are fixed real numbers,      then           for every real number   is called 

a linear function. 

Unit Summary 

https://byjus.com/maths/one-to-one-function/
https://byjus.com/maths/onto-function/
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13. In           for            represent the slope,       represents the  - intercept and 

( 
 

 
  ) represent the  - intercept. 

14. A function defined by               where       are real numbers and     is called 

a quadratic function. The point   is the leading coefficient of     

15. We can sketch the graph of a linear function by using either a table of values, or the   and    

intercepts. 

16. We can sketch the graph of a quadratic function by using either a table of values, or shifting 

rule. 

17. The graph of               opens upward if     and downward if <    

18. The vertex is the point on the coordinate system at which a graph of a quadratic function turns 

either upward or downward. 

19. The axis of symmetry is a vertical line that passes through the vertex of the parabola. 

20. The domain and range of linear functions are the set of real numbers. 

21. The domain of a quadratic function            is the set of real numbers, whereas the 

range is;  

{     } if the leading coefficient is positive and c is the value of                . 

{     } if the leading coefficient is negative and   is the value of    at the vertex. 

                   In this case,       (  
 

  
)
 
 

(      )

  
. The coordinate of the 

vertex is ( 
 

  
  

(      )

  
). If      the range is {    

      

  
}.  

If  <    the range is{    
      

  
}  

 

Part-I  Write true if the statement is correct and false if the statement is incorrect. 

1. Every function is a relation. 

2. The range of a quadratic function            is the set of real numbers. 

3. The maximum value of                      is c. 

4. If      √      and      √ 
 

, then             . 

5. Every an onto function is a one-to-one function. 

Part-II Chose the correct answer 

1. Given a relation   {         is greater than  }. Which of the following ordered pairs belong to 

the relation R?  

A.    {                                       }. 

B.   {                                } 

Unit-1 Review Exercises 
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C.   {                                            } 

D.   {                                                  } 

2. Let           and             , then which one of the following  statement is not 

correct?                                   

A. The domain of      is the set of all real numbers. 

B. The domain of     is the set of all real numbers.  

C. The domain of 
 

 
 is the set of real numbers except  . 

D. The range of     is the set of all real numbers. 

3. The figure shown below is the graphical representation of a relation. Which one of the following 

relations is represented by the shaded region?                                   

A. {        
 

 
            }       

B. {        
 

 
            }   

C. {        
 

 
          } 

D. {        
 

 
        <  } 

 

                                    

    

4. Let a function   be given as                 where   and   are positive real numbers. 

Which of the following is true about the graph of  ?  

A. The y- intercept is   . 

B. It is increasing for  <  . 

C. The x-intercept is 
   

   
. 

D. Its slope is  . 

5. Which of the following functions is a bijective function?                 

A.          

B.           

C.         

D. All 

Part-III Fill in the blank space 

1. A function is called ____________function if each element in the co-domain has at least one pre-

image in the domain. 

2. If           and            then            is equal to _____________ 

3. Let   {                          } 

a. Does     ) belong to the relation? Why? 

b. Is true that if       belongs to  , then       belongs to  ? 

y x-2y=0 

x 
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c. If       and      belong to  , then is it true that       belongs to  ? 

4. If a function   is given by              , then what is the range of   ? 

5. Let   {                          }, then the domain of F is____________________ 

      and the range of  F is ________________________ 

Part-IV Work out 

1. Find the domain and range of each of the following relations: 

a.     {            }. 

b.  R is the relation which contains the set of order pairs         contains    

                       and      .          

c.    {         √    }. 

d.    {                         }.    

2. Sketch the graph of each of the following relations and find the domain and range.  

a.  R is the relation which contains the set of order pairs              . 

b.  R is the relation which contains the set of order pairs             . 

c.  R is the relation which contains the set of order pairs              . 

d. R is the relation which contains the set of order pairs              . 

e. R is the relation which contains the set of order pairs             and  <    . 

f. R is the relation which contains the set of order pairs         <      and      .   

3. For the following graph (Figure 1.40), specify the relation and write down the domain and range:

     

 

                                                                   

 

 

 

 

 

                                                               Figure 1.40 

4. Let                and                 

a. Find: i)               ii)              iii)                  iv)            

b. Determine the domain of     . 

 5.  Let             and         , then   

a. Evaluate:  i)        ii) 
 

 
     iii)            iv) (

 

 
)                                     

b. Find the domain of  
 

 
. 
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6. Construct tables of values and sketch each of the following: 

a.                                  b.          

        c.                            

7. A mobile phone technician uses the linear function             to determine the cost of 

repair where the time in the hours is   and      is the cost in Birr. How much will you pay if it 

takes him 3 hours to repair your mobile?   
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Polynomial Functions 

 Introduction 

Dear learner, in unit one of this text book, you saw functions of the form 

            n          . You also attempted to sketch their graphs. These functions 

are parts of a large class of functions called polynomial functions.  

This unit is divided into five sections. In the first section we shall define polynomial function and 

discuss about degree, leading coefficient and constant term of this function. 

In the second section we will discuss about the four fundamental operations on polynomial functions. 

These are addition, subtraction, multiplication and division of polynomial functions. 

The third section is about theorems on polynomial functions. In this section we will see facts on 

polynomial functions. These are polynomial division theorem, remainder theorem and factor 

theorem.  

In the fourth section we will discuss about the zeros of a polynomial function, the location theorem 

and the rational zero test. 

The fifth section is about the properties of the graph of polynomial function. In this section we will 

see how the leading coefficient and the degree of a polynomial function determine the end property 

of the graph of the function. 

In the six section we will see some applications of polynomial functions. 

 

 Learning Outcomes 

At the end of this unit, you will be able to: 

 define polynomial functions. 

 perform the four fundamental operations on polynomials.  

 apply theorems on polynomial functions to solve related problems. 

 

 

 

 

   UNIT 2 
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Unit Learning Strategies 

We would like to mention the following for your study of this chapter.  

 Create a schedule and follow it. Scheduling makes you more practical. 

 Dear learner, if you want to learn mathematics you have to do mathematics everywhere and 

every time. So, read repeatedly and do the worked examples until you get the steps and apply 

it to self-test exercises. Moreover, from your work you will find a pattern that you need to 

repeat it to solve the next review exercise 

 When you attain what you had intended for a specific learning session, you should reward 

yourself with anything positive. This makes you more inspired to keep moving and cherish 

your learning and achievements. 

 

  Section Overview 

Dear learner, you are familiar with functions like constant functions, linear functions and quadratic 

functions in unit one. These functions are parts of a large class of function called polynomial 

functions that we are going to define now. In addition, terms like degree, leading coefficient and 

constant term of a polynomial function will be defined. 

 

 determine the rational and irrational zeros of polynomials. 

 sketch the graphs of polynomial functions. 

Unit contents 

Section 1: Definition of polynomial function  

Section 2: Operations on polynomial functions  

Section 3: Theorem on polynomial functions  

Section 4: Zeros of a Polynomial Function 

Section 5: Graphs of Polynomial Functions 

Section 6: Applications 

 Definition of polynomial function Section 1 

 Section Objectives 

By the end of this section, you will be able to: - 

 define polynomial functions. 

 identify the degree, leading coefficient and constant term of a polynomial function. 
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Classify the following functions as constant function, linear function, quadratic function or none of 

these: 

a.  ( )                             b.  ( )                    c.  ( )    
 

 
                                  

d.  ( )                                   e.   ( )                         f.    ( )   √  √  

g.  ( )  (   )(   )         h.   ( )    | |                   i.  ( )               

 

Have you done it? Well! 

A function   is a constant function if it can be written in the form  ( )     where   is a real 

number. The domain of   is the set of all real numbers and the range is the set containing only the 

number    

A function   is a linear function if it can be written in the form  ( )        where    n    are 

real numbers and    . The domain of   is the set of all real numbers and the range is also the set 

of all real numbers. 

A function   is a quadratic function if it can be written in the form  ( )            where 

     n    are real numbers and    . The domain of   is the set of all real numbers                        

and the range is not the set of all real numbers and it depends on the values of      n   . 

Now, we give the definition of the class of function called polynomial function. You will see that 

constant function, linear function and quadratic function are special cases of this function.  

 

In the above definition of polynomial function 

i.                                  are called coefficients.  

ii. The number    is called the leading coefficient and     
  is the leading term. 

iii. The number   (the exponent of the highest power of  ) is called the degree. 

iv. The number    is called the constant term.  

 

Do you remember the general form of a constant function, a linear function and a 

quadratic function?  Can you write the domains and the ranges of these functions? 

 Activity 2.1 

 

 

Let 𝑛 be non-negative integer and let 𝑎𝑛  𝑎𝑛                𝑎   𝑎   𝑎  be real numbers 

with 𝑎𝑛     The function                                         

𝑝(𝑥)  𝑎𝑛 𝑥
𝑛   𝑎𝑛  𝑥

𝑛              𝑎 𝑥
   𝑎 𝑥   𝑎  is called a polynomial 

function in one variable 𝑥 of degree 𝑛. 

 

Definition 2.1 
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    ( )          is a constant function,  ( )               is a linear function and                                                    

    ( )     
                 is a quadratic function. 

 

 

Find the degree, leading coefficient and constant term of the following polynomial functions. 

a.  ( )                                                       b.   ( )        

c.   ( )                                       d.   ( )             
 

 
 

e.    ( )                        f.   ( )         
 

 
             

g.   ( )   (   
 

 
    )         

Solution:  

a.  ( )       , it is a polynomial function with degree 0, leading coefficient 9 and constant 

term 9. 

b. It is a polynomial function with degree 1, leading coefficient -2 and constant term 5. 

c. It is a polynomial function with degree 2, leading coefficient 3 and constant term   . 

d. It is a polynomial function with degree 3, leading coefficient 3 and constant term 
 

 
. 

e. It is a polynomial function with degree 4, leading coefficient -5 and constant term 7. 

f. You can rearrange the polynomial function   using commutative property of addition like 

 ( )             
 

 
        and it is a polynomial function with degree 5, 

leading coefficient 4 and constant term   . 

g.  ( )   (   
 

 
    )                           

                                                                             .  

Therefore, the degree is 4, the leading coefficient is 3 and the constant term is   . 

Example 1 

 

Are constant, linear and quadratic functions polynomial functions? 

What is the degree of a constant, a linear and a quadratic function? 

 The domain of a polynomial function is the set of all real numbers. 

 Constant, linear and quadratic functions are polynomial functions with degree 

0, 1 and 2, respectively. 

 The constant function 𝑓(𝑥)    is called the zero polynomial with no degree 

assigned to it. 
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Determine if the following are polynomial function or not. 

   1.   ( )                                                        2.   ( )      

Solution:  

   1.   ( )              is not a polynomial function because    and    are not  

        positive integers.  

   2.   ( )     is not a polynomial function because it can’t take the form of the general  

         polynomial function.  

Which of the following are polynomial functions? For those which are polynomials, find the degree, 

leading coefficient and constant term. 

      a.     ( )          
 

 
                       b.   ( )  (   )(   )`  

      c.     ( )                                   d.    ( )  √  

      e.     ( )    
 

    
 

                        f.    ( )  √        √
 

 
                                               

Solution:  

a. You can rearrange it as  ( )           
 

 
  and it is a polynomial function with 

degree 3, leading coefficient    and constant term  . 

b.  ( )  (   )(   )       , it is a polynomial function with degree 2, leading 

coefficient    and constant term 4. 

c.  ( )             is not a polynomial function because in the term      ,      is 

not a positive integer. 

d.  ( )  √  is not a polynomial function because it cannot be written in the general form of 

polynomial function, because the variable   is inside a radical sign.  

e.  ( )    
 

    
 

      is not a polynomial function because 
 

 
 and 

 

 
  are not integers. 

Example 2 

Example 3 

There are two ways to check whether a given function is not a polynomial function. 

 Its domain is not all real numbers. 

 It does not take the form or unable to transform it to the form                                               

𝑝(𝑥)  𝑎𝑛 𝑥
𝑛   𝑎𝑛  𝑥

𝑛              𝑎 𝑥
   𝑎 𝑥   𝑎 , where n is non 

negative-integer  (   or positive integers) and 𝑎𝑛  𝑎𝑛       𝑎   𝑎   𝑎   are real 

numbers with 𝑎𝑛   . 
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f. It is a polynomial function with degree 3, leading coefficient √  and constant term  √
 

 
 

 

Dear learner, now it is time to check your understanding about polynomial function.  Read each 

question and put a mark (" √ ") in the box that is the appropriate choice to you.    

 

 

 

 

 

 

 

 

 

If your response to the above check list questions is positive, proceed to do the self-test exercise 

given below and check your answer at the end of this module. If not please review the section again 

and again until you think you have clear understanding about it. 

 

1. Find the degree, leading coefficient and constant term of the following polynomial functions. 

     a.  ( )                                             b.  ( )                

     c.   ( )                                          d.   ( )                   

     e.   ( )          (            
 

 
) 

2.  Which of the following are polynomial functions?  For those which are polynomials, find  

      the degree, leading coefficient and constant term. 

a.  ( )              b.   ( )      
 

 
       

       c.  ( )                                d.   ( )  √   √  

e.  ( )   
 

 
   √   

 

 
   f.  ( )  

 

  
 
 

  
   

g.  ( )            
           

 
 h.  ( )  (   )(      ) 

i.  ( )  √(    )   j.  ( )  |     | 

 

 Yes No 

 Can you define a polynomial function?                                                                      

 Can you identify the degree, leading coefficient and constant 

terms of a polynomial function?                                                                                

            

 Can you give two examples of polynomial functions whose 

degree is 5?      

            

 Can you give two examples of a function which are not 

polynomial functions? 

            

     Checklist  

     Self-Test Exercise 1  
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 Section Overview 

Dear learner, remember that in algebra we can combine two real numbers using the operations 

addition, subtraction, multiplication and division to find another real number. You know the 

restriction we have to make when we use the operation division. Here, we will combine two or more 

polynomial functions using the operations addition, subtraction, multiplication and division and 

discuss the results obtained by the combination. To combine polynomial functions the knowledge of 

commutative, associative and distributive laws, like and unlike terms is very important. 

 

 

1.  Which of the following pairs contain like terms? 

      a.       and                               b.         and                          c.        and                                     

      d.       and                             e.         and                               f.       and     

2.  For any three real numbers      n     determine whether each of the following 

     statements is true or false. Give reason for your answer. 

      a.                            b.                          c.   (   )      (   )                   

      d.   (  )   (  )                 e.   (   )               f.    (   )        

      g.     (   )                h. (   )      (    ) 

 

Have you done it? Well! 

2.1 Addition of Polynomial Functions 

Dear learner, you know that we can add two or more numbers using the operation addition (+) to get 

another number. For example,      ,          ,        , etc. likewise, you can 

add two polynomial functions to get another polynomial function.  

Operations on Polynomial Functions Section 2 

Section objectives 

By the end of this section, you will be able to:  

 find the sum of two polynomial functions. 

 compute the difference of two polynomial functions. 

 determine the product of two polynomial functions. 

 perform the quotient of two polynomial functions.  

 

 Activity 2.2 
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In activity 2.2, you know the meaning of like terms. For example,      n      are like terms and we 

can group them as          and add them to get    . But     and     are not like terms. You can 

simply put          for their sum. 

 

In each of the following, find the sum of  ( )  n   ( ). 

a.  ( )                n   ( )                      

b.  ( )                   n   ( )                  

c.  ( )                   n   ( )                    

d.   ( )  
 

 
   

 

 
     n   ( )   

 

 
   

 

 
    

Solution: 

a.  ( )   ( ) 

         =   (            )  (                   ) 

         =      (       )  (        )  (      )  (    ) (Grouping like term)                                                                                                                                                 

                             (Adding like term)    

 

b.  ( )   ( ) 

  = (                )  (               ) 

  = (      )  (        )  (      )  (     )  (   ) (Grouping like terms) 

         =                   (Adding like terms) 

 

Example 1 

 

 

The sum of two polynomial functions 𝑓 and 𝑔  is written as 𝑓  𝑔 and is defined as: 

                       (𝑓  𝑔)(𝑥)  𝑓(𝑥)  𝑔(𝑥) for all real numbers 𝑥. 

Definition 2.1 

The sum of two polynomial functions is found by grouping like terms and adding 

the coefficients of the like terms.  

 

Which function has higher degree 𝑓 or 𝑔? 

What is the degree of 𝑓  𝑔? 

What relation do you see about the degrees of 𝑓  𝑔 and 𝑔? 

 

What is the degree of 𝑓  𝑔? 

What relation do you observe about the degrees of 𝑓 𝑔  n  𝑓  𝑔? 
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c.    ( )   ( ) 

         (               )  (                 ) 

        = (       )  (       )  (       )  (    )  (   ) (Grouping like terms) 

        =               (Adding like terms) 

 

   d.        ( )   ( )    (
 

 
   

 

 
    )  (

 

 
   

 

 
   )                             

                        = (
 

 
   

 

 
  )  (

 

 
  

 

 
 )  (    ) (Grouping like term)                                                                

                        =   
 

 
   

 

 
    (Adding like terms) 

                        =      
 

 
    (simplifying coefficient of   , 

 

 
  ) 

Dear learner, from the above examples, we can take the following observations. 

2.2 Subtraction of Polynomial Functions 
You know that we can find the difference of two numbers using the operation subtraction (-). For 

example,      ,         and       , etc. Similarly, we can find the difference of two 

polynomial functions. Grouping like terms is necessary to find the difference. 

 

In each of the following, find    . 

     a.   ( )               and   ( )              . 

     b.   ( )                and   ( )               . 

      c.   ( )                       and    ( )                 . 

Example 2 

 

What do you see about the leading coefficients of 𝑓  n  𝑔? 

What is the degree of 𝑓  𝑔? 

Is the degree of 𝑓  𝑔 lower than the degree of 𝑓 and the degree 𝑔? 

1. If 𝑓(𝑥)  n  𝑔(𝑥) have different degrees, the degree of 𝑓(𝑥)  𝑔(𝑥) is the same as 

the degree of 𝑓(𝑥) or the degree of 𝑔(𝑥) whichever has the highest degree. 

2. If 𝑓(𝑥) and 𝑔(𝑥) have the same degree, the degree of the sum may be lower than 

or equal to the common degree. 

3. The sum of two polynomial functions is a polynomial function. 

 

 

 

The difference of two polynomial functions 𝑓 and 𝑔 is written as 𝑓  𝑔, and is 

defined as 

                           (𝑓  𝑔)(𝑥)  𝑓(𝑥)  𝑔(𝑥) for all real numbers x. 

Definition 2.3 
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Solution:  

a.  ( )   ( )  (            )  (            )        

                      =                          (Removing brackets) 

                      = (       )  (       )  (     )  (   ) (Grouping like terms) 

                      =           (Adding like terms) 

 

b.  ( )   ( )  (             )  (             )        

                  =                             (Removing brackets) 

                       = (        )  (       )  (     )  (   ) (Grouping like terms)                                                                

                 =               (Adding like terms) 

                 =         . 

 

c.  ( )   ( )  (                     )  (               ) 

          =                                       (Removing Brackets)                                                                    

          =      (       )  (      )  (       )  (     )  (    )                    

               (Grouping like terms)                                                                                      

       =                      (Adding like terms) 

       =              . 

 

  Dear student, from the above examples, we can take the following observations. 

 

 

 

 

What is the degree of 𝑓  𝑔? 

What relation do you observe about the degrees of 𝑓 𝑔  n  𝑓  𝑔? 

 

What do you see about the leading coefficients of 𝑓  n  𝑔? 

What is the degree of 𝑓  𝑔? 

Is the degree of 𝑓  𝑔 lower than the degree of 𝑓 and the degree 𝑔? 

 

 

Which function has higher degree 𝑓 or 𝑔? 

What is the degree of 𝑓  𝑔? 

What relation do you see about the degrees of 𝑓  𝑔 and 𝑔? 

 

1. If 𝑓(𝑥)  n  𝑔(𝑥) have different degrees, the degree of 𝑓(𝑥)  𝑔(𝑥) is the same as 

the degree of 𝑓(𝑥) or the degree of 𝑔(𝑥) whichever has the highest degree. 

2.   If 𝑓(𝑥) and 𝑔(𝑥) have the same degree, the degree of the sum may be lower or   

      equal to the common degree. 

3.   The difference of two polynomial functions is a polynomial function. 
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2.3 Multiplication of Polynomial Functions 

Dear learner, you know how to find the product of two numbers using the operation multiplication 

( ). For example,       , (   )  (  )     and         , etc. You can also multiply 

one polynomial function by another polynomial function to get a polynomial function.  

 

1.  Find  ( )   ( ) where  ( )       and   ( )          . 

2.  Let  ( )          and   ( )               then 

a. Find  ( )   ( ). 

b. Is  ( )   ( ) a polynomial function? 

c. Find the degree of       n     . 

d. Is the degree of     equal to the sum of the degrees of    n   ? 

Solution:  

   1.     ( )   ( )  = (    )(         ) 

                  =   (         )   (         )  (Distributive property) 

                  = (   )(   )  (  )(   )  (  )( )  ( )(   )  ( )(   )  ( )( )          

                                                       (Distributive property)                                         

                  =                         

                  =                         

                  =             . 

    2.   a.     ( )   ( )  = (        )(              ) 

         =   (             )  (   )(             )   (            )                 

                                                                                                                              (Distributive property) 

         =                                              

                                                        (Distributive property)                                         

         =                                              

         =                      . 

Example 3 

 

 

The product of two polynomial functions 𝑓(𝑥) and 𝑔(𝑥) is written as 𝑓  𝑔, and is 

defined as: 

                                   (𝑓  𝑔)(𝑥)  𝑓(𝑥)  𝑔(𝑥) for all real numbers x. 

The product of two polynomials 𝑓(𝑥) and 𝑔(𝑥) is found by multiplying each term of 

one by every term of the other as shown in the following example. 

Definition 2.4 



Unit 2 : Polynomial Functions 
 

 
62 

     b. Yes. 

      c.  Degree of   is  , degree of   is 3 and degree of     is  . 

     d.  Yes. 

Dear student, from the above examples, you can have the following observations. 

 

Dear student, to find the product of two polynomial functions, we can also use a vertical arrangement 

for multiplication. This is shown by Example 2 of this section. 

Find ( )   ( ) , if  ( )                ,   ( )          . 

Solution:  

We arrange the polynomials in a vertical column and multiply each term of the second polynomial 

by each term of the first polynomial as indicated along with the following solution. 

                                           
               
                            

} 

                                                             (Multiplying by 2) 

                                                 (Multiplying by    ) 

                                          (Multiplying by    ) 

                                        (Adding like terms vertically) 

Thus,  ( )  ( )                                 . 

2.4 Division of Polynomial Functions 

A number that takes the form 
 

 
, where   and   are integers and     is called a rational number. If 

  is positive integer, we can divide   by   to find two other integers   and   with       such 

that  
 

 
   

 

 
. Here,   is called the dividend,   is called the 

divisor,   is called the quotient and   is called the remainder. 

For example, to find   and   when 50 is divided by 3, you usually 

use a process called long division as follows: 

Hence,      
  

 
    

 

 
. 

Example 4 

1. For any two non-zero polynomial functions 𝑓  n  𝑔, the degree of 𝑓  𝑔 is      𝑚  

𝑛 if the degree of 𝑓 is 𝑚 and the degree of 𝑔 is n. 

2. If either 𝑓 or 𝑔 is the zero polynomial then 𝑓  𝑔 becomes the zero polynomial and 

has no degree. 

3. The product of two polynomial functions is a polynomial function. 
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Here, 50 is the dividend, 3 is the divisor, 16 is the quotient and 2 is the remainder.  

In almost a similar way, we can divide one polynomial by another polynomial 

 

For each of the following, divide the number a by the number b to find two numbers q (quotient) and 

r (remainder) with     such that  
 

 
   

 

 
 if 

i.          and    .                       ii.         and    .         

iii.         and     .                   iv.         and     . 

 

 

Dear learner, it is possible to divide one polynomial by another using a long division process. When 

you are asked to divide one polynomial function by another, stop the division process when you get a 

quotient and remainder that are polynomial functions and the degree of the remainder polynomial is 

less than the degree of the divisor polynomial. 

Find ( )   ( ) , where  ( )              and  ( )      . 

Solution:  

 

So, dividing              by      gives a quotient          and a remainder 5. 

 

Example 5 

 Activity 2.3 

 

 

The division (Quotient) of two polynomial functions 𝑓 and 𝑔 is written as  𝑓  𝑔, 

and is defined as (𝑓  𝑔)(𝑥)  𝑓(𝑥)  𝑔(𝑥), for all real numbers 𝑥 and 

𝑔(𝑥)    (zero polynomi l).  

Definition 2.6 
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Dear learner, now it is time to check your understanding about operations on polynomial functions.  

Read each question and put a mark (" √ ") in the box that is the appropriate choice to you.   

If your response to the above check list questions is positive, proceed to do the self-test exercise given 

below and check your answer at the end of this module. If not please review the section again so that 

you can have clear understanding 

 

1. Find the sum of the polynomial functions  ( )  n   ( ). 

     a.   ( )              and  ( )                   . 

      b.   ( )                   and   ( )                   . 

c.   ( )                     and  ( )              . 

d.   ( )  √               √   and   ( )   √             √   . 

2.  In each of the following find   ( )    ( ). 

      a.   ( )                  and   ( )              . 

       b.   ( )   
 

 
           

 

 
    and   ( )  

 

 
          

 

 
    

       c.   ( )                        and  ( )               . 

 d.   ( )   √               √   and  ( )  √             √     

3. Evaluate  ( )   ( ).  

        a.   ( )       and  ( )          

         b.   ( )           and  ( )          

         c.   ( )         and  ( )        

 Yes No 

 Can you find the sum of two polynomial functions?                                                   

 Can you determine the degree of the sum of two polynomial 

functions based on the degrees of the summands?                                                           

            

 Can you find the difference of two polynomial functions?                                          

 Can you find the product of two polynomial functions?                                              

 Can you determine the degree of the product of two polynomial 

functions based on the degrees of the polynomials?                                        

            

 Can you find the quotient of two polynomial functions by using 

long division? 

            

     Checklist  

     Self-Test Exercise 2  
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4. Find the product of  ( )  n   ( ) using vertical arrangement. 

      a.   ( )           and  ( )      . 

       b.   ( )               and  ( )        . 

       c.   ( )              and  ( )          . 

5. In each of the following, find the quotient  ( ) and the remainder  ( ) when  ( ) is  

    divided by  ( ). 

   a.   ( )              and  ( )     . 

    b.   ( )               and  ( )       . 

    c.   ( )            and  ( )     . 

 

 

 Section Overview 

Dear learner, in this section you will see three facts about polynomial functions. The facts are 

stated by theorems. The theorems are the polynomial division theorem, the remainder theorem 

and the factor theorem. 

 

3.1 Polynomial Division Theorem 

 

For each of the following, divide the number a by the number b to find two numbers q (quotient) and 

r (remainder) with     such that         if 

i.          and    .                        

ii.         and    .         

iii.         and     .                    

iv.         and      . 

 

Theorems on Polynomials Section 3 

Section objectives 

By the end of this section, you will be able to: - 

 state the polynomial division theorem. 

 apply the polynomial division theorem. 

 state and apply the factor theorem. 

 

 Activity 2.4 
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For each of the following pairs of polynomials, find polynomials  ( ) and  ( ) such that 

 ( )   ( ) ( )   ( ). 

a.  ( )          ( )     . 

b.  ( )                   ( )      . 

Solution:    

a.    

 

 

 

 

 

 

 

     

 

      ( )         and  ( )   . Since  ( )     we say that       is exactly divisible                     

      by      and       = (      )(   )+0 = (      )(   ). 

 

b.  

 

 

 

 

 

Example 1 

Theorem 2.1 (Polynomial Division Theorem) 

𝑓(𝑥)  𝑑(𝑥)𝑞(𝑥)  𝑟(𝑥) 

If 𝑓(𝑥) and 𝑑(𝑥) are polynomials such that 𝑑(𝑥)   , and the degree of 𝑑(𝑥) is less than or 

equal to the degree of 𝑓(𝑥), then there exist unique polynomials 𝑞(𝑥) and 𝑟(𝑥) such that  

where, 𝑟(𝑥)    or the degree of 𝑟(𝑥) is less than the degree of 𝑑(𝑥).  

If the remainder 𝑟(𝑥) is zero, then we say 𝑑(𝑥) divides 𝑓(𝑥) exactly. 

 

Can you check by expanding (𝑥  𝑥   )(𝑥   ),  

that (𝑥  𝑥   )(𝑥   ) = 𝑥   ? 
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The quotient is  ( )        and the remainder is  ( )        such that                       

             (     )(    )  (     ). 

 

3.2 Remainder Theorem 

 

Find the remainder when the polynomial  ( ) is divided by the polynomial     for the given 

number  . Compare the result you obtained with  ( ).  

a.  ( )                

b.  ( )                   

 

 

In each of the following pairs of polynomials, use remainder theorem to find the remainder 

when  ( ) is divided by  ( ). 

a.  ( )                  ( )     . 

b.  ( )         ( )     . 

c.  ( )               ;  ( )     . 

d.  ( )            ;  ( )     . 

Solution:  

 a.   ( )        (  ). Therefore      and the remainder is                             

         ( )   (  )   (  )   (  )   (  )              . 

 

  b.   ( )        therefore     and the remainder is                                                 

         ( )   ( )              . 

 

Example 2 

 
Can you check   𝑥  𝑥   𝑥    (  𝑥   )(𝑥   )  (  𝑥   )? 

 

 Activity 2.5 

Theorem 2.2 (Remainder theorem) 

Let 𝑓(𝑥) be a polynomial of degree greater than or equal to   and let 𝑐 be any real number. If 

𝑓(𝑥) is divided by the linear polynomial (𝑥  𝑐), then the remainder is 𝑓(𝑐). 

 

 

Can you check that the remainder is 2 by dividing 𝑓(𝑥)   𝑥   𝑥   𝑥    by 

𝑑(𝑥)  𝑥    using long division?  

 

Can you check that the remainder is 19 by dividing 𝑓(𝑥)  𝑥     by        

𝑑(𝑥)  𝑥    using long division?  
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       c.    ( )     , therefore     and the remainder is      

           ( )   ( )       ( )          . 

    d.    ( )        (  ), therefore      and the remainder is    

             (  )    (  )          . 

a.  Find the value of   such that when             is divided by    , the remainder is 10.  

b.  Find the value of a and b such that when             is divided by     and     the 

     remainder is 4 and -5, respectively. 

Solution:  

a.  Let  ( )              , by the remainder theorem when  ( ) is divided by 

         the remainder is  ( )   ( )   ( )         . Since the remainder is  

     given as   , we have        and solving for  , we have    . 

b.  Let  ( )             . When  ( ) is divided by     the remainder is  

      (  )  (  )   (  )   (  )          . 

Since the remainder is 4,         , 

                                                            (1). 

When  ( ) is divided by     the remainder is  

      ( )  ( )   ( )   ( )           . 

Since the remainder is -5,           , 

                                                    

                                                           (2). 

From (1) and (2) we have      n       . 

3.3 Factor Theorem 

Remember that in the case of multiplication of polynomials, we multiply two or more polynomials to 

find another polynomial.  

For example, (   )(    )         . 

The polynomial         is called product or multiple and (   ) and (    ) are called 

factors. Factoring a polynomial means writing it as the product of its polynomial factors.  

The following theorem is known as the factor theorem. It is very helpful to check whether a linear 

polynomial is a factor of a given polynomial or not. 

 

Let  ( )            . 

Example 3 

 Activity 2.6 
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a. Find  ( ). 

b. Find the quotient  ( ) and the remainder  ( ) when  ( ) is divided by    . 

c. Express  ( ) as  ( )  (   ) ( )   ( )  

d. Is (   ) a factor of  ( )? 

 

 

a.   Show that     is a factor of  ( )          . 

b.  Show that      n      are factors but     is not factor of                                          

      ( )              . 

Solution: 

a.  Since       (  ) has the form    , the value of     . 

     Now,  ( )   (  )  (  )   (  )     , then by the factor theorem     is a  

     factor of         . 

b.   Since       (  ) has the form    , the value of     . 

       ( )   (  )  (  )  (  )  (  )  (  )     . Then by the factor theorem        

           is a factor of  ( ). 

       Since     has the form    , the value of    . 

        ( )   ( )  ( )  ( )  ( )  ( )     . Then by the factor theorem     is a        

       factor of  ( ). 

       Since       (  ) has the form    , the value of     . 

        ( )   (  )  (  )  (  )  (  )  (  )        . Then by the factor     

       theorem     is not a factor of  ( ). 

a.  Find the number   such that     is a factor of              . 

b.  Find the values of a and b in the polynomial             such that     and       

     are its factors. 

Solution: 

Example 4 

Example 5 

Theorem 2. 3 (Factor theorem) 

Let 𝑓(𝑥) be a polynomial of degree greater than or equal to one, and let 𝑐 be any real number, 

then  

               1.   if 𝑓(𝑐)    then 𝑥  𝑐 is a factor of 𝑓(𝑥). 

               2.   if 𝑥  𝑐 is a factor of 𝑓(𝑥) then  𝑓(𝑐)   . 
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a.  Let  ( )               .                         

           (  ) is a factor of   implies  (  )   . 

    That is,   (  )     

                    (  )   (  )    (  )      

                              

                         

     

  b.  Let  ( )             . 

           is a factor of  ( ) implies  (  )   . 

       On the other hand, 

         (  )  (  )   (  )   (  )         . 

        Therefore,         

                                           (1) 

           is a factor of  ( ) implies  ( )   . 

       On the other hand, 

        ( )  ( )   ( )   ( )            . 

       Therefore,           

                                            (2) 

       From (1) and (2) we have       n     . 

 

Dear learner, now it is time to check your understanding about the theorems on polynomial 

functions.  Read each question and put a mark (" √ ") in the box that is the appropriate choice to 

you.   

 Yes No 

 Can you state the polynomial Division Theorem?             

 Can you divide a polynomial   ( ) by a non-zero polynomial 

 ( ) and find a quotient  ( ) and a remainder  ( ) that satisfy 

the polynomial division theorem. 

            

 Can you state the Remainder Theorem?             

 Can you find the remainder when a polynomial  ( ) is divided 

by     ?                              

            

 Can you state the Factor Theorem?             

     Checklist  
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If your response to the above check list questions is positive, proceed to do the self-test exercise 

given below and check your answer at the end of this module. If not please review the section again 

and again until you think you have clear understanding about it. 

1. For each of the following pairs of polynomials, find the quotient  ( ) and the remainder  

     ( ) that satisfy the polynomial division theorem if 

a.  ( )             ( )      . 

b.  ( )                  ( )         . 

c.  ( )                   ( )       

d.  ( )                  ( )     . 

e.  ( )        ( )     . 

2. In each of the following, use the remainder theorem to find the remainder when  ( ) is   

    divided by  ( ).  

a.  ( )           ,  ( )      

b.    ( )                   ( )     . 

c.    ( )                       ( )     . 

d.    ( )                  ( )     . 

e.     ( )            ( )    
 

 
. 

3.  When              is divided by      the remainder is 5. Find the value of  . 

4.  Find the values of     n    such that when              is divided by      and        

          the remainder is -2 and 4, respectively. 

5. Show that     is a factor of  ( )         . 

6.  Which of the following is a factor of  ( )             ? 

      a.              b.               c.                d.      

7.  In each of the following, determine whether     is a factor of  ( ). 

a.  ( )                       . 

b.  ( )                     
 

 
. 

c.  ( )                   . 

8.  In each of the following, find a number   satisfying the given condition.  

a.      is a factor of                . 

 Can you determine whether     is a factor of a polynomial 

 ( ) or not?                                  

            

     Self-Test Exercise 3  
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b.       is a factor of                    . 

9.  Find the values of a and b in the polynomial                   such that      

         and     are its factors. 

 

 

Dear student, from your grade 9 mathematics lesson, you know how to find the solution or root of 

linear and quadratic equations. That is the roots of equations of the form        and 

           .  

In this section, we will define another name for a root of the equation  ( )   . We call this name 

the zero of  ( ). We will also try to find a zero of some polynomial functions.  

In relation with a zero of a polynomial function, we will also discuss on some terms like multiplicity, 

location theorem and rational zeros. 

 

 

Find the solution of the following equations. 

a.                             b.   
 

 
  

 

 
  (  

 

 
)     

c.   (    )(    )                    d.               

            e.                             f.          

 

4.1 Definition of Zeros of a Polynomial Function. 

 

Zeros of a Polynomial Function Section 4 

Section Outcomes 

By the end of this section, you will be able to: - 

 compute the zeros of some polynomial functions. 

 Verify that a polynomial function has a zero between two real numbers 𝑎 and 𝑏 

with 𝑎  𝑏.  

 find the rational zeros of a polynomial function. 

 Activity 2.7 

 

 

For a polynomial function 𝑓(𝑥) and a real number 𝑐, if 𝑓(𝑐)    then 𝑐 is a zero of 

𝑓. 

Definition 2.7 
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a. Find the zeros of  ( )  (   )(    )(    ). 

b. Determine the zeros of  ( )            . 

c. If     is one zero of  ( )              , then find the rest of real zeros     

and rewrite  ( ) as a product of its factors. 

Solution: 

a.  ( )    

(   )(    )(    )    

      or        or        

    or    
 

 
  or   

 

 
 

Therefore,         
 

 
   n     

 

 
 are the zeros of  ( ). 

b.  ( )    

               

           (  )            (Let     ) 

                         

            (   )(   )    

            (    )(    )    

             (   )(   )(   )(   )    

                 or      or     or                

Therefore,                 n        are the zeros of  ( ). 

c. Since     is a zero of  ( ), by the factor theorem     is one factor of  ( ).  

 

           Further factoring         we have, 

                    (   )   (   )  (   )(   ). 

           Hence,                is the same as (   )(   )(   )   . 

           Therefore,            n       are the zeros of  ( ). 

Example 1 

1. If 𝑥  𝑐 is a factor of 𝑓(𝑥), then 𝑐 is the zero of 𝑓(𝑥). 

2. If 𝑐 is the zero of 𝑓(𝑥), then 𝑥  𝑐 is a factor of 𝑓(𝑥). 

3. If 𝑐 is the zero of 𝑓(𝑥), then 𝑐 is the root or solution of the equation 𝑓(𝑥)   . 
 

 

Can you show using long division, that is by dividing 𝑥   𝑥    𝑥    by    𝑥    the 

other factor is 𝑥   𝑥   ? 
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Dear student, from the beginning of section 4 up to this point you were looking how to find the zero 

of a polynomial function. Now, the meaning of multiplicity of a zero of a polynomial function  ( ) 

is going to be defined for you. 

 

Find a polynomial function  ( ) of degree two whose zeros are  ,    and satisfying the condition 

 ( )    . 

Solution: 

Let  ( )   (   )(   )  or some n m er  . Clearly   and    are zeros of  ( ). To find  , 

since  ( )   (   )(   )   ( )( )        , implies    . Therefore, the polynomial 

function of degree two is  ( )   (   )(   )          . 

4.2 Location Theorem 

 

In each of the following, determine whether the zeros of the polynomial function are rational, 

irrational, or neither. 

a.   ( )   (   )(  
 

 
).           b.    ( )  (  √ )(  √ ).              c.    ( )      .      

 

Consider  ( )      .   √   n  √  are the zeros of   and they are irrational numbers.  

The table of values of the given functions for        and x is an integer, is the following. 

              

 ( )              

Since  (  )       n   (  )      , we see that the value of  ( ) changes sign from 

positive to negative between     n   . And observe that one of the irrational roots               

 √        lies between these two numbers. We also see that the value of  ( ) changes sign 

from negative to positive between    n   . Similarly observe that the second irrational root      √  

     lies between these two numbers. 

The following theorem which is called the location theorem helps to locate the real zeros of a 

polynomial function. 

 

Example 2 

 Activity 2.8 

Theorem 2.4  Location Theorem 

Let 𝑎  n  𝑏 be real numbers such that 𝑎  𝑏. If 𝑓 is a polynomial function such that 𝑓(𝑎) and 

𝑓(𝑏) have opposite signs, then there is at least one zero of 𝑓 between the numbers 𝑎  n  𝑏. 
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Let  ( )                 . Construct a table of values and use the location theorem to 

locate the zeros of   for the integers   and       . 

Solution:  

                   

 ( )                   

Since  (  )        n   (  )      , we see that the value of  ( ) changes sign from 

positive to negative between     n   . Hence by the location theorem there is a zero of  ( ) 

between       n      . 

Since  (  )        n   ( )     , we see that the value of  ( ) changes sign from 

negative to positive between     n   . Hence by the location theorem there is a zero of  ( ) 

between      and    . Similarly, there are zeros of  ( ) between     and     and 

between     and    . 

Using the location theorem, show that the polynomial function 

     ( )                   has a zero between     and    . 

Solution:  

     ( )  ( )   ( )   ( )   ( )        

     ( )  ( )   ( )   ( )   ( )         

Hence,  ( ) is positive and   ( ) is negative and by the location theorem  ( ) has a zero between 

   and    . 

4.3 Rational Zero Test 

Dear student, you know that a rational number is a number that takes the form 
 

 
 where   and   are 

integers and    . 

We use Theorem 2.5 to find the possible rational zeros of a polynomial equation ( )    . If  
 

 
 is 

among the possible rational roots and  (
 

 
)    then we call 

 

 
 a rational root of  ( )   . 

 

Example 3 

Example 4 

Theorem 2.5  Rational Zero Test 

Suppose that all the coefficients of the polynomial function described by 

 𝑓(𝑥)  𝑎𝑛 𝑥
𝑛   𝑎𝑛  𝑥

𝑛              𝑎 𝑥
   𝑎 𝑥   𝑎  where 𝑎   𝑎  …  𝑎𝑛  are integers with 

𝑎𝑛    and 𝑎   . If  
𝑝

𝑞
 in lowest term is a zero of 𝑓(𝑥), then p is a factor of 𝑎   and q is a 

factor of 𝑎𝑛. 



Unit 2 : Polynomial Functions 
 

 
76 

Steps to find the rational zeros of a polynomial function  ( ).  

1. Arrange the polynomial in descending order so that it takes the form                                   

 ( )      
        

                  
          . 

2. Write down all the factors of the constant term    . These are all the possible values of  . 

3. Write down all the factors of the leading coefficient   . These are all the possible values of  .  

4. Write down all the possible values of  
 

 
. Remember that since factors can be negative, 

 

 
 and - 

 

 
 must both be included. Simplify each value and cross out any duplicates. 

5. Identify those values of  
 

 
 for which  (

 

 
)   . These are all the rational zeros of  ( ).  

Note that for a polynomial function  ( ), the rational zeros of  ( ) and the rational roots of the 

equation  ( )    are the same 

In each of the following, find all the rational zeros of the polynomial. 

    a.     ( )                                             b.   ( )          

     c.    ( )                .                    d.   ( )  
 

 
      

 

 
    

Solution: 

a.  ( )         has leading coefficient       and constant term      . 

Possible values of   are factors of   . These are      . 

Possible values of   are factors of  . These are   . 

The possible rational zeros 
 

 
  are      . Since  ( ) is a polynomial function of degree 2, it 

has at most 2 zeros, and from the four possible rational zeros at most 2 can be the zeros of  . 

We can check this using the table below 

            

 ( )          

            Therefore, the zeros of  ( ) are     n   . 

b.  ( )        , the leading coefficient is 1 and the constant term is 1. Hence, the 

possible rational zeros are   . 

Check that  ( )   (  )     . So, we can conclude that the given polynomial has no 

rational zero. Use the location theorem to show that   has a zero between    and   . That 

is,  ( ) has a real zero but it has no rational zero. 

c. The leading coefficient is      and the constant term is      . 

Possible values of   are factors of   . These are      .  

Possible values of   are factors of  . These are          and    . 

Example 5 
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The possible rational zeros 
 

 
 are     

 

 
  

 

 
  

 

 
     

 

 
. Since  ( ) is a polynomial 

function of degree   it has at most three zeros and from the    possible rational zeros at most 

3 can be the zeros of  . 

Check that  ( 
 

 
)   (  )   (

 

 
)   . 

Using the factor theorem, we can factorize  ( ) as  ( )  (    )(    )(   ) with 

 
 

 
     and 

 

 
 are the only rational zeros of  . 

d.  ( )  
 

 
      

 

 
    

 

 
(          )  

 

 
 ( ) 

where,  ( )             has integer coefficients and the same zeros as  ( ).  

 ( ) has a constant term    and leading coefficient  . The possible rational zeros  ( ) are 

    n    . You can check that  ( )   (  )   (  )    

           Therefore, the zeros of  ( ) are     and   . 

 

Dear learner, now it is time to check your understanding about this section.  Read each question 

and put a mark (" √ ") in the box that is the appropriate choice to you.   

If your response to the above check list questions is positive, proceed to do the self-test exercise 

given below and check your answer at the end of this module. If not please review the section again 

and again until you think you have clear understanding about it. 

 

1. Find the zeros of the following functions. 

     a.   ( )  (   )(   )(    )        b.   ( )            

      c.   ( )                                     d.  ( )             

 Yes No 

 Can you define the zeros of a polynomial function?             

 Can we say that the zero of  ( ) and the root of the equation  

 ( )    have the same meaning? 

            

 Can you state the Location Theorem?             

 Can you state the Rational Zero Test?             

 Can you find the rational zeros of a polynomial function.             

 Can we say that all the rational zeros of  ( ) and all the rational 

roots of  ( )    are the same? 

  

     Checklist  

     Self-Test Exercise 4  
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2. Find the zeros of each of the following polynomial functions. 

 a.   ( )  (  
 

 
)    .                             b.   ( )   (  √ )

 
(   ) (    ).   

3. Find a polynomial  ( ) of degree two whose zeros are -1, 2 and satisfying the condition         

     ( )    . 

4. Use the location theorem to verify that  ( ) has a zero between    n   . 

           a.   ( )                       . 

       b.   ( )                                . 

5. For each of the following polynomials, find all possible rational zeros: 

      a.   ( )                                         b.    ( )                    

 

 

 Section Overview 

Dear learner, in unit  , you discussed how to draw the graphs of the polynomial functions of degree 

zero, one and two. You saw that the graph of a linear function is a straight line and the graph of a 

quadratic function is a parabola. In this section you will learn about the properties of graphs of 

polynomial functions. 

 

 

Use table of values to sketch the graphs of  ( )        and  ( )       . Include the  -

intercept and y-intercept when you make the table of values. Sketch the graphs on the same 

  -plane. 

 

For the function  ( )         , 

a. Find the intercepts. 

Example 1 

Graphs of Polynomial Functions Section 5 

Section objectives 

By the end of this section, you will be able to: - 

 sketch the graph of a quadratic function. 

 write the behaviors of the graph of odd degree polynomial functions.  

 explain the behaviors of the graph of even degree polynomial function.  

 

 Activity 2.9 
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b. Using completing the square method, rewrite   as  ( )     (   )  and find the 

turning point. 

c. Complete the table of values below. 

d.  

                    

   ( )        

e. Sketch the graph of  , first by plotting the points (   )  and then joining them by a smooth 

curve (a smooth curve is a curve that has no sharp corner). 

f. Find the domain and range of  . 

Solution: 

a.  ( )            (   )(   ). By making  ( )      and solving the 

equation         (   )(   )   , we get      or    . By making     we 

have     . Thus,       n      are the  -intercepts and      is the  -intercept.  

b.  ( )          (       )      = (   )    =    (   ) . Since 

(   )    for all real numbers x,  ( )     for all values of  . Therefore,    is the 

minimum value of  . This minimum value of   is attained when     . The point 

(     ) is called turning point or vertex of the graph of  . 

      c.  

  -4 -3 -2 -1 0 1 2 

   ( ) 5 0 -3 -4 -3 0 5 

 

       d.  

 

 

 

 

 

 

 

 

                         (a)                                                                          (b) 

                                                  Figure 2.1        

e. The domain is the set of all real numbers and the range is the set of all real numbers greater     

             than or equal to   . 
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The following are the properties of the quadratic polynomial  ( )           when the 

leading coefficient    . 

a. The degree is even. 

b. The maximum number of x-intercept is 2. 

c. The y-intercept is  . 

d. When | | is large (far to the right and far to the left) the graph of   goes upward. It    

is called upward parabola. 

e. The graph is smooth (has no sharp corner) and continuous (has no jump or hole). 

f. The domain of   is the set of all real numbers. 

g. The rang of  (x) depends on the minimum value of  . 

Let  ( )          . 

a. Find the intercepts. 

b. Using completing the square method, rewrite   as  ( )    (   )  and find the turning 

point. 

c. Complete the table of values below 

                

   ( )      

d. Sketch the graph of  , first by plotting the points (   )  and then joining them by a smooth 

curve (a smooth curve is a curve that has no sharp corner). 

e. Find the domain and range of  . 

Solution: 

a.  ( )              (   )(    ). By making  ( )    and solving the        

equation           (   )(    )   , we get      or     .  

By making     we have     . Thus,       n       are the  -intercepts and 

     is the  -intercept.  

      b.      ( )             (     )                                                                                                       

                              =  (       )       

                              =  (   )     

                              =   (   )  

Since (   )    ,  ( )    for all values of  . Therefore,   is the maximum value of  .  

This maximum value of   is attained when     . The point (    ) is called turning point 

for the graph of  . 

Example 2 
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       c. 

 

d. 

 

 

 

 

 

                                Figure 2.2                                       

         e.   The domain is the set of all real numbers and the range is the set of all real numbers        

               less than or equal to 1. 

The following are the properties of the quadratic polynomial  ( )           when the 

leading coefficient    . 

a. The degree is even. 

b. The maximum number of x-intercept is 2. 

c. The y-intercept is  . 

d. When | | is large (far to the right and far to the left) the graph of   goes downward.     

It is called and downward parabola. 

e. The graph is smooth (has no sharp corner) and continuous (has no jump or hole). 

f. The domain of   is the set of all real numbers. 

g. The rang of  (x) depends on the maximum value of  . 

           

 

 

The absolute value function  ( )  | | is not a polynomial function. Because it has a sharp corner at 

the point (0, 0) as shown by figure 2.3 (a).  

 

                       (a)                                      (b)                                      (c)                                                                    

Figure 2.3 

                

   ( )             

1. Graph of a polynomial function is a smooth curve (has no sharp corner). 

2. Functions whose graphs are not continuous and have sharp corners are not 

polynomial functions.  
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The function shown in figure 2.3 (c) is not polynomial because it is not continuous function. It has a 

hole and a jump. 

Dear student, to study more on the property of graphs of polynomial functions, we will now try to 

observe the graphs of polynomial functions of higher degree that is when the degree    . 

By sketching the graphs of  ( )       and  ( )       , describe the behavior of the graphs 

for large | |.  

Solution:  

For   ( )       (   )(      ), the x-intercept is  , the  -intercept is    and by 

finding some points that lie on the graph of   as shown by the table of values. 

 

                 1.5       

                       2.375          

We plot the points (     ), (   ), and (    
  

 
) and connect them by a smooth curve and we use 

the other points to see the direction of the graph far to the right and far to the left along the x- axis. 

For  ( )        (    )(      ), the x-intercept is  , the y-intercept is   by finding 

some points that lie on the graph of   as shown by the table of values. 

x                1.5       

y                                   

Similarly, we plot the points (    ), (   ) and (1.5,  
  

 
) and connect them by a smooth curve and 

we use the other points to see the direction of the graph far to the right and far to the left along the x-

axis. The graphs of the two functions are: 

 

                               a                  b 

                                                         Figure 2.4                                                        

Example 3 

 

Can you show that (𝑥   )(𝑥  𝑥   )  𝑥   ? 

Can you show that 𝑥  𝑥      has no real root? 
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Find the x-intercepts of the following polynomial functions. 

a.  ( )  (   )  

b.  ( )  (   ) (   )   

c.  ( )  (   )(   )(   ) 

Solution:  

a.  When you expand (   )  you can see that  ( )              which is a   

      polynomial of degree three. 

    To find the  -intercept we make   ( )    and form the equation (   )   . Solving  

    for   we have      . That is  ( ) has only one  - intercept. 

b. When you expand (   ) (   ) you can see that  ( )              which is a          

     polynomial of degree three. 

    To find the  -intercept we make   ( )    and form the equation (   ) (   )   .  

    Solving for   we have          . That is  ( ) has two  - intercepts. 

c.  By expanding (   )(   )(   ) you can see that  ( )             which is  

     a polynomial of degree three. To find the  -intercept we make   ( )    and form the 

     equation (   )(   )(   )   .    

     Solving for   we have             n     . That is  ( ) has two x- intercepts. 

Determine the behavior of the graphs of the following functions when | | is large. That is when the 

value of   is large positive number and large negative number. 

     a.   ( )                                              b.   ( )               

Solution:  

     a.   ( )                    

The degree is 3 and the leading coefficient is positive. 

Example 4 

Example 5 

1. The degree of 𝑓(𝑥) is odd and its leading coefficient is positive.  As shown in figure 2.4a, 

when x is large positive, 𝑓(𝑥) becomes large positive and the graph moves upwards and 

when x is large negative, 𝑓(𝑥) becomes large negative and the graph moves downwards. 

2. The degree of 𝑔(𝑥) is odd and its leading coefficient is negative. As shown in figure 2.4b, 

when 𝑥 is large positive, 𝑓(𝑥) becomes large negative and the graph moves downwards and 

when x is large negative, 𝑓(𝑥) becomes large positive and the graph moves upwards. 
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When the value of   becomes large positive the value of  ( ) is dominated by the positive value of 

   and  ( ) becomes large positive and its graph moves upward.  

The following table shows some values of  ( ) for some appropriate positive values of  . 

  6 7 8 9 10 

 ( ) 104 191 314 479 692 

When the value of   becomes large but negative the value of  ( ) is dominated by the value of    

which is negative. Because of this the value of  ( ) becomes large negative and its graph moves 

downward.  

The following table shows some values of  ( ) for some appropriate positive values of  . 

  -6 -7 -8 -9 -10 

 ( ) -316 -481 -694 -961 -1288 

Dear student, the following is the graph of 

 ( )             drawn using graph 

sketching software called GeoGebra. This graph is put 

for you simply to see the behavior of the graph when 

| | is large. 

 

 

                                                                             

b.   ( )               

The degree is 3 and the leading coefficient is negative. 

When the value of   becomes large positive the value of  ( ) is dominated by the value of     

which is negative and  ( ) becomes large negative and its graph moves downward.  

The following table shows some values of  ( ) for some appropriate positive values of  . 

  4 5 6 7 8 

 ( ) -19 -58 -123 -220 -355 

When the value of   becomes large but negative the value of  ( ) is dominated by the value of     

which is positive. Because of this the value of  ( ) becomes large positive and its graph moves 

upward.  

The following table shows some values of  ( ) for some appropriate positive values of  . 

  -2 -3 -4 -5 -6 

 ( ) 5 30 77 152 261 

Figure 2.5 
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Dear student, the following is the graph of  ( )               drawn using graph 

sketching software called GeoGebra. This graph is put for you simply to see the behavior of the 

graph when | | is large.  

 

Figure 2.6 

The following are the properties of the third-degree polynomial function       

 ( )     
     

        , 

a. The maximum number of intersections that the graph of   makes with the x-axis is 3. 

b. The minimum number of intersections that the graph of   makes with the x-axis is 1. 

c. When    is positive and | | is large far to the right the graph moves upward and far to the left 

the graph moves downward.  

d. When    is negative and | | is large far to the right the graph moves downward and far to the 

left the graph moves upward. 

e. The domain is the set of all real number. 

f. The range is the set of all real numbers. 

g. The graph is smooth and continuous? 

Dear students, the following are examples of graphs of polynomial functions of degree four. The 

graphs are drawn using graph calculator software called GeoGebra. Observe the graphs carefully. 

You can see how the leading coefficient determine the behavior of the graph when the value of | | is 

large (far to the right and far to the left). 
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                                                            Figure 2.7 

In figure 2.7a and figure 2.7b, the leading coefficient of  ( ) is positive and the degree is even. The 

values of  ( ) become large positive and the graphs go upward both far to the right and far to the 

left as the values of   become large in absolute value. 

In figure 2.7c and figure 2.7d, the leading coefficient of  ( ) is negative and the degree is even. The 

values of  ( ) become large negative and the graphs go downward both far to the right and far to the 

left as the values   become large in absolute value. 

From figure 2.7b, it is seen that the maximum number of intersections that the graph of a fourth-

degree polynomial makes with the x-axis is 4 and the maximum number of turning points is 3. 

As shown in figure 2.7a, the graph of a polynomial function of degree 4 may not intersect the          

x-axis. By applying the rational root test and the factor theorem, there is a possibility of finding the  

x-intercepts of a function. There is also a possibility of locating the real zeros using the location 

theorem.  

With quadratic polynomials, we were able to algebraically find the maximum or minimum value of 

the function by finding the vertex (turning point). But for general polynomials, finding the turning 

points like A, B and C in figure 2.7d, is not possible without more advanced techniques from 

calculus (derivative of a function).   

 

 

Dear learner, now it is time to check your understanding about this section.  Read each question 

and put a mark (" √ ") in the box that is the appropriate choice to you.   

 Yes No 

 Can you determine the minimum and maximum number of  -

intercepts of the graph of a polynomial function of degree odd? 

            

The properties of the first and the third-degree polynomial are also applicable for 

polynomial functions of odd degree. The properties of the second and the fourth-

degree polynomial are also applicable for polynomial functions of even degree. 

 

 

     Checklist  
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If your response to the above check list questions is positive, proceed to do the self-test exercise 

given below and check your answer at the end of this module. If not please review the section again 

and again until you think you have clear understanding about it. 

 

1. For the function  ( )          , 

a. Find the intercepts. 

b. Using completing the square method, rewrite   as  ( )   
 

 
    (  

 

 
)
 
 and find the 

turning point. 

c. Complete the table of values below. 

 

 

d. Sketch the graph of  , first by plotting the points (   )  and then joining them by a curve. 

e. Find the domain and range of  . 

2. For the function  ( )         , 

 Can you determine the minimum and maximum number of  -

intercepts of the graph of a polynomial function of degree even? 

            

 Can you determine the properties of the graph of a polynomial 

function whose degree is odd, leading coefficient positive and 

when | | is large? 

            

 Can you determine the properties of the graph of a polynomial 

function whose degree is odd, leading coefficient negative and 

when | | is large? 

            

 Can you determine the properties of the graph of a polynomial 

function whose degree is even, leading coefficient positive and 

when | | is large? 

            

 Can you determine the properties of the graph of a polynomial 

function whose degree is even, leading coefficient negative and 

when | | is large? 

            

 Can you give an example of a polynomial function with degree 

even that does not intersect the x axis? 

            

                         

   ( )                   

     Self-Test Exercise 5  
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a. Find the intercepts. 

b. Using completing the square method, rewrite   as  ( )  
 

 
  (  

 

 
)
 
 and find the turning  

           point. 

c. Complete the table of values below. 

                     

   ( )       

d. Sketch the graph of  , first by plotting the points (   )  and then joining them by a curve. 

e. Find the domain and range of  . 

3. Say True or False 

a. The graph of a polynomial function with degree odd always intersect the  -axis. 

b. The graph of a polynomial function with degree even may not intersect the  -axis. 

c. The graph of a polynomial function always intersects the  -axis. 

d. The graph of a polynomial function may contain a hole or a sharp corner. 

e. There is a polynomial function whose domain is not the set of all real numbers. 

f. The range of an even degree polynomial function is set of all real numbers. 

4. For the polynomial functions given from   to   state the following properties of the graph  

    of the functions without drawing their graphs. 

i. The behaviour of the graph as x takes values far to the right. 

ii. The behaviour of the graph as x takes values far to the left.  

iii. The maximum number of intersections with the x-axis. 

                 a.   ( )                    b.    ( )        

                 c.   ( )                  d.     ( )    (   )     

5. Graphs of some polynomial functions are given below. In each case identify the sign of the  

    leading coefficient of the function. State whether the degree is even or odd.  
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Figure 2.8 

 

 

 Section Overview 

Dear student, polynomials arise in problems involving areas and volumes. Here we are going to 

discuss polynomials in relation with the area of a rectangle and the volume of a box. 

 

A wire of length 56 m is bent into the shape of a rectangle.  Find the maximum area it can be enclose 

and the dimensions of the rectangle of maximum area. 

 

Figure 2.9 

Solution:  

Perimeter p of the rectangle,   

         .  .  .  (i)                                                                    

Area A of the rectangle,        

Example 1 

Applications Section 6 

Section Objectives 

By the end of this section, you will be able to:  

 express area of a rectangle with a polynomial function.  

 represent volume of a box with a polynomial function.  
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       .  .  .   (ii) 

Since the rectangle is made by bending 56 meters wire, the perimeter of the rectangle is 56 m 

          . . .   (iii) 

From (iii), solving for   (you can also solve for  ).  

        .  .  .  (iv)  

Substituting the value of   in (iv) to the value of   in (ii) we get 

   (    )          , and this is a quadratic polynomial. 

Using completing the square method, we can rewrite the value A as in the following: 

           (      )   (          )          (    )   

Thus,       (    )  and since (    )  is always non-negative, we subtract positive 

number or zero from 196. This means the maximum value of A is 196. This maximum value is 

attained when   is 14. Substituting   = 14 into equation (iv) we get   = 14. 

Therefore, the maximum area that can be enclosed is        and the dimension of the rectangle of 

maximum area is         n          That is when the rectangle is a square of side of length 

14 m. 

Find the two real numbers whose difference is 16 and whose product is the minimum. 

Solution:  

Let the two numbers be    n   . Then, 

        .  .  .  (1) 

If we denote the product of the two numbers by  , then 

       .  .  .  (2) 

To find the minimum value of  , first we solve either for   or for   from equation (1). 

Solving for   from equation (1) gives        and substituting this in equation (2) gives          

   (    )         

     = (         )     

    = (   )      =      (   )  

Since, (   )    

      (   )     . 

Therefore,     is the minimum product and this minimum product is obtained when the value of      

   . And when    ,          . That is,     . 

 

 

Example 2 
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Dear learner, now it is time to check your understanding about this section.  Read each question 

and put a mark (" √ ") in the box that is the appropriate choice to you.   

If your response to the above check list questions is positive, proceed to do the self-test exercise 

given below and check your answer at the end of this module. If not please review the section again 

and again until you think you have clear understanding about it. 

 

1.  A farmer has 80 meters of fencing wire to use to make a rectangular enclosure for   

    hens as shown. He will leave an opening of 4 meters for the gate. 

 

 

 

 

 

 

                                                             Figure 2.10 

a. Show that the area of the enclosure is given by          

b. Find the value of x that will give maximum area. 

c. Calculate the maximum possible area. 

2.  A rectangular box is    units long,      units wide and      units high.  

a. Express its volume as a polynomial. 

b. Find V when x = 0.5 cm. 

c. Can the value of x be 2 cm? Why? 

 

 

 

 Yes No 

 Given the perimeter of a rectangle, can you associate a polynomial 

function with the area of the rectangle? 

            

 Can you relate the volume of a cube with a polynomial function              

     Checklist  

     Self-Test Exercise 6  
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 Constant function  Linear function  Remainder theorem 

 Constant term   Location Theorem   Turning point 

 Degree   Multiplicity   x-intercept 

 Domain  Polynomial Division Theorem  y-intercept 

 Factor theorem  Polynomial Function  Zero(s) of polynomial 

 Leading Coefficient  Rational root test  

 

1. A linear function is given by  ( )          . 

2. A quadratic function is given by  ( )              . 

3. Let   be a non-negative integer and let                                  be real numbers with      , 

the function  ( )      
        

                  
           is called a polynomial 

function in   of degree n. 

4. A polynomial function is over integers if its coefficients are all integers. 

5. A polynomial function is over rational numbers if its coefficients are all rational numbers. 

6. A polynomial function is over real numbers if its coefficients are all real numbers. 

7. Operations on polynomial functions 

i. Sum:  (   )( )   ( )   ( ) 

ii. Difference: (   )( )   ( )   ( ) 

iii. Product: (   )( )   ( )   ( ) 

iv. Quotient: (   )( )   ( )   ( )     ( )    

8. If  ( ) and  ( ) are polynomials such that  ( )   , and the degree of  ( ) is less than or 

equal to the degree of  ( ) then there exist unique polynomials  ( )  n   ( ) such that 

 ( )   ( ) ( )   ( ), where  ( )    or the degree of  ( ) is less that the degree of  ( ). 

9. If a polynomial  ( ) is divided by a first-degree polynomial of the form     then the 

remainder is the number  ( ). 

10. Given the polynomial function                                               

                     ( )      
        

                  
                                                       

 If  ( )   , then   is the zero of the polynomial and a root of the equation  ( )   . 

Furthermore,     is a factor of the polynomial. 

Key terms 

Unit Summary 
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11. For every polynomial function   and real numbers  , if  ( )    then     is a zero of the 

polynomial function  . 

12. If the rational number 
 

 
  in its lowest term, is a zero of the polynomial function                    

  ( )      
        

                  
           with integer coefficients, then   must be 

an integer factor of    and   must be an integer factor of    . 

13. Let    n    be real numbers such that    . If  ( ) is a polynomial function such that 

 ( )  n   ( ) have opposite signs, then there is at least one zero of  ( ) between    n   . 

14. The graph of a polynomial function of degree   intersects the   -axis at most   times. 

15. The graph of every polynomial function has no sharp corners; it is a smooth and continuous 

curve.  

 

I. Multiple Choice problems 

1. Which of the following is not a polynomial function? 

    A)   ( )                                         B)   ( )     (   )           

    C)   ( )   
 

                                               D)  ( )   √ 
 
   

2. If  ( )      
 

 
   

 

 
    

            

 
 is a polynomial function then which of the  

     following is not true?                                                     

     A) Its degree is 2                          B) The coefficient of   is  
 

 
    

     C) Its leading coefficient is 3                        D) Its constant term is -3 

3. Given   ( )             ,   ( )            and   ( )     ,  then        is  

      A)                                 B)                    

      C)                                   D)                    

4. If   and   are any two polynomials, then which of the following will always be a  

    polynomial function? 

     A)                         B)                      C)   
 

 
            D) All except d 

5. If     is a factor of            , the value of   is 

    A) 6                             B) -6                      C) 3              D) 5   

6. If      is a factor of  ( )                    and  ( )   , then values of    

       n    are respectively, 

     A)      
 

 
  and     

 

 
                                        B)    

 

 
  and    

 

 
    

     C)      
 

 
  and    

 

 
                                            D)    

 

 
  and     

 

 
 

7.  Let   be a polynomial function in  . If the degree of  ( ) is greater than or equal to 1, then what  

Review Exercises 
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     will be remainder when  ( ) is divided by    ?  

A.   -2 

C.       

      B.   ( ) 

D.  (  ) 

II. Short answer problems 

1. In each of the following, find the quotient and the remainder when  ( ) is divided by  ( ) 

a.  ( )                   ( )           

b.  ( )                  ( )            

c.  ( )               ( )            

d.  ( )                       ( )                     

2. Find the value of   such that, 

a. when  ( )              is divided by     it has a remainder of -3. 

b.     is a factor of             . 

3. Find the values of    n    if     is a common factor of  ( )                and 

 ( )                 

4. Find a polynomial function   of degree 3 such that  ( )     and    ,     and        are 

factors of the polynomial. 

5. Find all the rational zeros of  

a.  ( )                

b.  ( )                        

III. Workout problems 

1.  Given     is a factor of  ( )               and    is the remainder when  ( ) is     

     divided by    . Find the values of   and  . 

2. In each of the following, find a polynomial function   that has the given zeros satisfying the 

given condition. 

      a.          and  (  )                    b.     
 

 
 
 

 
     ( )  

 

 
 

3.   Find all rational zeros of  ( )                        .     

4. Sketch the graphs of  

a.  ( )            

b.  ( )              

5.  Find the two real numbers whose difference is 22 and whose product is the minimum. 

6. Find the two real numbers whose sum is 16 and whose product is the maximum. 
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Exponential and Logarithmic 

Functions 

 Introduction 

Dear learner, two of the most important functions that occur in mathematics and its applications are 

the exponential function  ( )     and the logarithmic function 

 ( )       . Such functions arise in many applications and are powerful mathematical tools for 

solving real life problems such as analyzing population growth and calculating compound interest in 

accounting, etc.  

In this unit, we will examine their various properties and learn how they can be used in solving real 

life problems. 

This unit is divided into 7 sections. In the first and the second sections, we shall define exponents 

and logarithms and discuss laws of exponents and logarithms.  

In the third section, we will define exponential functions, draw their graphs and discuss the 

properties of the graphs.  

The fourth section is about logarithmic functions and their graphs. In this section we will define 

logarithmic functions, draw their graphs and discuss the properties of the graphs.  

The fifth section is about the relation between exponential and logarithmic functions with the same 

base. In this section we will discuss the relation of the two functions by sketching their graphs on the 

same   -plane. 

In the sixth section you will learn how to solve exponential and logarithmic equations. you will also 

see the importance of stating the universal set when we solve logarithmic equations. 

In the last section you will look at applications of exponential and logarithmic functions. In this 

section you will learn how exponential and logarithmic functions are used in the computation of 

compound interest and population growth. 

 

 

 

   UNIT 3 
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Unit Learning Strategies 

We would like to mention the following for your study of this chapter.  

 Create a schedule and follow it. Scheduling makes you more practical. 

 Recalling the definitions, the laws and reading the properties given in the first three sections 

helps you to follow the applications you face in next sections easily. Do the activities and 

examples using the laws of exponents and logarithms until you master them and apply it to 

solve self-test exercises. 

 Tables of logarithms are attached at the end of this module. You can use them to find the 

values of the common logarithm of a number. You can also use a scientific calculator for this 

purpose. 

 Graph sketching application soft wares like GeoGebra can also be used to compare your 

sketching‟s in this unit. 

When you attain what you had intended for a specific learning session, you should reward yourself 

with anything positive. This makes you more inspired to keep moving and cherish your learning and 

achievements. 

 

 Learning Outcomes 

At the end of this unit, you will be able to: 

 apply the laws of exponents for real exponents. 

 define exponential and logarithmic functions. 

 identify domain and range of exponential and logarithmic functions. 

 solve mathematical problems involving exponents and logarithms. 

Unit contents 

Section 1: Exponents 

Section 2: Logarithms 

Section 3: The Exponential Functions and Their Graphs 

Section 4: The Logarithmic Functions and Their Graphs 

Section 5: Relation Between Exponential and Logarithmic Functions with the same base 

Section 6: Solving Exponential and Logarithmic Equations 

Section 7: Applications 
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  Section Overview 

Dear learner, in this section we will have a look at expressions like    or    or in general   . 

Base and exponent of this expression will be defined. We will also define different laws of 

exponent. 

 

The symbol    means          ⏟          
         

. This symbol is read as the 5
th

 power of 2 „or 2 raised to 5‟. 

The expression     is just a shorthand way of writing the product of five twos. The number   is 

called the base, and   the exponent.  

Similarly, if a is any real number, then    stands for a × a × a × a. Here a is the base, and   is the 

exponent.  

 

1. Identify the base and the exponent of each of the following. 

           a)                          b)  (  )                   c)   .
 

 
/
 
                    d)  (  )  

2.  Find the values of each of the following. 

a) (  )                     b) (  )                      c)   .
 

 
/
 
                         d)  (  )  

e)                             f) (  )                       g)  . 
 

 
/
 
                     

 

 

Exponents Section 1 

Section Objectives 

By the end of this section, you will be able to: - 

 explain what is meant by exponential expression. 

 state the laws of exponents where the exponents are natural numbers. 

 define zero and negative exponent. 

 define rational exponent. 

𝑛𝑡ℎ 𝑎

 Activity 3.1 

 

 

For a natural number 𝑛 and a real number 𝑎, the expression 𝑎𝑛, read as “the 𝑛𝑡ℎ 

power of 𝑎” or “𝑎 raised to 𝑛”, is defined as follows: 

𝑎𝑛  𝑎  𝑎   .  .  .   𝑎⏟          
𝑛        

 . 

In 𝑎𝑛, 𝑎 is called the base, 𝑛 is called the exponent.  

Definition 3.1 
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Special names are used when the exponent is   or  . The expression    is usually read as ‘  

squared‟, and the expression    as ‘  cubed‟. Thus, „two cubed‟ means    = 2 × 2 × 2 = 8.  

Note that, in (  )  the base is    but in     the base is only  . 

For example, 

(  )  (  )  (  )    but      (   )    . 

(  )                but                . 

Evaluate the following. 

a.               b.                c.   (  )              d.    (  )           e.   (   )    

Solution:  

a)            

b)      (     )     

c) (  )  (  )  (  )  (  )     

d)  (  )   ,(  )  (  )  (  )-   (  )    

e) (   )                    

Laws of Exponents 

Dear student, in definition 3.1 you saw that if   is any real number and   is a positive integer then    

means         .  .  .    ⏟              
         

. The laws for the behaviors of exponents follow naturally from this 

meaning of    for a natural number n. Now, we are going to discuss on the five laws of exponents. 

If   is a real number and   and   are natural numbers, then  

             ⏟        
         

        ⏟        
         

 

               =                  ⏟                      
           

 

    =     . 

 

      (     )  (       ) 

                           ⏟                
         

                     

Example 1 

Example 2 

Law 1.  𝑎𝑚  𝑎𝑛  𝑎𝑚 𝑛, where 𝑎 is a real number and 𝑚 and 𝑛 are natural 

numbers. 

That is, to multiply two numbers in exponential form, with the same base, we add 

their exponents. 
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                   .       

If   is a real number different from zero and   and   are natural numbers with    , then  

  

  
 

           ⏟              
         

         ⏟            
         

 

         ⏟            
         

        ⏟        
           

         ⏟            
         

 

  

         ⏟            
         

         ⏟            
         

        ⏟        
           

 

=        ⏟        
           

     . 

 

Dear students, since we have not yet given any meaning to zero and negative exponents,   must be 

greater than   for law 2 to make sense. 

 

  

  
 
           

     
 

             
     

     
 

             

               

 

 

 

(  )   (   )  (   )  (   )  

                                         . 

From the definition of exponents, we know that if   is a natural number, then 

(  )  (  )  (  )   .  .  .   (  )⏟                
         

 

       .  .  .    ⏟          
   a     

        .  .  .    ⏟          
   a     

 

Example 3 

Example 4 

Law 2.  
𝒂𝒏

𝒂𝒎
 𝑎𝑛 𝑚, where 𝑎 is a real number different from zero and 𝑚 and 𝑛 are 

natural numbers. 

 
 

Law 3. (𝑎𝑚)𝑛  𝑎𝑚 𝑛, where 𝑎 is a real number and 𝑚 and 𝑛 are natural numbers. 

 
 

Can you prove Law 3 based on the definition of exponent? 
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(   )  (   )  (   )  (   ) 

               = (     )  (     ) 

               =       

If   and   are real numbers,     and   is a natural number, then by the definition of exponent, 

.
 

 
/
 

 
 

 
 
 

 
  .  .  . 

 

 ⏟          
         

 

      .  .  .    ⏟            
         

     .  .  .    ⏟          
         

 
  

  
 

 

 

(
 

 
)
 

 
 

 
 
 

 
 
 

 
 
 

 
 
       

       
 
  

  
 

Zero and Negative Exponents                 

 

Evaluate each of the following using the law 
  

  
     . 

a) 
  

  
; what is the value of    ? 

b) 
(  ) 

(  ) 
; what is the value of (  )  ? 

c) 
( . ) 

( . ) 
; what is the value of ( . )  ? 

 

Dear student, let us begin by extending    to include an exponent equal to 0 (   ). We want to 

make sense of the expression    in such a way that Laws 1, 2 and 3 hold. What happens to law 2 

when    ? Law 2 gives, 

  

  
      

     

Example 5 

Example 6 

Law 4.  (𝑎𝑏)𝑛  𝑎𝑛𝑏𝑛, where 𝑎 and 𝑏 are real numbers and 𝑛 is a natural number. 

 

Law 5.  .
𝑎

𝑏
/
𝑛
 

𝑎𝑛

𝑏𝑛
 , where 𝑎 and 𝑏 are real numbers, 𝑏    and 𝑛 is a natural 

number.  

 Activity 3.2 
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It doesn‟t make sense to talk about a number being multiplied by itself   times. However, if we want 

law   to continue to be valid when     then we must define the expression    to mean the 

number  .  

 

Using this definition, we can check those laws   and   also remain valid. 

That is,                    and 
  

  
 
  

 
        . 

To come up with a suitable meaning for negative exponents, we can take     in law 2. For 

example, let us try     and    . 

  

  
         .  

But, 
  

  
 

   

     
 

 

 
.  

Therefore,  
 

 
    . 

Similarly, for    ,  
  

  
     implies 

 

  
     and  

  

   
      implies 

 

   
     . 

 

Evaluate the following. 

 a)                      b)  (   )                  c)    .
 

 
/
 
                d)    ( .   )       

Solution:  

 a)                 b)  (   )             c)   .
 

 
/
 
           d)    ( .   )         

Evaluate the following.  

a)                      b)  .
 

 
/
  

              c)  .
 

 
/
  

 

Solution:  

a)       
 

  
 
 

 
                 

Example 7 

Example 8 

If 𝑎    then we define 𝑎  to be equal to  . We do not attempt to give any meaning to 

the expression   . It remains undefined.   

 

 

If 𝑛 is a positive integer and 𝑎   , then 

1)  𝑎    and  is undefined. 

2)   𝑎 𝑛  
 

𝑎𝑛
 .  

Definition 3.2 
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b) .
 

 
/
  
 

 

.
 

 
/
  

 

  

  

 
   

  
 .

 

 
/
 
 
  

 
                 

c) .
 

 
/
  
 

 

.
 

 
/
  

 

  

  

 
  

  
        

Dear student, the following is the generalization of the laws for integer exponents.  

For real numbers   and   and integers   and  , the following laws of exponents hold true. 

1.             .  .  .   law of multiplication of powers of the same base. 

2. 
  

  
                  .  .  .   law of division of powers of the same base. 

3. (  )             .  .  .   law of power of a power. 

4. (   )            .  .  .   law of a power of a product. 

5. .
 

 
/
 
 
  

  
      .  .  .   law of a power of a quotient. 

Simplify each of the following. 

  a)                               b)  (  )  (  )          c)    
  

  
                              d)  (  )                           

  e)                         f)  .
  

  
/
 
                         g)  (  )                      h) (      )      

Solution: 

a)                 

b) (  )  (  )   (  )  (  )  (  )           

c) 
  

  
          

 

  
    

d) (  )      (  )      
 

  
   

e)              = (      )                          

f)  .
  

  
/
 
 
     

(  ) 
 
   

   
                 

g)  (  )          (  )                         

h) (      )  (   )  (  )  (  )                                  

The Rational Exponent  

Dear student, we can extend the definition of exponents even further to include rational numbers. For 

example, to define powers like  
 

 , consider  
 

 .  

Applying law 3 and taking the square of 2

1

9 , we get . 
 

 /
 

  .
 

 
/ ( )      . Thus,  

 

  is a number 

that yields 9 when squared. There are two numbers whose square is 9. They are 3 and −3. We define 

Example 9 
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  to be the positive square root of 9. That is, 3. To avoid ambiguity, we define  
 

   as the non-

negative number that yields a when squared. Thus, 39 2

1

 . 

 

Of course,   must be positive if  
 

  is meaningful because if we take any real number and multiply it 

by itself, then we get a positive number.  

We can arrive at the definition of  
 

   in the same way as we did for  
 

 . For example, if we cube  
 

 , 

we get . 
 

 /
 

 ( ).
 

 
  /   .  Thus,  

 

  is the number that yields 8 when cubed. Since 823   we 

have  
 

   . Similarly, (   )
 

    .  

This time we have no trouble giving a meaning to (   )
 

  even though      . There is a number 

when multiplied by itself 3 times gives -27, namely −3, so (   )
 

  = −3.  

Thus, we define  
 

  (called the cube root of  ) as the quantity that yields   when cubed. 

 

Express in the form  
 

  and evaluate the following. 

a)  √  
 

                 b) √ 
 

                  c)   √  
 

       d)  √   
 

 

 Solution: 

a) Since      ,  √  
 

 (  )
 

      

b) Since     ,  √ 
 

 ( )
 

      

c) Since (  )    ,  √  
 

 (  )
 

       

d) √   
 

 (   )
 

   is not a real number because there is no real number a such that    is      

Example 10 

In general, 𝑎
 

  is defined to be the positive square root of 𝑎, which can also be written 

as √𝑎 . So 𝑎
 

  √𝑎.  

 

 

If 𝑎 is positive, then 𝑎
 

𝑛 is defined to be a positive number whose 𝑛𝑡ℎ power is equal 

to 𝑎. This number is called the 𝑛𝑡ℎ root of 𝑎 and sometimes written as √𝑎
𝑛

. 

If 𝑛 is even and 𝑎 is negative, 𝑎
 

𝑛 cannot be defined because raising any number to 

an even power result in a positive number. 

If 𝑛 is odd and 𝑎 is negative, 𝑎
 

𝑛 can be defined. It is a negative number whose 𝑛𝑡ℎ 

power is equal to 𝑎. 

Definition 3.3  The Rational Exponent 𝒂
𝟏

𝒏 
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Simplify the following expressions. 

           a)   
 

   
 

          b)  √  √            c)    
 

   
 

   
 

        d)   √  √  √  

 

Dear student, so far, we have defined  
 

 , where   is a natural number. With the help of the third law 

for exponent, we can notice that, 

 

 
   

 

 
.  

So, if law 3 is to hold then 

 
 

  . 
 

 /
 

. 

Therefore, we can define the expression  
 

 , where   and   are natural numbers and 
 

 
 is reduced to 

lowest term as in definition 3.4. 

 

 

Evaluate the following expressions. 

a)    
 

    
 

           b)  
 
 
 

  
 
 

             c)     
 

                d)  .  
 

    
 

 /
  

        e)  (   ) 
 

      

Solution:  

a)  
 

    
 

    = (  )
 

  (  )
 

  =  
 

   
 

   
 

 
 
 

       

b) 
 
 
 

  
 
 

 = 
 
 
 

 
 
 

 =  
 

 
 
 

    
 

      
 

  
 

 

   
 

c)   
 

  .  
 

 /
 

      

Example 11 

 Activity 3.3 

 

𝑎 
𝑚
𝑛  

 

𝑎
𝑚
𝑛

  (𝑎   ) 

 

If  𝑎
 

𝑛 is a real number, then 𝑎
𝑚

𝑛  .𝑎
 

𝑛/
𝑚

  (that is, the 𝑛𝑡ℎ  root of a raised to the  

𝑚𝑡ℎ  power). 

We can also define negative rational exponents: 

Definition 3.4  The Rational Exponent  𝒂
𝒎

𝒏  

Note: The laws of exponents discussed earlier for integral exponents hold true for 

rational exponents.  
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d) .  
 

    
 

 /
  

 .  
 

 /
 

 .  
 

 /
 

                              

e) (   ) 
 

  
 

(   )
 
 

 
 

((   )
 
 )

  
 

(  ) 
  

 

 
 

Definition 3.5 shows the radical notation is an alternative way of writing an expression with rational 

exponents.  

 

Express in the form   
 

 , with   being a prime number. 

a) √ 
 

                     b)  √  
 

                 c)  
√ 
 

√ 
           d)   (√   

 
)
 
           e)  √√  

  
 

Solution: 

a) √ 
 

  
 

  (  )
 

   
 

 . 

b) √  
 

 (  )
 

  (  )
 

   
 

   

c) 
√ 
 

√ 
  

(  )
 
 

(  ) 
 
 

 
  

 
 
  

    
 

   
 

               

d) (√   
 

)
 
 .(  )

 

 /
 

 . 
 

 /
 

  
 

    

e) √√  
  

 √(  )
 

 

 

 √(  )
 

 

 

 √ 
 

 √  
 

 (  )
 

    

Irrational Exponents 

Dear student, the expressions  √    √     are powers with irrational exponents. Because √ ,  √  

and   are irrational numbers. 

 

Using calculator, the value of √   .         .   .  .  

Therefore,  √    .          .  .  . 

It is not possible to calculate  √    .          .  .  . because  .         .   .  . has infinite decimals. 

But one can approximate the value of    .          .  .  . as follows. 

To approximate   .          .  .  . 

Example 12 

 

 

If 𝑎
 

𝑛 is a real number and 𝑚 an integer then 

𝑎
𝑚

𝑛  (𝑎𝑚)
 

𝑛  √𝑎𝑚
𝑛

    (𝑜𝑟 𝑎
𝑚

𝑛  .𝑎
 

𝑛/
𝑚

 (√𝑎
𝑛
)
𝑚
). 

 

Definition 3.5  

 
Can you find the value of  √  ? 
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   .   
  

    .        , to eight decimal places 

 (  
  

   is an expression with rational exponent, use a calculator to find its value) 

  .    
   
     .         

   .     
    

      .         

   .      .         

   .        .         

   .          .         

   .           .         

As we can see from the above list, the values of 

   ,   . ,   .  ,   .       .    ,   .     ,   .       ,   .          

are approaching to some number. For example, the first six decimals of the values of   .        and 

  .         are the same. That is 4.728804.  

By continuing the approximation of  √  like above we can say  √   .         to eight decimal 

places. 

Now, if we define    then   √  is the real number that    approaches when   gets closer and closer 

to √ . 

In general, if we define    and   is an irrational number, then    is a real number that    approaches 

when x gets closer and closer to  . 

The above statement about irrational exponents suggests that the expression    is defined not only 

for integral and rational exponents but also for irrational exponents. 

The laws of exponents discussed earlier for integral and rational exponents continue to hold true for 

irrational exponents. 

Simplify each of the following. 

      a)    √   √                           b)  . √ /
 
                              c)  . √ /

√ 
    

      d)   
 √   

 √   
                                   e)   √   √                          f)  . √ /

√ 
 

Solution:  

a)  √   √   √  √    √  (  )√   √         

b) . √ /
 
    √  (  )√    √          

Example 13 
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c) . √ /
√ 
  √  √            

d) 
 √   

 √   
 

 √    

 √     
 

  

   
    (  )           or  

 √   

 √   
 ( )(√   ) (√   )        

e)  √   √   √  √   

f) . √ /
√ 
  √  √   √  

 

Dear learner, now it is time to check your understanding about exponents.  Read each question and 

put a mark (" √ ") in the box that is the appropriate choice to you.   

If your response to the above check list questions is positive, proceed to do the self-test exercise 

given below and check your answer at the end of this module. If not, please review the section again 

and again until you think you have clear understanding about it. 

 

1.  Evaluate the following. 

a)                         b)                       c)  (  )                 d)  (  )  

2.  Simplify the exponential expressions. 

a)                  b)  
  

  
                      c)  (  )                   d)  (  )               e)  .

 

 
/
 
 

3.  Evaluate the following. 

      a)                b)  (   )          c)  .
  

  
/
 
       d)            e)          f) .

 

 
/
  

     g)  .
 

 
/
  

 

4. Simplify the exponential expressions using laws of exponents. 

     a)                                      b)  
  

  
                                     c)  

   

   
                                   

 Yes No 

 Can you explain what is meant by exponential expression?                 

 Can you state the laws of exponents when the exponents are natural 

numbers?                            

            

 Can you define zero and negative exponent?             

 Can you define the n
th

 root of a number  ?                                          

 Can you define rational exponent?                                                    

 Can you state the laws of exponents when the exponents are real 

numbers?                            

            

     Checklist  

     Self-Test Exercise 1  



Unit 3 : Exponential and Logarithmic Functions 
 

 
108 

     d)  (     )                           e)                            f)   (  )  (  )                                  

     g)                                  h)  (  )                           i)   (       )                             

     j)  
(  )

  
 (  )

 

  
                            k) .

     

     /
  

   

5. Express in the form  
 

  and evaluate the following. 

    a)   √  
 

       b)  √
 

  

 
        c)  √    

 
       d)  √  

 
        e)  √     

 
       f) √      

 
        

6.  Simplify each of the following expressions. 

      a) (   ) 
 

                 b)   
 

   
 

                   c)  
  
 
 

  
 
 

                 d)   . 
 

    
 

 /
  

             

       e)  (
 
 
 

 
 
 
 

)

  

            f)  
(  )

 
 
  (  )

 
 

 
 
 

           g)  (
 
 
   

 
 
 

 
 
   

 
 

)

 

 

7.   Express in the form   
 

 , with   being a prime number. 

      a)  √  
 

                     b)  √  
 

                      c)  
√  
 

√ 
                      d)  

√  
 

√ 
        

      e)   (√  
 

)
 
                f)  (√   

 
)
 
              

8.   Simplify each of the following. 

    a)   √   √           b)  . √ /
 
             c)  (√ 

 
)
  

                d)    √ 
√ 
 √ 

√  
         

    e)   
 √   

 √   
                  f)  ( √ )

√  
           g)  

 √   √ 

  √  
                 h)  

( √ )    √     √ 

 √  
   

 

 

 Section Overview 

In this section, we will have a look at expressions like       or          or in general      . We 

will also define different laws of logarithms. 

 

Logarithms    Section 2 

Section Objectives 

By the end of this section, you will be able to: - 

 explain what is meant by logarithmic expression. 

 state the laws of logarithms. 

 define common logarithm. 

 use the table for finding logarithm of a given positive number and antilogarithm of a 

number.  
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Dear student, in the exponential equation       the base is 2 and the exponent is 3. We write this 

equation in logarithm form as        . We read this as “the logarithm of 8 to the base 2 is 3”.  

The logarithm to base   of a number      written       is that power to which   must be raised to 

obtain the number  .       is called a logarithmic expression. 

For example, 

        because     . 

    .
 

 
/     because     

 

 
.  

        because     . 

 

Dear student, by doing the following examples you can practice on how to change exponential 

statements to logarithm statements and logarithm statements to exponential statements. For this 

observe the relationship between logarithm and exponent stated in the definition 3.6 carefully. 

Convert each of the following to logarithmic statement. 

a)                           b)                            c)     
 

    

Solution: 

a) From      , we have         .          

b) From      , we have         .         

c) From  
 

   , we have       
 

 
.                              

Convert each of the following to exponential statement. 

      a)                            b)       .
 

  
/             c)         √  

 
 
 

 
          

Solution:  

a) From          , we have       .          

b) From     .
 

  
/    , we have     

 

  
.         

c) From      √  
 

 
 

 
, we have   

 

  √  
 

.          

Example 1 

Example 2 

 

 

For a   , 𝑎     and 𝑐          

                    𝑎 𝑐  𝑏 if and only if 𝑎𝑏  𝑐. 

Definition 3.6 
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Find the value of each of the following logarithms.  

a)                      b)     .
 

  
/            c)                    d)        .               

Solution: 

a) Since       , the exponent to which we raise 2 to get 64 is 6.                                                             

So,          .                

b) Since  
 

  
 

 

  
    , the exponent to which we raise 3 to get 

 

  
 is   .                                      

Hence,      .
 

  
/     .     

c) The exponent to which we raise 10 to get 100 is 2 as        .  Therefore,            .   

d) Since  .   
 

   
 

 

   
     , the exponent to which we raise 10 to get 

 

   
 is   .                   

Thus,        .      .     

Properties of logarithms 

Dear student, the following properties follow directly from the definition of the logarithm (definition 

3.6). Observe the definition carefully to understand the properties. 

  

 

 

 

 

 

Use properties of logarithms to answer the following questions. 

      a)  Find   such that            .                         b)  Simplify      
 .                            

c)  Find   such that        .                                 d)  Simplify       .                                    

Solution:  

a) Using property 4, we can see that    . 

b) Using property 3, it follows that      
   . 

c) Using property 2, we can conclude that    . 

d)  Using property 3, it follows that         .           

Laws of logarithms 

Dear student, we now establish laws of logarithms. The laws are represented by theorems and we 

Example 3 

Example 4 

For  𝑎    and 𝑎    

1.    𝑎      because 𝑎   .  

2.    𝑎 𝑎    because 𝑎  𝑎. 

3.    𝑎 𝑎
𝑝  𝑝   and  𝑎   𝑎 𝑝  𝑝  . . .    Inverse property. 

4. If    𝑎M     𝑎 N  then  M  N  . . .  One-to-One property. 
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Proof: 

            and        . 

 

Converting         to is corresponding exponential equations, we get      . 
Converting         to is corresponding exponential equations, we get     . 

Now,                . 

This implies         . 

Converting back to a logarithmic equation, we obtain 

          . 

But,        and        .                           

Therefore,                       . 

Express     (   ) as a sum of logarithms. 

Solution:  

We have     (   )               .  .   .  using the product law 

Express             as a single logarithm. 

Solution:  

We have                 (   )          .  .  .  using the product law 

 

Proof:  

Let        .    

Example 5 

Example 6 

Theorem 3.1 Logarithms of products                                                                 

   𝑎𝑀𝑁     𝑎𝑀     𝑎 𝑁 

For any positive numbers 𝑀, N and 𝑎    and 𝑎   , 

(The logarithm of a product is the sum of the logarithms of the factors.) 

 

 
Do you remember definition 3.6 ? What is its importance? 

Theorem 3.2 Logarithms of powers                                                                  

   𝑎(𝑀)
𝑟  𝑟    𝑎𝑀 

For any positive number 𝑀, any real number 𝑟, and 𝑎    𝑎𝑛𝑑 𝑎   , 

(The logarithm of a power of 𝑥 is the exponent times the logarithms of 𝑥.) 
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You are correct if you say      . 

Now,     (  )        . 

Converting back to a logarithmic equation, we obtain:      
    . 

But,         . 

Therefore,     ( )
        . 

Use laws of logarithms to evaluate the following.  

      a)     √             b)                c)      √ .  
 

         d)                    e)      
 

.
 

 
/      

Solution: 

a)     √   =       
 

   =  
 

 
     

  =  
 

 
(       )  =  

 

  
     =  

 

 
.                     

b)        =       
             =      .                     

c)      √ .  
 

 =       ( .  )
 

          

                     = 
 

 
      .                    

                     = 
 

 
     

 

   
                  

                       
 

 
     

 

    
           

                       
 

 
       

     
 

 
(         )  

 

 
 (  )     =  

 

 
.            

d)             =     (   ) =        =      
   = 2      =       

e)     
 

.
 

 
/      

 

.
 

 
/
 
      

 

.
 

 
/             

 

Proof: The proof follows from the product law and the power law. 

 

If your answer is yes then you can see that      
 

 
. We can use this relation in the following step. 

Example 7 

 

Can you convert the logarithmic equation 𝑝     𝑎𝑀 to its corresponding exponential 

equation? 

Theorem 3.3  Logarithms of Quotients                                                                  

For any positive numbers 𝑀, 𝑁, and 𝑎    and 𝑎   , 

   𝑎 .
𝑀

𝑁
/     𝑎𝑀     𝑎 𝑁. 

(The logarithm of a quotient is the logarithm of the numerator minus the logarithm of the 

denominator.) 

 
Do yoo recall the the relation 𝑎 𝑛  

 

𝑎𝑛
?  (Definition 3.2) 
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    (
 

 
)        

          

                                                                                 
   .  .  .  using product law 

                                                                                (  )       .  .  .  using power law 

                                        . 

Use laws of logarithms to evaluate the following. 

a)                     b)      √          √         c)                     

Solution: 

a)               =     
  

 
             

                                                   

b)        √          √   =      .
√    

√  
/  

=      √
    

  
      √              

c)                        = (             )             

             =      (     )        

                                                               

                  .
   

 
/               

               

 Proof: 

 

 

          Let        . Then  

              .  .  . taking exponent to the base   of both sides. 

     
         .  .  . taking logarithm to the base   of both sides. 

             .  .  .  using power law 

  
     

     
  

Example 8 

Theorem 3.4  Change of Base                                                            

   𝑎𝑀  
   𝑏𝑀

   𝑏 𝑎
 

For any positive real number M, 𝑎    𝑏     𝑎    and 𝑏     

 
Do you agree that  𝑎   𝑎𝑀  𝑀? Why? 

 
What will you get when you change the exponential equation  𝑎   𝑎𝑀  𝑀 to its 

corresponding logarithmic equation? (In  𝑎   𝑎𝑀,    𝑎𝑀 is the exponent.) 
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         Therefore,          
     

     
. 

Use laws of logarithms to find: 

a)     √                             b)      .                                    

Solution: 

a)    √   
     

    √ 
    by using base change law of logaritms 

            = 
     

 

     
 
 

      because      and √   
 

  

             
      
 

 
     

    by power  law of logaritms 

              
 
 

 

           because         

               
 

 
        

b)      .      
        

      . 
      by using base change law of logaritms 

                    = 
       

 

       
       because         and   .  

 

  
      

                     
        

         
   by power  law of logaritms 

                      
 

  
             because           

                        

Logarithms to Base 10 (Common Logarithms) 

Dear student, now we are going to discuss about a logarithm when the base is 10. It is called 

common logarithm. For a number  ,        is equal to that power to which 10 must be raised to 

obtain the number  . 

 

Find the value of the following common logarithms. 

a)                       b)                          c)                    d)        .                

 

  

Example 9 

 Activity 3.4 

 

 

The logarithm to the base 10 is called common logarithm or decadic logarithm and 

written as      𝑀. 

Definition 3.7 
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Find  the value of each of the common logarithms. 

 a)        √  
 

          b)      .           c)                  d)      .
 . 

√   
/ 

Solution: 

a)       √  
 

  =        
.
 

 
/
            

               =  
 

 
                       

               =   
 

 
    

 

 
.                        

b)       .        .
 

     
/     .

 

   
/                               

                      =                                             

                      =            because                 

                         .                                        

c)                 .
   

 
/                            .         

Dear student, when you tried to compute the values of the common logarithms in activity 3.4 and in 

the above example you used only properties of logarithm. But common logarithms like       .   , 

      .  ,     .    and           can not be easily simplified. To find their values we should use 

a table called common logarithm table.  

Suppose   can be written as               , then the logarithm of   can be read from the 

common logarithm table (a table that contains the common logarithm value of a number   such 

that       ) which is attached at the last page of this module.  

So,         (     )                    . 

That is,            . 

The common logarithm of  ,      is called the mantissa (fractional part) of the common logarithm 

of   and   is called the characterstic of the logarithm. 

The common logarithm of any two decimal place number between 1.00 and 9.99 can be read directly 

from the common logarithm table.  

Using the table of logarithm, calculate 

a)      .                   b)     .                    c)     .                         d)          

Example 1 

Example 2 

A common logarithim is usually written without indicating its base. For example, 

𝑙𝑜𝑔  𝑀 is simply denoted by 𝑙𝑜𝑔𝑀  
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Solution: 

a) We read the number at the intersection of row  .  and column   to find  .    . 

 

So,     .    .    .                          

b) Reading the number in row  .  under column   from the common logarithm table, gives 

 .    . 

So,     .    .    .                          

c)  .    in     .    has three numbers after decimal.  

 

To read the value of     .    from the logarithm table, the steps are as follow: 

Step 1. Separate the number  .    in     .    as 2.4, 7 and 8. 

Step 2. Read the number at the intersection of row 2.4 and column 7, this gives 0.3927. 

Step 3. From the mean difference part of the common logarithm table, read the number  

            at the intersection of row 2.4 and column 8, this gives 14. We write this as 0.0014. 

Step 4. Add the values obtained in steps 2 and 3 to get  .      .      .    . 

Therefore,     .     .    . 

d) We have,        .      . 

So,             ( .      )      .              .    .          

But,     .    .    . (reading from the table of common logarithm at the intesection of  

6.9 row and column 2). 

Therefore,              .      .    .                  

Identify the mantissa and characterstic of each of the common logarithms. 

      a)     .                              b)                              c)      .   

Solution: 

a)  .       .        and 

Example 3 
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    .         ( .       )      .               .   (  ). 

The mantissa is     .    .     (Refer to the common logarithm table to find     .  ). 

The characterstic is   . 

b)      .      . 

So, the mantissa is     .    .     and the characterstic is 2. 

c) We have  .    .       . 

Therefore, the mantisa is     .     and the characterstic is -2. 

Antilogarithms 

 

If       , then   is the antilogarithm (antilog) of   and write antilog( )   . When you are 

asked to find the antilog of a given number N you will try to find a number M such that           

      . We can use the antilogarithm table attached at the end of this module to read the antilog 

of a number. 

 

For example, given       .     to read the value of    antilog( .    ) from the 

antilogarithm table, we follow the following steps 

 

Step 1. Separate the number  .     as 0.81, 7 and 5 

 

 

 

 

 

 

Step 2. From the antilogarithm part read the number at the intersection of row 0.81 and 

column 7, this gives 6.561 

Step 3. From the mean difference part, read the number at the intersection of row 0.81 and 

column 5, this gives 8. We write this as 0.008. 

Step 4. Add the values obtained in steps 2 and 3 to get 

    antilog( .    ) =   .     .     .    

Therefore,     ( .   )   .      

 

Suppose      𝑀   .    ,      𝐾    and       𝑅  
 

 
, then what are the values of 

𝑀 𝐾 and 𝑅? 

 
Is antilog(   𝑀)  𝑀? Why? 
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Find the antilog of the following numbers. 

a)   0.9335             b)  3.0913            c)   -2.1202 

Solution: 

a)    To find antilog( .    ). That is to find a number   such that       .    . 

            Step 1. Separate the number 0.9335 as 0.93, 3 and 5 

Step 2. From the antilogarithm part read the number at the intersection of row 0.93 and   

             column 3, this gives 8.570 

Step 3. From the mean difference part, read the number at the intersection of row 0.93     

             and column 5, this gives 10. We write this as 0.010. 

Step 4. Add the values obtained in steps 2 and 3 to get   .     .     .    

            Therefore, antilog( .    )   .     

b)  In 3.0913, the characterstic is 3. Therefore aftre finding the antilog of 0.0913, we multiply  

      it by    .   To find antilog( .    ), 

            Step 1. Separate the number  .     into 0.09, 1 and 3 

Step 2. From the antilogarithm part read the number at the intersection of row 0.09 and   

             column 1, this gives 1.233. 

Step 3. From the mean difference part, read the number at the intersection of row 0.09   

             and column 3, this gives 1. We write this as 0.001. 

Step 4. Add the values obtained in steps 2 and 3 to get   .     .     .    

Step 5.  .            .  . Therefore the antilog( .    )      .   

c)  To find the antilog of negative numbers like   .    , we rewrite it as 

       .         .     (   )  (    )  (   .    ) 

                     =     .    . 

Then after finding the antilog of 0.8798, we multiply it by      to get the antilog(-2.1202) 

Now, to find  antilog( .    ) 

            Step 1. Separate the number  .     into  .  ,   and  . 

Step 2. From the antilogarithm part read the number at the intersection of row  .    

             and column   , this gives  .   .  

Step 3. From the mean difference part, read the number at the intersection of row  .     

             and column 8, this gives   . We write this as  .   .  

Step 4. Add the values obtained in steps 2 and 3 to get   .     .     .     

Step 5.  .          .      . Therefore the an     (  .    )   .       

 

Example 1 
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Computation with Logarithms 

Dear students,  now you will see how logarithms are used for computations of numbers like 
        

   
, 

√   , etc. Specially common logarithms are used in mathematical computations.  

In order to compute a given number  , you can perform the following steps: 

Step 1. Find     , using the laws of logarithms. 

Step 2. Find the antilogarithm of     . 

Approximate the values of the following using logarithm. 

a)  
        

   
                          b)  √        

Solution: 

a)  Let   
        

   
          

                     .
        

   
 /                         

                                               = (      .  )  (      .   )  (      .  ) 

                                               =       .       .        .   

By reading the values of      .  ,     .    and     .   from the common logarithm table you 

can find their values as indited in the step below. 

                                               =    .      .      .     

                                               = 3.3334 

              .     

               an     ( .    )       ( Use the antilog table to find the value of  an     ( .    )). 

b)   Let   √        

                 (√    )  
 

 
       

 

 
(      .  )    

 

 
    .   

   
 

 
( .    )  

               .     

           an     ( .    )    .   

 

Dear learner, now it is time to check your understanding about logarithm.  Read each question and 

put a mark (" √ ") in the box that is the appropriate choice to you.   

Example 2 

 Yes No 

 Can you explain what is meant by logarithmic expression?             

     Checklist  
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If your response to the above check list questions is positive, proceed to do the self-test exercise 

given below and check your answer at the end of this module. If not please review the section again 

and again until you think you have clear understanding about it. 

 

1.  Write the equivalent logarithmic statement for the following equations. 

a)                             b)       
 

   
           c)  √   

  
                        d)      

 

  
 

 
 

2.  Write the equivalent exponential statement for the following equations. 

a)                       b)                   c)         .                d)       
 

  
    

 3.  Find the values of following logarithms. 

a)                                                              b)                                                            

c)           .                                             d)      √   

4. Using properties of logarithms give answer for the following questions. 

a)   Find   such that            .                             b)  Simplify       
 .                    

c)  Find   such that            .                              d)  Simplify        .                                    

5.  Use laws of logarithm to find the values of 

a)     √ 
 

                              b)                                    c)      .
 

     
/      

d)      
.
 

 . 
/
(   )                   e)      √

 

  

 
                           f)              .            

6.  Use laws of logarithms to find the values of 

      a)                                                 b)                                

      c)      √        √                             d)                          

      e)                                        f)                              

 Do you know the values of       and       when     and  

   ? 

            

 Can you state the product rule of logarithm?             

 Can you state power rule of logarithm?             

 Can you state the quotient rule of logarithm?             

 Can you state the rule of change base of logarithm?                                              

 Can you define common logarithm and antilogarithm?             

 Can you use table for finding logarithm of a given positive number 

and antilogarithm of a number? 

            

 Can you define antilogarithm?             

     Self-Test Exercise 2  
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7.  Use the law       
     

     
 to find the value of the following expressions. 

      a)     √          b)     √            c)      
.
 

 
/
                                                                      

      d)      .
 

 
/                                   e)      .                                      

8.  Find the values of the following common logarithms. 

a)     .
√    

 .    
/                           b)        √ .                          c)     √    

 
 

9. Using the table of logarithm find the values of the following. 

     a)      .                      b)      .                  c)       .                   d)       .                             

     e)       .                     f)       .                  g)      .                 h)         

10. Identify the characterstic and mantissa of the logarithm of each of the following. 

a)  0.00072               b) 0.46                 c)  603               d)    
 

 
 

      e)  5.5                        f)   7                     g)  5420            h)  65.615 

11. Find 

      a)   an      .                         b)  an      .                     c)   an      .              

      d)  an      .                             e)  an      .                      f)  an      .                 

      g)   an      .                          h)  an      (  . )                                          

12. Compute using logarithms. 

a)    .    .                            b)  √  
 

           c)     .            

d)    ( . ) .  ( .  ) .              e)   
√   

( .  ) 
                             

 

 

Dear learner, in this section, we define exponential functions. We will sketch their graphs and see 

properties of the graphs of the functions.  

 

 

The Exponential Functions and Their Graphs         Section 3 

Section Objectives 

By the end of this section, you will be able to: - 

 define an exponential function. 

 draw the graph of a given exponential function. 

 describe the graphical relationship of exponential functions having bases reciprocal to 

each other. 

 explain the properties of an exponential function by using its graph. 

 define natural exponential function. 
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3.1 Exponential Functions  

Dear learner, activity 3.5 shows how an exponential function is formed. Fill the table carefully and 

see the relation between the time t and the number of bacteria. The solution of problem c in activity 

3.5 is an exponential function. 

 

Consider a single bacterium which divides every hour. 

a) Find the number of bacteria after one hour, two hours, three hours, four hours, and   hours. 

  b)  Complete the following table. 

Time in hour ( )             …   

Number of bacteria          

  c)  Write a formula to calculate the number of bacteria after   hours 

 

 

 

Given  ( )    . Evaluate the following. 

a)   ( )                               b)  ( )                            c)   (  ) 

Solution: 

 )    ( )      .             b)    ( )      .           )   (  )      
 

 
. 

Write each of the following functions in the form  ( )      or  ( )      for a suitable constant 

 .                                                

a)   ( )                  b)   ( )  √ 
 
           c)   ( )  .

 

 
/
 
      

Solution: 

Example 1 

Example 2 

 Activity 3.5 

 

 

The exponential function 𝑓 with base 𝑎 is denoted by 𝑓(𝑥)  𝑎𝑥, where 𝑎         

𝑎    and 𝑥 is any real number. 

Definition 3.8 

 

If the value of 𝑎 in definition 3.8 is 1, then what will be the value of 𝑎𝑥? Do you 

remember the name of the function 𝑓(𝑥)  𝑎𝑥 when 𝑎 is 1? 
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      a)   ( )     (  )                           

     b)   ( )  √ 
 
 . 

 

 /
 

  
 

 
                                 

     c)   ( )  .
 

 
/
 
 .

 

  
/
 
 (   )       

3.2 Graphs of Exponential Functions  

In this subsection, we will discuss how to draw graphs of exponential function.  The graphs can be 

drawn by preparing table of values, plotting the points (   ) from the table on the   -plane and after 

these we join them by a smooth curve. A smooth curve has no sharp corner.  

Draw the graph of the exponential function   ( )    . 

Solution: 

First, we calculate values of  ( ) for some integer values of   and prepare a table of these values. 

 (  )  
 

 
,  (  )  

 

 
,  (  )  

 

 
 ,  ( )   ,  ( )   ,  ( )   ,  ( )    

 

Next, we prepare table of values as blow. 

                   

 ( )      

 
 

 

 
 

 

 
 

        

Then we plot the points on the   -plane and join them by a smooth curve as shown in the figure 3.1. 

 

                                                    Figure 3.1: Graph of  ( )     

Example 1 

 
Do you think 𝑓(𝑥)   𝑥 is defined for all real number 𝑥?  What do you think about the 

domain of 𝑓? 
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From the graph we see that the domain of   ( )     is the set of all real numbers and its range 

is the set of positive real numbers.  

By looking at figure 3.1, you can attempt activity 3.6. This gives you additional properties of the 

graph of  . 

 

1. For which values of x   ( )        

2. For which values of x  ( )        

3. Does  ( )     increase as   increases?  

4. What happens to the graph of   ( )     as x gets larger and larger without bound? 

5. What happens to the graph of  ( )     when x is negative and | | is very large? 

6. Is there a line that the graph of   ( )     approaches but never touches when x is 

negative and | | is very large? What is that line? 

 

Draw the graph of the exponential function   ( )  .
 

 
/
 
. 

Solution: 

First, we calculate values of  ( ) for some integer x and prepare a table of these values. 

  (  )   ,  (  )   ,  (  )   ,  ( )   ,  ( )  
 

 
,  ( )  

 

 
,  ( )  

 

 
 

 

Next, we prepare table of values as blow. 

                   

 ( )  (
 

 
)
 

 
         

 
 

 

 
 

 

 
 

 

Then we plot the points on the xy-plane and join them by a smooth curve as shown in the figure 3.2. 

Example 2 

 

What is the 𝑦-intercept of the function? Do you think the function has an 𝑥- intercept? 

Why? What do you think about the range of 𝑓? 

 Activity 3.6 

 

Do you think 𝑓(𝑥)   𝑥 is defined for all real number 𝑥?  What do you think about the 

domain of 𝑓? 
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                                              Figure 3.2: Graph of  ( )  .
 

 
/
 
 

 

Dear student, the graph of the exponential function  ( )          and     has one of the 

following shapes. By looking at these graphs you can observe the basic characterstics of the 

exponential function which are summarized below. 

                                                  

                        (a)                                                                                  (b) 

Figure 3.3 

Characterstics of Graph of  ( )          

a) Domain:   = The set of all real numbers. 

b) Range:    The set of all positive real numbers. 

c)  -intercept: The point (   ). 

d) Has no  -intercept. 

e) It is increasing function. The value of   increases whenever the value of   increases. 

f) The graph goes upward without bound as x gets larger and positive. 

g) The graph gets closer to the negative  -axis when   is negative and | | is large.  

 

What is the 𝑦-intercept of the function? Do you think the function has an 𝑥- intercept? 

Why? What do you think about the range of 𝑓? 
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Characterstics of Graph of  ( )           . 

a) Domain:   = The set of all real numbers. 

b) Range:    The set of all positive real numbers. 

c)  -intercept: The point (   ). 

d) Has no x intercept. 

e) It is decreasing function. The value of   decreases whenever the value of   increases. 

f) The graph goes upward without bound when   is negative and | | is large 

g) The graph gets closer to the positive  -axis when   gets larger and positive.  

3.3 The Natural Exponential Function  

Any positive number can be used as the base for an exponential function, but for the bases, the 

number denoted by the letter   and 10 are used more frequently. The number   is the most important 

base and convenient for certain applications. 

The number   is defined as the value that .  
 

 
/
 

 approaches as n becomes large. The table below 

shows the values of the expression .  
 

 
/
 

 for increasingly large values of  . It 

appears that    .      correct to five decimal places.  

 

 

 

 

 

 

 

 

 

 

 

 

The approximate value to    decimal places is    .                    . 

 

n 
(  

 

 
)
 

 

1 2.00000 

2 2.25000 

5 2.48832 

10 2.59374 

100 2.70481 

1000 2.71692 

10,000 2.71815 

100,000 2.71827 

1,000,000 2.71828 

 

 

The natural exponential function is the exponential function 𝑓(𝑥)  𝑒𝑥  with base 𝑒. 

 
 

Definition 3.9 
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Figure 3.4 

Since 2 <   < 3, the graph of the natural exponential function lies between the graphs of  

 ( )     and  ( )     as shown in the figure 3.4. 

Use a scientific calculator to evaluate each expression correct to five decimal places. 

a)                                      b)                                    c)     .  

Solution: 

We use the , - key on a scientific calculator to evaluate the exponential expressions. 

a)     .     . 

b)      .     . 

c)   .    .     . 

Construct table of values for some integer values of  , sketch the graphs, find the x-intercept and y-

intercept, find the asymptote and give the domain and the range of      . 

              

        .     .        .     .   

 

No  -intercept. 

The  -intercept is (0, -1). 

The asymptote is the line     ( -axis). 

The domain is the set of all real numbers. 

The range is the set of negative real numbers. 

 

    

Example 1 

Example 2 

Figure 3.5 
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Dear learner, now it is time to check your understanding about exponential function.  Read each 

question and put a mark (" √ ") in the box that is the appropriate choice to you.   

If your response to the above check list questions is positive, proceed to do the self-test exercise 

given below and check your answer at the end of this module. If not please review the section again 

and again until you think you have clear understanding about it. 

 

1. Given  ( )  .
 

 
/
 
. Find the values of  

a)    ( )                  b)   (  )        c)    .
 

 
/         d)     . 

 

 
/ 

2. Write each of the following functions in the form  ( )      for a suitable  

constant  .                                                

a)   ( )                        b)   ( )  √   
 
                  c)   ( )  .

 

 
/
 
      

d)   ( )  √   
  

                 e)   ( )  .
 

   
/

  

 
   

3. For the function  ( )    , 

        a)  Complete the table of values below. 

         

   ( )    

 

        b)  Find the intercepts. 

         c) Sketch the graph of  , first by plotting the points (   )  and then joining them by a    

 Yes No 

 Can you define exponential function?             

 Can you sketch graphs of the exponential functions of the form 

     for     and    ? 

            

 Can you describe the properties of the graphs of       when 

    ? 

            

 Can you describe the properties of the graphs of       when           

     ? 

            

 Can you define the natural exponential function?             

     Checklist  

     Self-Test Exercise 3  
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  smooth curve. 

         d) Find the domain and range of  . 

4. For the function  ( )  .
 

 
/
 
, 

      a)  Complete the table of values below. 

         

   ( )    

       b)  Find the intercepts. 

        c) Sketch the graph of  , first by plotting the points (   )  and then joining them by a    

            smooth curve. 

       d) Find the domain and range of  . 

5.   Using the same coordinate system, draw the graphs of   ( )     and  ( )  .
 

 
/
 
. 

 

 

4.1 The Logarithmic Functions 

 Section Overview 

In this section, we define logarithmic functions. we will also sketch their graphs and see properties of 

the graphs of the functions.  

 

When evaluating logarithms, remember that       is the exponent to which   must be raised to 

obtain  .  

Use the definition of logarithmic function to evaluate each logarithm function at the indicated    

value of  . 

a)    ( )                                     b)     ( )               

c)    ( )                                    d)     ( )              
 

  
 

Solution: 

a)  ( )       . Let         and by definition 3.9         if and only if     . 

Example 1 

The Logarithmic Functions and Their Graphs Section 4 

 

 

Let 𝑎    and 𝑎   . The logarithmic function with base a denoted by 𝑦     𝑎 𝑥 is 

defined by 

y     𝑎 𝑥    and  n y    𝑥  𝑎𝑦. 

Definition 3.9 
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But      if and only if    . Therefore,        . 

Or  ( )             
               

b)  ( )       . Let         and by definition 3.9         if and only if     . 

But      if and only if    . Therefore,         

c)  (  )              
              .  

d)  .
 

  
/       .

 

  
/         

              , b 

Write each of the following functions in the form   ( )          or    ( )         for a suitable 

constant  .                                                    

a)   ( )                           b)   ( )                

c)  ( )     
.
 

 
/
                    d)   ( )     √             

Solution: 

 

This rule and other rules are applied to find the solution of this example. 

a)  ( )        
     

     
 

     

     
  

     

      
 
     

 
 
 

 
         

b)  ( )        
     

     
 

     

     
  

     

      
 
     

 
 
 

 
         

c)  ( )     
.
 

 
/
  

     

     
   

     

       
  

 

 
            

d)  ( )     √   
     

    √ 
 

     
 

 
     

        

Write each of the following functions in the form  ( )          or  ( )          for suitable 

constants   and  .                              

      a.   ( )     
.
 

 
/
.
  

 
/            

      b.   ( )     
.
 

  
/
.
 

 
/                

Solution: 

a.   ( )     
.
 

 
/
.
  

 
/  

    .
  

 
/

    .
 

 
/
 

    .
  

 
/

    ( )
   

    .
  

 
/

       
 
    . 

 

 
/

  
  

 

 
    . 

 

 
 /    

b.   ( )     
.
 

  
/
.
 

 
/  

    .
 

 
/

    .
 

  
/
 

    .
 

 
/

    ( )
   

    .
 

 
/

       
 
    .

 

 
/

  
  

 

 
    .

 

 
 /    

Example 2 

Example 3 

 Can you recall theorem 3.4 (change base rule of logarithm)? 
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4.2 Graphs of Logarithmic Functions 

Dear learner, in this subsection, we will discuss how to draw graphs of exponential function.  The 

graphs can be drawn by preparing table of values, plotting the points (   ) from the table on the   -

plane and after these we join them by a smooth curve. A smooth curve has no sharp corner.  

 

Draw the graph of the logarithmic function   ( )       . 

Solution: 

First, we calculate values of  ( ) for some values of   which are powers of 2 so that we can find 

their logarithms and prepare a table of these values. 

  ( )         ,  ( )         ,  ( )         ,  ( )         ,                   

  .
 

 
/      

 

 
   ,        .

 

 
/      

 

 
   ,        .

 

 
/      

 

 
    

   

 
 

 

 
 

 

 
 

        

 ( )                         

Then we plot the points on the   -plane and join them by a smooth curve as shown by figure 3.6 

 

Figure 3.6: Graph of  ( )       . 

The graph of  ( )             and its basic characteristics are listed below for you.  

 

Example 1 

 

Can you find the value of 𝑦      𝑥 for 𝑥         ? Why? 

What do you think about the domain of the logarithmic function 𝑓(𝑥)      𝑥? 
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Figure 3.7: Graph of  ( )            

1. Domain:    The set of all positive real numbers. 

2. Range:   = The set of all real numbers. 

3.  -intercept: (   ) 

4. It has no y intercept. It does not intersect the  -axis. 

5. It is increasing function. The value of   increases whenever the value of   increases. 

6. The graph goes upward as x gets larger and positive. 

7. The graph gets closer to the negative  -axis when   gets closer to 0 from the right. 

 

Draw the graph of the logarithmic function  ( )      
 

 . 

Solution: 

First, we calculate values of  ( ) for some values of   which are powers of 
 

 
 so that we can find 

their logarithms and prepare a table of these values. 

 ( )      
 

    ,    ( )      
 

    ,    ( )      
 

    ,    ( )      
 

    

  .
 

 
/      

 

 

 
  ,    .

 

 
/      

 

 

 
  ,     .

 

 
/      

 

 

 
   

   

 
 

 

 
 

 

 
 

        

 ( )      
 
                   

Then we plot the points on the   -plane and join them by a smooth curve as shown in figure 3.8. 

Example 2 
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Figure 3.8: Graph of  ( )      
 

  

The graph of  ( )               and its basic characteristics are listed below for you. 

 

                                  Figure 3.9 Graph of  ( )               

1. Domain:    The set of all positive real numbers. 

2. Range:   = The set of all real numbers. 

3.  -intercept: (   ) 

4. It has no y intercept. It does not intersect the  -axis. 

5. It is decreasing function. The value of   decreases whenever the value of   increases. 

6. The graph goes downward as x gets larger and positive. 

7. The graph gets closer to the positive  -axis when   gets closer to 0 from the right. 

4.3 Natural Logarithms 

Dear student, recall from section 3.3 about the number e. Now, we are going to define this number in 

relation with lagarithm.  
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Find  the value of each of the following natural logarithms. 

 )   n                 )   n                c)    n                d)     n √ 
 

                e)    n
 

 
      

Solution: 

a)  n     =                                    

b)  n                       

c)  n      n                   

d)  n √ 
 
     n  

 

  
 

 
 n   

 

 
               

e)  n
 

 
     n       n                   

 

Dear learner, now it is time to check your understanding of logarithmic functions and their graphs.  

Read each question and put a mark (" √ ") in the box that is the appropriate choice to you.   

If your response to the above check list questions is positive, proceed to do the self-test exercise 

given below and check your answer at the end of this module. If not please review the section again 

and again until you think you have clear understanding about it. 

Example 1 

 Yes No 

 Can you define logarithmic function?                                                   

 Can you sketch graphs of logarithmic functions of the form           

        for     and    ?                                                           

            

 Can you list the properties of the graphs of          when          

   ?                              

            

 Can you list the properties of the graphs of          when          

     ?                              

            

 Can you define natural logarithm?                                              

 

 

The logarithm of a number to the base e is called natural logarithm and it is written 

as 

   𝑒 𝑥   n 𝑥. 

and 𝑓(𝑥)  𝑙𝑜𝑔
𝑒
𝑥  𝑜𝑟 𝑓(𝑥)  𝑙𝑛 𝑥 is called natural logarithmic function. 

 

Definition 3.10 

     Checklist  



Unit 3 : Exponential and Logarithmic Functions 
 

 
135 

 

1. Given  ( )     
.
 

 
/
 . Find the values of  

       a.    ( )                           b.     (  )         

       c.    .
 

  
/                         d.     (√ ) 

2. Write each of the following functions in the form  ( )         for a suitable constant  .      

       a.   ( )                     b.   ( )     √                     

       c.  ( )     
.
 

 
/
                         d.   ( )     

√ 
      

3. For the function  ( )        

a) Complete the table of values below 

   

   
 

 

  
 

 

 
 

    

   ( )      

       b)  Find the intercepts. 

        c) Sketch the graph of  , first by plotting the points (   )  and then joining them by a    

            smooth curve. 

        d) Find the domain and range of  . 

4. For the function  ( )     
.
 

 
/
  

       a)  Complete the table of values below. 

   

   
 

 

  
 

 

 
 

    

   ( )      

      b)  Find the intercepts. 

       c)  Sketch the graph of  , first by plotting the points (   )  and then joining them by a    

            smooth curve. 

       d)  Find the domain and range of  . 

5.  Find the values of:  

             a)    n√ 
 

                       b)   n .
 

  
/                    c)                   d)    n√  

 
 

          e)   n (     )              f)   n (      )            g)   n .
   

   
/ 

 

     Self-Test Exercise 4  
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 Section Overview 

Dear learner, in this section, we will look at the relation between exponential and logarithmic 

functions with the same base. Then we will see this relation sketch their graphs on the same   -

plane.  

 

Dear student, consider the tables of values that we have constructed in the previous sections for the 

exponential function      and logarithmic function        . They have the same base 2. 

 

 

We see that the values of   and   are 

interchanged in the two tables. That is, the 

domain of       is the range of        , the 

range of      is the domain of         and 

vice-versa. 

You can look back to section 3 and section 4 for 

the graphs of the two functions and if we try to 

sketch the graphs of both functions and the graph 

of the linear function     on the same   -plane 

then the result will be as shown in the figure 3.10.                     Figure 3.10                               

Relation Between Exponential and Logarithmic 

Functions with the Same Base 
Section 5 

 Section Objectives 

By the end of this section, you will be able to: - 

 Sketch the graphs of exponential and logarithmic functions with the same base 

on the same 𝑥𝑦-plane. 

 relate exponential and logarithmic functions with the same base.  

𝑥                  

𝑦   𝑥  

 
 

 

 
 

 

 
 

        

 

𝑥  

 
 

 

 
 

 

 
 

        

𝑦      𝑥                  
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If     then the value of      is 4. This means (2, 4) is on the graph of     . If     then the 

value of         is 2. This means (4, 2) is on the graph of        .  

 

The line     is the perpendicular bisector of the line segment joining the points (2, 4) and (4, 2). 

In general, for every point (   ) on the graph of      the point (   ) lies on the graph of        

        such that the line     is the perpendicular bisector of the line segment joining the two 

points. Because of this the graph of         is the reflection of the graph of      along the line 

    as shown in figure 3.10. 

The relation between the functions      and              is shown graphically in figure 

3.11. 

 

Figure 3.11: Graph of         and      for     

From figure 3.11, observe that: 

1. The domain of      is the set of all real numbers, that is the range of        . 

2. The range of      is the set of all positive real numbers, that is the domain of        . 

       a. Domain of        =   Range of        . 

       b. Range of        =   Domain of        . 

Figure 3.12 shows graphs of the family of logarithmic functions with bases 2, 3, 4, 5 and 10. These 

graphs are the reflections of the graphs of                       and       along the 

line    , respectively. 

 Can you locate the position of the points (2, 4) and (4, 2) on figure 3.19? 
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   Figure 3.12 

 

For the exponential function   .
 

 
/
 
 and the logarithmic function       

 

 , 

a.  Complete the table of values below. 

                   

 ( )  (
 

 
)
 

 
       

b. Sketch their graphs on the same   -plane. 

c. Find the domain and the range of the functions. 

d. State the relation that exists between the domain and the range of the functions. 

Solution:  

a.   

 

 

 

 

 

 

 

Example 1 

      

 
 

 

 
 

 

 
 

        

 ( )      
 
         

𝑥                  

𝑓(𝑥)  (
 

 
)
𝑥

 
         

 
 

 

 
 

 

 
 

 

 

 𝑥 

 

 
 

 

 
 

 

 
 

        

𝑔(𝑥)      
 
𝑥                  
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                                  Figure 3.13: Graph of   .
 

 
/
 
and       

 

  

c. The domain of  ( ) is the set of all real numbers and its range is the set of positive real    

    numbers. The domain of  ( ) is the set of positive real numbers and its range is the set         

    of all real numbers. 

d. Domain of  ( ) = Range of  ( ) and Range of  ( ) = Domain of  ( ). 

Dear learner, now it is time to check your understanding about operations on polynomial functions.  

Read each question and put a mark (" √ ") in the box that is the appropriate choice to you.   

If your response to the above check list questions is positive, proceed to do the self-test exercise 

given below and check your answer at the end of this module. If not please review the section again 

and again until you think you have clear understanding about it. 

 

Let  ( )  .
 

 
/
 
 and  ( )      

 

 . 

1. Sketch the graphs of  ( ) and  ( ) on the same   -plane. 

2. Find the domain and the range of  ( ). 

3. Find the domain and the range of  ( ). 

4. Compare the domain of  ( ) with the range of  ( ). 

 Yes No 

 Can you draw graphs of exponential and logarithmic functions 

with the same base on the same   -plane. 

            

 Can you relate the domain and range of      with the domain 

and range of        ?                                                           

            

     Checklist  

     Self-Test Exercise 5  
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5. Compare the range of  ( ) with the domain of  ( ). 

 

 

 Section Overview 

In this section, we will solve exponential and logarithmic equations. We will also look at some 

procedures which are necessary to solve these types of equations. 

 

6.1 Solving Exponential Equations 

 

An equation in which the variable occurs in the exponent is called an exponential equation. For 

instance,  

      and          are exponential equations. 

To solve exponential equations, we follow the following   step procedure. 

1. Isolate the exponential expression on one side of the equation. 

2. Solve for the variable.  

Moreover, we use the following property: 

 

Solve  (    )   . 

Solution:  

Since     , we have 

           (    )         

                   (    )       

                  (base exponent property) 

Example 1 

Solving Exponential and Logarithmic Equations Section 6 

 Section Objectives 

By the end of this section, you will be able to: - 

 Solve simple exponential equations by using the properties of Exponent 

 Use the properties of logarithm to solve simple logarithmic equation.   

 

Do you remember the name of the equations  𝑥     ,  𝑥   𝑥      and         

 𝑥  𝑥   𝑥     ? 

Base-exponent property 

For any real numbers 𝑥, 𝑦,  𝑎    𝑎      𝑎𝑥  𝑎𝑦     and  n y    𝑥  𝑦 
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                                              (Solving the linear equation for  ) 

              So, the solution is    .  

Solve   
       . 

Solution:  

Since      , we have   
        

                                                             (Base exponent property) 

          (Find two numbers whose sum is -3 and whose product is -4. These numbers 

are 1 and -4. Then we rewrite the equation like below.) 

            .  

 (   )   (   ) 

(   )(   )    (Factorizing         .) 

So, the solutions are      and     .  

 

6.2 Solving Logarithmic Equations 

A logarithmic equation is an equation that involves the logarithm of an expression 

containing a variable. For instance,     (   )    is logarithmic equation. 

Since the logarithm of non-positive (0 and negative) numbers does not exist, before trying to find the 

solution of      (   )   , you have to restrict   such that      . That is,     . We accept 

the solution if the value of   is above -3. The set of all numbers greater than    is called the 

universal set or simply the universe of the equation     (   )   . 

We use the following property to solve logarithmic equations. 

 

We use the following procedures to solve logarithmic equations. 

1. State the universe.  

2. Collect the logarithmic term on one side of the equation. 

3. Write the equation in exponential form. 

4. Solve for the variable. 

Example 2 

 

Can you recall the general formula 𝑥  
 𝑏±√𝑏   𝑎𝑐

 𝑎
 to solve the general quadratic 

equation 𝑎𝑥  𝑏𝑥  𝑐   ? Can you solve 𝑥   𝑥      using this formula?  

For any positive real numbers 𝑥, 𝑦, 𝑎    and 𝑎    

   𝑎 𝑥     𝑎 𝑦 if and only if 𝑥  𝑦.  
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Solve the logarithmic equation     (   )   . 

Solution:     

If       then the universe is     .  

                         (   )    

                                                                                  exponential form 

                                                             

                                                                

                                          So, the solution is      . 

Solve     (    )         . 

Solution: 

   If        then   
 

 
. 

         (    )          

         (    )          

          (    )      (Product law of logarithm) 

         (     )    

               (Definition of logarithm) 

              

            
  

  
  

           
  

  
 
 

 
 

         Therefore,    
  

  
 is the solution. 

 

Dear learner, now it is time to check your understanding about operations on polynomial functions.  

Read each question and put a mark (" √ ") in the box that is the appropriate choice to you.   

Example 1 

Example 2 

 Yes No 

 Can you solve exponential equations using property of exponent?             

 Can you solve simple logarithmic equations using the properties of 

logarithm? 

            

     Checklist  
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If your response to the above check list questions is positive, proceed to do the self-test exercise 

given below and check your answer at the end of this module. If not please review the section again 

and again until you think you have clear understanding about it. 

 

1. Solve for x. 

         a)                                    b)         
 

  
                           c)              

         d)  
 

  
 .

 

   
/
 
                            e)    .

 

 
/
    

.       
 

   
          f)              

         g)                          h)   (   )  
 

  
                  

2.  State the universe and solve for  . 

         a)      (    )                                             b)      √              

         c)      (  
   )                                           d)            (   )                          

         e)     (     )     (    )                    f)       (   )      (   )             

         g)     (   )                           

 

 

In this section we will look at two applications of exponential function. These are calculating 

compound interest and population growth. 

 

7.1 Compound Interest 

Exponential functions occur in evaluating compound interest. Suppose an amount of money  , called 

the principal, is invested at an annual interest rate r, compounded once a year, then after a year the 

interest is   . If the interest is added to the principal at the end of the year, the new amount  ( ) of 

money is, 

 ( )        (   ) 

If the interest is reinvested, then the new principal is  ( )   (   ), and after another year the 

interest is   ( ), then the amount after the end of the second year,  ( ) is 

     Self-Test Exercise 6  

Applications Section 7 

 Section Objectives 

By the end of this section, you will be able to: - 

 calculate compound interest. 

 compute population growth. 
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 ( )   ( )    ( )   ( )(   )   (   )(   )   (   )  

Similarly, at the end of the third year, the amount  ( ) is  ( )   (   ) . 

Generally, after the end of   years, the amount  ( ) is  ( )   (   ) . 

Observe that this is an exponential function with base    . 

Let   be the number of compounding per year and   be the number of years. Then the product    

represents the total number of times the interest will be compounded and the interest rate per 

compounding period is  
 

 
 . This leads to the following formula indicated as in theorem 3.5 for the 

amount after   years. 

 

A total of birr 100 is invested at an interest rate of 7% per year. Find the amounts in the account after 

5 years if the interest is compounded 

     a)  annually        b) semi-annually        c) quarterly      d) monthly      e) daily. 

Solution: 

a) Here we have             .       and    .  

             Using the formula for compound interest with   compounding per year, we have 

                ( )   .  
 

 
/
  

 .  .  .  Formula for compound interest 

                             .  
 .  

 
/
 ( )

.  .  .  Substitute for       and   

                             ( .  )       .  .  .  Simplifying 

                             .     .  .  . use a calculator 

              Therefore, the amount in the account after 5 years will be about Birr 140.26. 

b) For semi-annually compounding,    . Hence, after 5 years at 7% rate, the amount in the 

account is 

Example 1 

Theorem 3.5   Compound interest   

𝐴(𝑡)  𝑃 .  
𝑟

𝑛
/
𝑛𝑡

 

Compound interest is calculated by the formula 

where 𝐴(𝑡)= amount after 𝑡 years, 

𝑃 = principal, 

𝑟 = interest rate per year, 

𝑛 = number of times interest is compounded per year and  

𝑡 = number of years. 
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    ( )     .  
 .  

 
/
 ( )

    ( .   )      .       . 

c) For quarterly compounding,    . Thus, after   years at    rate, the amount in the account 

is 

    ( )     .  
 .  

 
/
 ( )

    ( .    )      .       . 

d) For monthly compounding,     . So, after   years at    rate, the amount in the account is 

    ( )     .  
 .  

  
/
  ( )

    ( .     )      .       . 

e) For daily compounding,   = 365. Therefore, after 5 years at 7% rate, the amount in the 

account is 

    ( )     .  
 .  

   
/
   ( )

    ( .     )        .       . 

 
The interest paid increases as the number of compounding period   increases. 

 

3.6.2 Population Growth 

 In 2013 E.C, the population of a country was about     million, and the exponential growth rate 

was 2.3 % per year. 

a) Find the exponential growth function. 

b) Estimate the population in 2018 E.C. 

c) How many years will it take for the population to be doubled? 

Solution:  

a) Here        million, the population in the year 2013 (   ) and the growth rate                  

   .    .   . So, the exponential growth function is:  

 ( )  (           )  .    . 

b) In the year 2018,    . To find the population in 2018, we substitute 5 for  , i.e.  

Example 2 

Note 

𝑃(𝑡)  𝑃 𝑒
𝑘𝑡  𝑘    

The exponential function 

is a mathematical model of many kinds of population growth. In this function, 𝑃  is the 

population at initial time 𝑡 , 𝑃(𝑡) is the population after time 𝑡, and 𝑘 is called the 

exponential growth rate. 
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 ( )  (           )  .   ( )  (           )  .               . 

           the population will be about             in 2018. 

c) We find   for which  ( )       (           )             . 

To find the time, we solve the equation: 

                                                 ( )  (           )  .     

                                         (           )  .     

                                          .       .  .  .   dividing each side by 100,000,000 

                                   n    n   .       .  .  . taking the natural logarithm of both sides 

                                                   n    .      n  ⏟
  

  .  .  .   power law of logarithm 

                                                   n    .      

                                                         
   

 .   
    .  .  .  dividing each side by 0.023 

                                                         
 .     

 .   
      because  n    .      

                                                         30.14 

Hence, it takes about 30.14 years for the population of the country to be double. 

3.6.3 The pH Scale 

Chemists measured the acidity of a solution by giving its hydrogen ion concentration until Soren 

Peter Lauritz Sorensen, in 1909, proposed a more convenient measure. He defined 

       ,  - 

where ,  - is the concentration of hydrogen ions measured in moles per liter (M). 

Solutions with a      are defined neutral, those with      are acidic, and those with      are 

basic. 

The hydrogen ion concentration of a sample of human blood was measured to be ,  -   .        M. 

Find the    and determine whether the blood is acidic or basic. 

Solution: 

                     We have           ,  -        , .       - 

                                                ,   ( .  )         -  .  .  .  product law of logarithm 

                                                 , .      -    (          a      ( .  )   .    ) 

                                                .    

Example 3 
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                        Since     .     , the blood is basic. 

The most acidic rainfall ever measured occurred in Scotland in 1974 and its pH was 2.4. Find the hydrogen 

ion concentration. 

Solution: 

                    ,  - 

              .      ,  -          ,  -    .  … multiply both sides by -1. 

          ,  -  (   . )         (      ad n       a n       a   n    an  )  

        ,  -   .  (  ) 

     an     (   ,  -)  an     ( .  (  )) 

                         ,  -   .         

So, the hydrogen ion concentration of the rainfall was about  .         . 

 

Dear learner, now it is time to check your understanding about operations on polynomial functions.  

Read each question and put a mark (" √ ") in the box that is the appropriate choice to you.   

If your response to the above check list questions is positive, proceed to do the self-test exercise 

given below and check your answer at the end of this module. If not please review the section again 

and again until you think you have clear understanding about it. 

 

1. Suppose that birr 5000 is deposited in to an account paying 5% annual interest compounded   

    quarterly, how much money will be in the account after 4 years? 

2. How much money could be deposited into an account paying 7% annual interst compunded  

     monthly to have birr 20, 000 in the account after 5 years? 

Example 4 

 Yes No 

 Can you apply the formula  ( )   .  
 

 
/
  

 to calculate 

compound interest? 

            

 Can you apply the formula  ( )     
       to calculate 

population growth? 

            

 Can you apply the formula          ,  - to identify the acidity 

of a solution? 

            

     Checklist  

     Self-Test Exercise 7  
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3.  A Population of cockroaches grows exponentially. There are 5 initially and 60 after 2 days. 

      How many are there after 10 days? 

4.  Suppose the pH reading of a mango juice is 4.5. Calculate the hydrogen ion concentration [  -  of the   

      juice. 

5.  Suppose the hydrogin concentration reading of  milk is  .         . Calculate the pH of the  

     substance and determine whether it is acidic or basic. 

 

 

 Asymptote    exponential equation  mantissa    

 antilogarithm  exponential function  natural logarithm       

 base      logarithm  logarithmic equation      

 characteristics    logarithm of a number  power     

 common logarithm                logarithmic equation  

 exponent    logarithmic function  

 

1. For a natural number n and a real number  , the power   , read “the thn  power of a” or “  raised 

to  ”, is defined as follows: 

                                            ⏟            
         

   

In the symbol   ,   is called the base and   is called the exponent. 

2. Laws of exponenets: For a real number   and natural numbers   and  , 

a)           . 

b) 
  

  
     ,    . 

c) (  )     . 

d) (   )       . 

e) .
 

 
/
 
 
  

  
,    . 

3.         . 

4. Laws/properties of logarithms: For any positive numbers   and   and     and    , 

a)                   . 

Key terms 

Unit Summary 
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b)     .
 

 
/             . 

c)      
        . 

d)        
     

     
. 

e)        . 

f)        . 

g)         . 

5. The exponential function   with base   is denoted by  ( )    , where          and   is 

any real number. 

6. The natural exponential function is  ( )    , where   is the constant 2.718281828…. Its graph 

has the same basic characteristics as the graph of  ( )    . 

7. The graphs of the exponential functions  ( )     and  ( )      have one  -intercept (0,1), 

one horizontal asymptote (the  -axis), and are continuos. 

8. For                          if and only if     . The function            ( )  

      is called the logarithmic function with base  . 

9. The graphs of the logarithmic function  ( )        where    , is the graph of the inverse of 

 ( )    .  

 For        n   if and only if     . The function given by  ( )         n   is called the 

natural logarithmic function. Its graph has the same basic characterstics as the graph of  ( )  

     . They have the same  -intercept (1,0), the same verticall asymptote (the  -axis), and are 

continuos

 

I. Multiple Choice problems 

1. Let  ( )       , then which of the following is not true? 

A.  ( )              B.  ( )           C.  .
 

 
/         D.  (  )    

2. Which of the following is not true. 

A.    
.
 

  
/
   

 

 
           B.    √            C.    

.
 

 
/
         D.     .    .  

 

 
 

3. The value of            .
   

 
/      .

 

  
/ is: 

A. 6                     B. -6                 C.  3                           D.  -4 

4. Which of the following is not true? 

A. If    √    , then    .                       B.  If       
 

 
,     . 

Review Exercises 
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C.    
.
 

 
/
   , then     .                       D.      .     , then   

 

 
. 

5. What is the solution of the equation       √  ?  

a. 
 

 
           C.  

 

 
 

b. 
  

 
       D.   

  

 
 

6. Which one of the following is an exponential function?  

A.    ( )  .
 

 
/
 

                    B.   ( )  √ 
 

 

C.   ( )   
 

                                             D.  ( )     

7. Which of the following is not true about  ( )     and  ( )                                                 

where       and    ? 

 A. Both have the same y-intercept.              B. Both have the same domain. 

      C. Both have the same range.                      D. Both are increasing. 

II. Short answer Problems: Give the most simplified answer. 

1. The exponential statement of          is _____. 

2. The logarithmic statement of     
 

   
 is _____.  

3. If           and        , then the value of         in terms   and   is         . 

4. Simplified form of √    . .
 

 
/
   

.       

5. Find the value of x such that  

     a)  .
 

  
/
    

                                            b)  .
 

 
/
    

.        
 

   
      

     c)   .
 

 
/
 
 

 

  
           d)         

6. State the universe and find the value of x such that 

      a)       (    )                               b)            (   )  
 

 
                 

      c)      (   )        (   )             d)   (    )           

III. Workout Problems: Show all the necessary steps. 

1. Solve each of the following equations.  

     a)                                      b)  
  

      
      

     c)               
 (   )             d)  

  (    )   (   )

 (    )
 
 

 
 

2. State the universe and solve each of the following equations. 

     a)      (    )                                               b)      (    )     (     ) 

     c)     (    )       (   )        (   )   d)       .
 

 
/      √    
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     e)               (   )      (    )          f)   
 

    √ 
     (   ) 

3. Given         and        . Then express the following interms of   and  . 

a)                         b)        .                  c)        .               d)          

4. For the function given below, find the  -intercept, the  -intercept, the asymptot, the  

    domain, the range and sketch its graph.  

  a)    ( )                                    b)   ( )       
.
 

 
/
(   ) 

5.  A culture contains 10,000  bacteria initially. After an hour, the bacteria count is 30,000. 

a) Find the doubling period.                 b) Find the number of bacteria after 3 . 

6. Determine the final account balance of an investment if birr 20,000 is invested at an interest of  

     5.25% compounded semi anually for 10 years.  

 7. Determine the amount of interest earned if birr 3000 is invested in a bank paying 7.75% annual  

     interest coumpounded monthly for four years. 

 

General instruction: - Dear distance learner this is a model for the assignment that will be given by 

your center which will account 30 % of your total assessment. The assignment has three parts. 

Multiple choice problems, short answer problems and workout problems. Do each of the according 

to the given instruction. 

I. Choose the correct answer for each of the following questions 

1. If   is polynomial function given by  ( )                , then this function has a root     

     between _______. 

A)     1 and 2 

C)     and    

B)     and 0 

       D)     0 and 1 

2. If a polynomial function   is given by  ( )  (    )(    )(    ), then which one of the  

     following statement is correct about  ( )   

A. The degree of  ( ) is 3. 

B.       is the zero of  ( ) . 

C. The leading coefficient of  ( ) is   . 

D. The constant term of  ( ) is    

3.  Which one of the following is a true statement?  

A.     is the factor of     , for a natural number n. 

B. If you divide             by    , then the remainder is    . 

C.     is the factor of                . 

    Module 1 Written Assignment (Model)  
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D. If          is divided by    ; the constant term of the quotient is -5. 

4.  Which of the following statements is not true about the functions  ( )     and  ( )         

      where     and    ?          

A. The range of   is the same as the domain of   

B. The domain of   is the same as the range of   

C. The range of  ( ) is *     + 

D. The domain of  ( ) is *     + 

5.  Which one following statement is not true? (EGSECE 2003 E.C.)  

           A.        for all                   B.              for all      

           C.          for all                           D.     
 

      
 

  for all      

6. The solution set of     ,      (   )-    is equal to 

A. { 
 

 
}                 B. {

 

 
}                     C. *  +                   D. *  + 

II. Give short answer for each of the following question 

1. Find the values of 

a)           .
 

  
/         b)             .

 

 
/      .

 

 
/        c)  

 

 
          √  

2. Find the values of the following common logarithms. 

a)     .
 

√  
 /        b)     .

   

   
/           

3. In each of the following, find the quotient and the remainder when  ( ) is divided by  ( ) 

a.  ( )                       ( )          

b.  ( )                 ( )                

III. Workout problems: Show all the necessary steps 

1. Solve for x.    

     a)   .
  

 
/

 

 
 
  .

  

   
/
  

                        b)  .
 

 
/
  
   .

 

 
/
 
     

2. State the universe and solve for  . 

    a)      .  
 

 
/           b)            (   )      (    )         

3. Sketch the graph of the relation R and find its domain and range were                                           

      *(   )        and      . 

4. For the function given below, find the  -intercept, the  -intercept, the asymptot, the  

    domain, the range and sketch its graph.  

a)    ( )                              b)    ( )      (   )                 

5. When the polynomial  ( )   (    )   (   )  is divided by     the remainder is  

         and  ( )    . Then find the values of   and  . 

 



Logarithm Table 
 

 
153 

 

 



Logarithm Table 
 

 
154 

 

 



Logarithm Table 
 

 
155 

 



Logarithm Table 
 

 
156 

 

 

  



 Feedback to Activities and Exercises 
 

 
157 

 

Unit 1 

Activity 1.1 

a. (   ) (   ) (   ) (   ) (   )     (   )  

b. (   ) (   ) (   ) (   ) (   ) (   ) (   ) (   ) (   ) (   ) (   )  

c. (    ) (   ) (    )  (   ) (   ) (    ). 

d. (   ) (   )     (    ). 

Activity 1.2 

The first elements of R is the set containing the integers 4,6 and -3 or {-3, 4, 6}. 

The second elements of R is the set containing the integers 2, 3 and 4 or {2, 3, 4}. 

Activity 1.3 

a. The arrow diagram: 

 

b. In    every first element of the coordinate mapped to distinct second element of the coordinate. 

Whereas in    two distinct first elements of the coordinate mapped to the same second 

coordinate and in   the same first element of the coordinate mapped to two distinct second 

elements of the coordinate. 

c. Yes,   is mapped to   and   ,    are mapped to 6, 7, respectively.6 

Activity 1.4 

  contains (   ) (   ) (   ) (    ) and the rule is an ordered pair (   ) such that     .  

Activity 1.5 

a. (   )( )   ( )   ( )        (  )      , 

(   )( )       (  )      ,  

(   )  (    )(  )        

(
 

 
) ( )  

 ( )

 ( )
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b. The Domain of   = Domain of g = set of real numbers. Range of   is the set of real  

numbers, Range of   is *  +. 

Activity 1.6 

a. (   )( )  (   )          and (   )(  )  (  )   (  )   . 

b. .
 

 
/ ( )  

 ( )

 ( )
 

    

   
and .

 

 
/ ( )  

 

 
. 

c. .
 

 
/ ( )  

 ( )

 ( )
 

  

    
and .

 

 
/ ( )  

 

 
. 

Activity 1.7 

a.  

 

 

b. The point (0,0) is  -intercept and  -intercept of the 

     graph 

c.      

d.  The domain is the set of real numbers. i.e., 

       *     +  and the range is     * |        +. 

 

Activity 1.8                                                                                       The graph of      

For a quadratic function   ( )                .  
 

  
/
 
 

  

  
   

a. If       ,  ( ) has a minimum value at the vertex ( 
 

  
  

  

  
  ). 

b.           ( ) has a maximum value at the vertex  ( 
 

  
  

  

  
  ). 

Activity 1.9 

  …  3  2  1 0 1 2 3 … 

  … 9 4 1 0 1 4 4 … 

 

   3  2  1 0 1 2 3 

 ( )     9 4 1 0 1 4 9 

 



 Feedback to Activities and Exercises 
 

 
159 

Activity 1.10 

1. a.  (   ) is the  -intercept and the  -intercept. 

      b. (   ) is the  -intercept and the  -intercept. 

      c. (   ) is the  -intercept and no  -intercept. 

      d. (   ) is the  -intercept and (    ) and (   ) are  -intercepts. 

      e. (    ) and (   ) are  -intercepts and (   ) is the  -intercept. 

      f. (    ) and (   ) are  -intercepts and (    ) is the  -intercept. 

2. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Unit 2 

Activity 2.1 

a.  Linear                                     b.   None 

      c. Quadratic                                  d.   Constant 

e.  Linear                                       f.   None 

a.  Inside 

 

b. Outside 

 

c.  Inside 

 

 

d.  Outside 

 

 

e.  Outside 

 

f.  Inside 
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g.  Quadratic                                 h.   None 

i.   None                                       

Activity 2.2 

1.    a.    Like terms                            b. Like terms 

       c.    Unlike terms                         d. Unlike terms 

       e.    Unlike terms                          f. Like terms 

2.  

a. True, commutative property of addition. 

b. False, subtraction of numbers is not commutative.              

c. True, associative property of addition. 

d. True, associative property of multiplication.     

e. True, distributive property of multiplication over addition. 

f. False. 

g. True, both b and -c are multiplied by -1. 

Activity 2.3 

i.  
  

 
    

 

 
       ii.  

   

 
    

 

 
        iii. 

   

  
    

 

  
      iv. 

   

  
    

 

  
 

Activity 2.4 

i.          and                           ii.        and             

iii.        and                      iv.       and     

Activity 2.5 

a.  

 

 

 

 

b. 

 

 

 

 

 

Activity 2.6 

a.  ( )   . 
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b.   ( )               ( )   . 

c.   ( )  (   )(       )   . 

d. Yes.  

Activity 2.7 

a.         b.    
 

 
         c.   

 

 
                d.              

e.         f.  has no solution in the set of real numbers  

Activity 2.8 

a. The zeros of  ( ) are       and 
 

 
  and they are rational numbers. 

b. The zeros of  ( ) are  √  and √   and they are irrational numbers. 

c.  ( ) has no zero in the set of real numbers. 

Activity 2.9 

  -3 -2 -3/2 -1 0 1 

 ( )       -3 -1 0 1 3 5 

 

  -1 0 1 3/2 2 3 

 ( )        5 3 1 0 -1 -3 

 

 

 

 

 

 

 

 

 

 

Unit 3 

Activity 3.1 

1.  

a. The base is 3; the exponent is 4. 

b. The base is -3; the exponent is 4. 



 Feedback to Activities and Exercises 
 

 
162 

c. The base is 
 

 
; the exponent is 5. 

d. The base is -1; the exponent is 9. 

2.  

a. (  )     

b. (  )  (  )  (  )  (  )  (  )    

c. .
 

 
/
 
 

 

 
 

d. (  )  (  )  (  )  (  )  (  )  (  )  (  )  (  )       

e.      (       )      

f. (  )  (  )  (  )  (  )  (  )     

g. . 
 

 
/
 
 . 

 

 
/  . 

 

 
/  . 

 

 
/  . 

 

 
/  

  

  
 

Activity 3.2 

a.   
 

 
 

  

  
        . Hence,      . 

b.   
 

 
 

(  ) 

(  ) 
 (  )    (  ) . Hence,  (  )   . 

c.   
    

    
 

(   ) 

(   ) 
 (   )    (   ) . Hence (   )   . 

Activity 3.3 

a.  
 

   
 

   
 

 
 
 

       

b. √  √   
 

   
 

   
 

 
 
 

       

c.  
 

   
 

   
 

   
 

 
 
 

 
 
 

   
 

  

d. √  √  √   
 

   
 

   
 

   
 

 
 
 

 
 
 

   
 

  

Activity 3.4 

a.                 

b.                      

c.                
             

d.              

Activity 3.5 

    a) 

 the number of bacteria after one hour is 2 

 the number of bacteria after two hours is 4 

 the number of bacteria after three hours is 8 

 the number of bacteria after four hours is 16 
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  the number of bacteria after t hours is    

     b)  

 

 

   

      c)   The formula to calculate the number of bacteria after t hours is   . 

Activity 3.6 

1. For positive real numbers x. 

2. For negative real numbers x. 

3. Yes 

4. Go upward without limit. 

5. Approaches the negative x-axis from above. 

6. Yes. The x-axis. 

 

Unit 1 

Self-Test Exercises 1 

1.   a. (    ) (    ) (        ) (   ) 

2. Some of the ordered pairs are (     ) (     ) (    ) (    ) (    ) (   ). 

3.   a.   2(   ) (    ) (    ) (    ) .
 

 
  

 

   
/  (      ) (     )3  

b.   2(    ) (    ) (    ) (     ) . 
 

 
 
 

  
/3 

4. Domain of the relation   *          +   and Range of the relation   *        +  

5.  

a.     *  (    ) (    ) (   ) (    ) (    ) (      )     +.  

          Domain of the relation   *                 +  

         Range of the relation     *                 +.  

        b.     *  (     ) (      ) (   ) (   ) (   ) (    )   +.  

                   Domain of the relation   *                 +  

                   Range of the relation   *                  +.  

            Domain and Range are the set of all integers. 

 

 

 

Time in hour(t)             …   

Number of bacteria              …    

 Answer key to Self-Test Exercise and Unit Self-Assessment 
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6.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Self-Test Exercises 2 

1.   a.    is a function.  

         b.    is not a function. The same first element of   is mapped to distinct two second  

            elements of  , that is                  and 1.  

        c.    is not a function. For    , multiples of   are                ... that is,   is mapped     

             to               , …. 

        d.    is not a function. The same first element of   is mapped to distinct second element of  

               that is,    is mapped to    and  . 

2. Domain of    is a collection of         and   and the range of F is a collection of         

      and   . 

3.  Given: ( )       and   ( )     . 

a.  (   )( )   ( )   ( )  (    )  (   ) 

                                                                     . 

        (   )( )          . 

a. 

 

b. 

 

 

c. 

 

d. 
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   b.  (   )( )   ( )   ( )  (    )  (   )                 

          (   )( )         . 

  4.   a.  (   )( )  (    )           and (   )( )         . 

b.   .
 

 
/ ( )  

 ( )

 ( )
 

     

   
and .

 

 
/ ( )   

 

 
. 

c.  .
 

 
/ ( )  

 ( )

 ( )
 

  

     
and .

 

 
/ ( )    . 

Self-Test Exercises 3 

1. The function    bijective,    is surjective,    is injective and    is bijective. 

2. a.    is not one-to-one.           b.   is one-to-one. 

3    a.  onto                                   b.  not onto 

4.   a. bijective                             b. bijective 

5.  ( )                             

a. 

 

 

b. 

 

 

c. 

 

 

d. 

 

 

 

6. 

a. The graph of  ( )       

 

b. The graph of  ( )       

 

  

   3  2  1 0 1 2 3 

 ( )        10  7  4 1 2 5 8 

 

   1  0.5 1 2 3 4 

 ( )                  3  5 

 

   1 0 1 2 3 4 

 ( )                2  4 

 

   8  4  2 0 2 4 

 ( )  
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c. The graph of  ( )        

 

 

d. The graph of  ( )  (   )    

 

Self-Test Exercises 4  

1.  a. When the length is   m (   ), the width ( ) can be defined as follows: 

                 ,         ,  thus,        

      b.          (   )  

      c.   ( )            (   )    

The vertex is (   ),  -intercept is  . 

The graph is shown on the right. 

       d. As     and       

  Domain   (   ), Range   (   ) 

2.   a.        
 

 
   

 

 
          

b. The graph is shown at the right. 

c. Domain:  * |   +,  Range:  * |   +. 

3.    a. Vertex (     ) and Axis of symmetry     . 

        b.   ( )             .  
 

 
/
 
   

  

 
  .  

 

 
/
 
 

  

 
.   

          Thus, the vertex is (
 

 
 
  

 
), and the axis of symmetry   

 

 
. 

4.  

a.  ( )           (   )    

The vertex is (   ), and  -intercept is  . 

The graph of the function opens upward, so 

the function has minimum value at vertex 

(   ), which is  .     
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b.  ( )   –    –        (   )    

The graph of the function opens downward, so 

the function has maximum value at vertex 

(    ), which is  . 

 

 

i.  Solution 1: 

Let the length of one square and the other square be   and   respectively (   ). From the given 

condition,  

{
        

        
 

From the first equation,       , then,       . 

Substitute this to the second equation, 

   (    )     

             

            

(   )(   )     

        , since      then,         

Therefore, the length of each wire is       and      . 

Solution2:  

Let the   and   be the larger and smaller lengths respectively. 

             .   .   .  (1) 

After bending to form a square, area of each square is: .
 

 
/
 
and .

 

 
/
 
 respectively. 

      
 

  
(     )     . Which implies 

          .   .   . (2) 

Consider, (   )   (   )                     . 

Therefore,(   )   (   )   (     ). Using the values from equations (1) and (2) 

(  )  (   )   (   ) 

           (   )             . Since   , the difference     cannot be negative.  

      .   .   . (3) 

Solving simultaneous equations (1) and (3),     and      
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Lengths of pieces are 28 cm and 12 cm. 

ii.  

a. Draw the graph of the quadratic function. 

                         

  …  2  1 0 1 2 … 

  … 3 0    0 3 … 

        Read off the  -coordinate(s) of the point(s) where the curve crosses the  -axis.                          

 

      The roots are      and    .These are the solutions of        

b. The solution for the equation            can be obtained by looking at the points where 

the graph           cuts at the  -axis (i.e.,    ).                                    

          (   ) , hence the vertex is (    ) 

  …  3  2  1 0 1 … 

  … 4 1 0      4 … 

 

Plot other points, y-intercept (   ), and (   ), (    ), (-3, 4)  

to draw graph. The graph              cuts the 

        only at     . So, the solution for the 

 equation is     .    

 

 

7.   a.                  

Draw the graph of  ( )           (   )    
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Plot the points: (    ) (     ) (     ) (     ) (    ). 

 

From the graph, the value   that meets  ( )    is        . We also express the 

answer using the interval notation, (     ). 

b.            

 ( )          (   )    . The vertex is (      ). Using table to find other 

points. 

                  

 ( )                             

The  -intercepts are (    ) and (   ) . We graph the  -

intercepts, and the  -intercept. We connect these points to sketch 

the parabola. 

Determine the solution from the graph. 

The inequality asks for the values of   which make the function 

greater than equal to 0. Which values of   make the parabola 

above the  -axis? We include the values        . The solution, 

in interval notation is  (     -  ,   ), or we simply express 

           

Unit 2 

Self-Test Exercises 1 

1.  a.  The degree is 2, the leading coefficient is -1 and the const. term is 10 

b.  The degree is 3, the leading coefficient is 10 and the constant term is 2. 

c.  The degree is -5, the leading coefficient is    and the constant     

     term is    . 

d. The degree is 4, the leading coefficient is 3 and the constant term is   . 

e. The degree is 5, the leading coefficient is 10 and the constant term is -10. 

2.  a.  Polynomial function with degree 4, leading coefficient 2 and constant term -6.   
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b.  Polynomial function with degree 5, leading coefficient  
 

 
 and constant term 7.      

c. Not polynomial function because -2 and -1 are not positive integers. 

d. Polynomial function with degree 1, leading coefficient √  and constant term √ . 

e.  Polynomial function with degree 2, leading coefficient  
 

 
 and constant term 

 

 
. 

f.  Not polynomial function because   can be rewritten as  ( )            and -3 and     

    -4 are not non-negative integers.  

g. Polynomial function with degree 7, leading coefficient 
 

 
  and constant term 

 

 
. 

h. Polynomial function with degree 3, leading coefficient 1 and constant term 2. 

 i.  Polynomial function with degree 4, leading coefficient 1 and constant term 25. 

 j.  Polynomial function with degree 3, leading coefficient 3 and constant term 8. 

Self-Test Exercises 2 

1.  a.    ( )   ( )  (            )  (                 ) 

                      =     (      )  (        )  (      )  (   );   

                                                                                                            grouping like terms 

                      =                 ; adding like terms 

      b.     ( )   ( )  (                )  (                 )     

                         = (      )  (       )  (        )  (      )  (   ); 

                                                           grouping like terms 

                         =            ;  adding like terms 

      c.     ( )   ( ) = (                  )  (            ) 

                      =  (       )  (      )          (    )  (    ); 

        grouping like terms 

                      =                     ; adding like terms 

      d.  ( )   ( ) = (√               √ )  ( √             √   ) 

                =(√     √   )  (       )  (       )  (    )  ( √  √ ); 

         grouping like terms 

                 =   √              ; adding like terms 

2.    a.    ( )   ( ) = (              )  (            ) 

               =                           ; removing brackets 

               =(        )  (       )  (      )  (    );Grouping like terms 

               =               ; adding like terms 

       b.   ( )   ( ) = . 
 

 
           

 

 
     /  (

 

 
          

 

 
   ) 
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=  
 

 
           

 

 
    

 

 
          

 

 
   ; removing brackets 

= . 
 

 
   

 

 
  /  (      )  (       )  ( 

 

 
  

 

 
 )  (   );                                                           

        Grouping like terms 

=  
 

 
           

 

 
   ; adding like terms 

       c.   ( )   ( )= (                     )  (             ) 

=                                   ; removing brackets 

= (        )  (       )          (     )  (   );  

Grouping like terms 

= 5               ; adding like terms 

       d.   ( )   ( ) = ( √               √ )  (√             √   ) 

=  √               √  √             √   ; removing brackets 

= ( √     √   )  (        )  (      )  (    )  ( √  √ ); 

  Grouping like terms 

           =  √           √ ; adding like terms 

3.   a.   ( )  ( )  (    )(       )  

                             =   (       )   (       )  

                             = (          )  (       )  

                             =     (       )  (     )     

                             =                  

       b.   ( )  ( )  (        )(       )  

                             =    (       )    (       )   (       )  

                             = (           )  (          )  (        )  

                             =      (      )  (            )  (    )    

                             =                        

       c.   ( )  ( )  (      )(     )  

                             =    (     )   (  )(     )    

                             = (       )  (       )  

                             =                 

                             =                 

4.    a. 
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        b.    

  

 

 

 

       c.    

 

 

 

 

 

5.  a.                                                            

 

 

 

 

 

 

  

       b. 

 

 

 

 

 

 

 

     c.   
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Self-Test Exercises 3 

1. a.  

 

 

 

 

   

     

     b .  

 

 

 

 

 

 

    c.  

 

 

 

 

      

 

    d.   
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   e.   

 

 

 

 

 

 

 

 

 

2.   a.        and the remainder is  ( )   ( )   ( )     . 

     b.         and the remainder is  (  )    (  )   (  )  (  )      . 

     c.         and the remainder is  ( )   ( )    ( )    ( )       . 

     d.         and the remainder is  (  )  (  )    (  )       . 

     e.      
 

 
 and the remainder is  .

 

 
/   .

 

 
/
 
   

  

 
. 

3.  When              is divided by      the remainder is 5. Find the value of   

      Let  ( )               . 

      By the remainder theorem when  ( ) is divided by       (  ) the remainder is         

        (  )   (  )   (  )   (  )         .  

      Since the remainder is 5, we have,         and solving for  , we have,      . 

4.   Let  ( )              . 

      Since  ( ) is divided by     the remainder is 

        ( )   ( )   ( )   ( )          .     

 Since the remainder is -2, we have,           

                      ( ) 

 Since  ( ) is divided by     the remainder is  (  )   (  )   (  )   (  )    

 Since the remainder is 4, we have,            

                       (  ) 

  Solving (*) and (**) simultaneously we get      and     . 

5.      has the form    , with the value of    . 

      Now,  ( )   ( )  ( )   ( )     , then by the factor theorem     is a factor of       

             . 

6.  a.      and   ( )      ( )       . Therefore,     is a factor. 

     b.      and  ( )      ( )   ( )     . Therefore,     is a factor. 
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     c.        and   (  )  (  )   (  )   (  )       . Therefore,     is not      

           a factor  

     d.        and   (  )  (  )   (  )   (  )     . Therefore,     is a factor  

7.  a.  ( )  ( )  ( )    ( )  ( )      ,         is a factor of  ( ). 

     b.  . 
 

 
/   . 

 

 
/   .

 

 
/    . 

 

 
/             

 

 
 is a factor of  ( ). 

     c.  ( )      (  )   ( )                    is not a factor of  ( ). 

8.    a.  Let  ( )              ,      is a factor of  ( ) implies  

 ( )    ( )  ( )   ( )      

          and this implies      

       b.  Let  ( )                  ,      is a factor of  ( ) implies 

 (  )  (  )    (  )    (  )  (  )      

            and this implies    
  

 
. 

9.    Since      is a factor of  ( )                    

    ( )  ( )    ( )   ( )    ( )      

                   ( )    

   Since     is a factor of  ( ) 

  (  )  (  )    (  )   (  )    (  )      

                       (  ) 

    Solving (*) and (**) simultaneously           
  

 
. 

Self-Test Exercises 4 

1.   a.     ( )  (   )(   )(    ) 

  (   )(   )(    )    

                           

              
 

 
 

Therefore, the zeros of  ( ) are      and 
 

 
. 

       b.      ( )            

                       

           (  )          , let      

           

(   )(   )    
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Substituting the value of  , we get              

     implies      or    .  

     implies      or    . 

                        Therefore, the zeros of  ( ) are              . 

      c.      ( )                                                               

                     

           (  )        , let      

         

(   )(   )    

                 

                        

Substituting the value of  , we get               

     implies    √  or   √ .  

      has no root in the set of real numbers (there is no real number whose square is 

a negative number) 

Therefore, the zeros of  ( ) are  √  and √ .  

    d.          ( )             

                                

                    (        )    

  (          )    

  ( (    )   (    ))    

  (    )(   )    

                         

        Therefore, the zeros of  ( ) are   
 

 
 and   .  

2.  a.     
 

 
        b.    √          

 

 
 

3.    If -1 and 2 are the zeros of  ( ), then (   )     (   ) are factors of  ( ).   

        Therefore,  ( )   (   )(   ) for some constant    . 

        To find the value of  , we use the given condition  ( )    , that is, 

         (   )(   )       . This implies    . 

        Hence, the required polynomial function is, 

         ( )   (   )(   )          . 

4.  a.   ( )       and  ( )     , by the location theorem there is a zero of   ( )    

            between 1 and 2. 

     b.   (  )       and   ( )     , by the location theorem there is a zero of   ( ) 
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            between -1 and -0. 

5.  a.    ( )                                                                            

 ( ) has leading coefficient   and constant term  . 

Possible values of   are factors of  . These are       . 

Possible values of   are factors of  . These are      .  

The possible rational zeros 
 

 
  are     

 

 
         

 

 
. Since  ( ) is a polynomial function 

of degree 2, it has at most 2 zeros, and from the eight possible rational zeros at most 2 can be 

the zeros of  . Since  . 
 

 
/         (  )   , the zeros of  ( ) are  

 

 
      . 

       b.   ( )                  

           ( ) has leading coefficient   and constant term  . 

Possible values of   are factors of  . These are           . 

Possible values of   are factors of  . These are                . 

The possible rational zeros 
 

 
  are     

 

 
  

 

 
  

 

 
         

 

 
. Checking shows that 

 . 
 

 
/      ( )         .

 

 
/   . So, the given polynomial has  

 

 
       

 

 
 as rational 

zeros.   

Self-Test Exercises 5 

1.  a.   ( )             (    )(   ). By making  ( )      and solving the     

         equation           (    )(   ),            
 

 
        . By making            

             we have      . Thus,    
 

 
                               and     is the    

          -intercept.  

     b.              .   
 

 
  

  

  
 

  

  
  / =2 .  

 

 
/
 
 

 

 
 =  

 

 
    .  

 

 
/
 
 

          Since   .  
 

 
/
 
   for all real numbers  ,   ( )   

 

 
 for all values of   and  

 

 
 is the        

          minimum value of  .  This minimum value of   is attained when    
 

 
. The point     

          ( 
 

 
  

 

 
) is called turning point or vertex of the graph of  . 

     c. 

 

     

 

 

 

 

                         

   ( )                   
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       d. 

 

 

 

 

 

 

 

 

 

      e. The domain is the set of all real numbers and the range is the set of all real numbers greater  

         than or equal to  
 

 
. 

2.   a.    ( )             (     ). By making  ( )    and solving the    

             Equation it,                 
 

 
.  

             By making      we have     . Thus,           
 

 
                       

             and     is the  -intercept.  

       b.       ( )              .   
 

 
 /    .   

 

 
  

 

 
/  

 

 
                                                                                                    

                                 = 
 

 
  .  

 

 
/
 
  

Since  .  
 

 
/
 
   ,   ( )   

 

 
 for all values of   and  

 

 
 is the maximum value of  .  This 

maximum value of   is attained when   
 

 
. The point (

 

 
 
 

 
 ) is called turning point for the 

graph of  . 

        c.  

         

 

        d. 

 

 

 

 

 

 

                     

   ( )                    
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       e. The domain is the set of all real numbers and the range is the set of all real numbers less  

             than or equal to 
 

 
. 

3.      a. True        b. True       c. True      d. False      e. False     f. False 

4. 

 

 

 

 

 

 

 

 

 

 

 

 

 

5 

 

 

 

 

 

Self-Test Exercises 6 

1.  a. The perimeter of the rectangular enclosure is      (   ). 

         Since the length of the fencing wire is 80 meters 

     (   )                    ( ) 

         Area of the rectangular garden is: 

 

                   (  ) 

          Solving for   from (*) and substituting the result in (**) 

a i Go upwards 

ii Go upwards 

iii Two 

b i Go downwards 

ii Go downwards 

iii Three 

 
c i Go downwards 

ii Go upwards 

iii Two 

d i Go upwards 

ii Go downwards 

iii Two 

 

 Leading Coefficient Degree 

a Positive odd 

b positive even 

c negative odd 

d Negative even 
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 ( )         

     b.    ( )                  (      )   (       (  )  (  ) ) 

            = (       (  ) )  (  )  

                                                =  (    )  (  )  = (  )  (    )  

          The area is maximum when       . 

     c.    The maximum area is (  )          . 

2.   a.   ( )        (    )(    )         . 

      b.   (   )         

      c. No, because  ( )      and volume cannot be negative number. 

Unit 3 

Self-Test Exercises 1 

1.    a.                      b.       (   )            c.  (  )                         

       d.  (  )   (        )   (   )     

2.   a.                     b.  
  

                c.  (  )               

      d.  (  )                 e.  .
 

 
/
 
 

  

  
 

  

 
 

3.  a)                b)  (   )              c)  .
  

  
/
 
               d)        

 

  
 

 

 
              

     e)      
 

   
 

 

   
          f) .

 

 
/
  

 
 

.
 

 
/
  

 

.
 

  
/
   

  

 
   

  

 
 

  

 
                 

     g)  .
 

 
/
  

 
 

.
 

 
/
  

 

.
 

  
/
   

 

  
         

4.      a)                            

         b)  
  

  
          

 

 
 

         c)   
   

   
           

 

  
 

 

  
              

         d)  (     )  (  )  (  )  (  )                    

         e)              (  )      
 

           

         f)   (  )  (  )   (    )  (      )  (      )(      )        
 

  
  

 

  
                  

         g)             (      )                                               

          h)   (  )                                         

         i) (       )    (    )   (  )                    
 

 
      

               j)  
(  )

  
 (  )

 

   
      

   
     

   
  

   
 

     
 

                 



 Feedback to Activities and Exercises 
 

 
181 

              k)  .
     

     /
  

 
     

      
  

    
   

   
   

    

5.   a) Since      ,  √  
 

 (  )
 

                               b) Since .
 

 
/
 
 

 

  
,  √

 

  

 
 .

 

  
/

 

 
 

 

 
          

     c)  Since (  )      ,  √    
 

 (    )
 

        d) Since      ,  √  
 

 (  )
 

      

      e)  Since (   )       ,   √     
 

  (     )
 

   (   )        

     f)   √      
 

 (      )
 

  is not a real number because there is no real number   such that    

              is        

6.   a) (   ) 
 

  ((  ) ) 
 

  (  )   
 

  (  )   
 

(  ) 
 

 

 
                 

      b)   
 

   
 

   
 

  (  )
 

   
 

   
 

   
 

 
 
 

   
  

               

      c)    
  

 
 

  
 
 

 
(  )

.
 
 / 

(  )
.
 
 /

 
 
.
 
 /

 
.
  
 /

 
 

 
.
  
 /

 
 

  
 

 

 
                  

      d)   . 
 

    
 

 /
  

 . 
 

 /
 

 .  
 

 /
 

  
 

 
      

 

 
    

 

         
 

            

      e)   4
 
 
 

 
  
 
 

5

  

 
 
.
 
 
/(  )

 
. 

 
 
/(  )

 
   

  
 

 

    
         f)  

(  )
 
 
  (  )

 
 

 
 
 

 
 
 
 
   

 
 

 
 
 

 
 
 
 

 
 
 

 
 

 
 
 

                           

      g)  4
 
 
   

 
 
 

 
 
   

 
 

5

 

 
 

 
 
   

 
 

√   
 

7. a)  √  
 

   
 

     
 

   
 

      b)  √  
 

   
 

     
 

   
 

        c)     
√  
 

√ 
  

  
 
 

 
 
 

 .
  

 
/

 

 
  

 

          

    d)  
√  
 

√ 
  

  
 
 

 
 
 

 .
  

 
/

 

 
  

 

   
 

         e)   (√  
 

)
 
 .  

 

 /
 

 . 
 

 /
 

  
 

                                                                

     f)    (√   
 

)
 
 .   

 

 /
 

 .  
 

 /
 

   
 

        

8.   a)   √   √    √                             b)  . √ /
 
 .  √  /

 
   √       )  (√ 

 
)
  

 
 

 
                                                   

     d)   √ 
√ 

 √ 
√  

 √ 
 √ 

                  e)  
 √   

 √   
  (√   ) (√   )                                      

      f)  ( √ )
√  

                              g)  
 √   √ 

  √  
 

 

  √ 
 

 

  √ 
                                                            

      h)  
( √ )    √     √ 

 √  
 

 

 √ 
           

Self-Test Exercises 2 

1.        a)            if and only if            

b)       
 

   
  if and only if      

 

   
    

c)   √   
 

    if and only if          
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d)      
 

  
 

 
 if and only if       

 

 
  

 

 
 

2.         a)                 if and only if            

b)           if and only if      

c)                  if and only if             

d)      
 

  
    if and only if     

 

  
 

3.         a)         

     Let               Then          i.e.,       if and only if      

     So,           

b)         

Let               Then       i.e.,       if and only if   
 

 
  

So,        
 

 
  

c)                 

Put                     so that               
 

     
 

 

   
      that is. 

                if and only if        which implies    
 

 
. 

Hence,                
 

 
  

              d)       √   

Let      √        Then √ 
 
   

But, √ 
 
 0( )

 

 1
 

 0(  )
 

 1
 

  
 

 
 

 

So,  
 

 
     if and only if   

 

 
 

Consequently,    √   
 

 
 

4.      a)              b)                  c)                    d)      

5.    a)     √ 
 

      
 

  
 

 
      

 

 
                 b)                 

       c)      .
 

     
/         

                     d)      
.

 

   
/
(   )       (  )

                 

       e)      √
 

  

 
      

 
 

   
 

 
     f)                      (        )                           

6.  a)                    .
   

 
/              

                      

b)                  .
 

  
/      .

 

 
/                                               

c)      √        √      .
√   

√ 
/      √    

 

 
                   

d)                      (              )            
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e)                      (            )         

      .
 

  
   /             

f)                                

7.  a)       √         
       

    √ 
 

      
 

 
     

          b)      √    
      

    √ 
 

      
 

 
     

         

     c)      
.
 

 
/
    

       

    .
 

 
/
 

      

       
          d)        .

 

 
/   

    
 

 

      
 

      

      
  

 

 
 

     e)             
       

          
 

       

         
  

 

 
  

8.   a)     .
√    

      
/      √               

 

 
    

 

 
 

       b)        √                            

       c)     √    
 

       
 

  
 

 
      

9.   a)  Reading the number in row 3.5 under column 2, gives 0.5465;               . 

     b)  Reading the number in row 1.9 under column 8, gives 0.2967;               . 

     c)  Reading the number in row 5.4 under column 0, gives 0.7324;              . 

     d)  Read the number at the intersection of row 7.2 and column 5, this gives 0.8603. 

        From the mean difference part of the common logarithm table, read the number  

        at the intersection of row 7.2 and column 4, this gives 0.0002.  

        Adding the two results gives 0.8605;                . 

      e)  Since,                 we have  

               (         )                           . 

    Reading the number in row 2.5 under column 0, gives 0.3979;              . 

    So,                                   . 

      f)   Reading the number in row 8.9 under column 9, gives 0.9538 ;                

      g)  Since,                    we have  

             (         )                            

     Reading the number in row 7.0 under column 0, gives 0.8451 ;                

      So,                                     . 

        h)  Since,                we have  

                  (        )                          . 

        Reading the number in row 5.0 under column 0, gives 0.6990 ;               . 

        So,                                 . 

10.  a)                  . So, the characterstic is -4 and the mantisa is        . 

       b)                  the characterstic is -1 and the mantisa is       . 

       c)              . So, the characterstic is 2 and the mantisa is        . 
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       d)  
 

 
                 the characterstic is -1 and the mantisa is       . 

       e)             . Therefore, the characterstic is 0 and the mantisa is       . 

       f)            the characterstic is 0 and the mantisa is     . 

       g)                  the characterstic is 3 and the mantisa is        . 

       h)  65.615              the characterstic is 1 and the mantisa is          .                          

11. a) Reading the at the intersection of row 0.63 and Column 2 from the antilogarithm  

            table gives 4.285. From the mean difference part of the antilogarithm table read the number      

            at the intersection of row 0.63 and column 1 gives 0.001. Adding the two results gives  

           4.286. So, the                      

      b)  Reading the number at the intersection of row 0.84 and Column 4 from the antilogarithm  

            table gives 6.982.                         

      c)                                   

      d)                  . 

      e)                       (        )         (      )                     . 

      f)                                     

      g)                      (      )         (     )                          

      h)          (    )         ((     )   )         (     )                    

12.  a) Let            .  

Then         (         )                                       

So,          (      )         (        )                  

Therefore,                 

        b) Let   √  
 

   
 

 .  

Then           
 

   
 

 
(     )  

 

 
(        )  

 

 
(       ) 

                             
 

 
(     )           

Hence,          (      )       . 

Therefore, √  
 

      . 

        c)  Let           

      Then                            (      )         .  

         (       )       . 

     So,            . 

        d)    Let   (   )    (    )   .  

Then         ((   )    (    )   )     (   )       (    )          

                          (      )      (        ) 
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                                                   . 

  So,          (        )                   . 

        Therefore, (   )    (    )          . 

         e)         √   

(    ) 
 . 

            Then         
√   

(    ) 
 

    √       (    )        
 
     (    )  

 

 
(           )   (       ) 

      
 

 
,        -   ,      -        . 

     That is,             if and only if          (      )       . 

     Thus, 
√   

(    ) 
      . 

Self-Test Exercises 3 

1.  a)           b)         c)  
 

 
              d)   

2.  a)   ( )        b)   ( )   
 

 
 
    c)   ( )          d)   ( )   

 

 
 
    e)   ( )           \ 

3.  a) Complete the table of values below 

         

   ( )         

      b)  y-intercept = 1 and has no x-intercept 

     c)  

 

 

 

 

 

 

 

 

 

    d) Domain is the set of real numbers and the range is the set of positive real numbers. 

4 a) Complete the table of values below 

         

   ( )         
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       b)  y-intercept = 1 and has no x-intercept 

       c)  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

         d) Domain is the set of real numbers and the range is the set of positive real numbers. 

  5.  
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Self-Test Exercises 4 

1. a)    
 

 
                             b)  Does not exist                       c) 

 

 
                   d)  

 

 
 

2. a)    ( )  
 

 
              b)   ( )  

 

 
            c)   ( )            d)    ( )               

3.   a) 

 

  

 

  

       b) Has no  -intercept and the  -intercept is (   ). 

       c)  

 

 

 

 

 

 

 

 

 

    d) Domain = (   ) and Range is the set of all real numbers. 

4. a) 

   

 

 

     b) Has no  -intercept and the  -intercept is (   ). 

     c)  

 

 

 

 

 

 

 

 

   

   
 

 

  
 

 

 
 

1 5 

 ( )        -3 -2    0 1 

x  

   
 

 

  
 

 

 
 

1 5 

 ( )      
 
  3 2   0 -1 
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     d) Domain = (   ) and Range is the set of all real numbers. 

6.  a) 
 

 
               b)                  c) 7           d)  

 

 
           e) 7         f)               g)       

Self-Test Exercises 5 

1) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

2)  The domain of   is the set of all real numbers; the range of   is the set of all positive real  

      numbers  

3)  The domain of   is the set of all positive real numbers; the range of   is the set of all real    

      numbers  

4)  The domain of   is the set of all real numbers which is the range of  .  

5)  The range of   is the set of all positive real numbers which is the domain of  .   

Self-Test Exercises 6 

1.      a.          ,                     

         b.       
 

  
,             ,           .  Thus,   

 

 
  

        c.           ,            (   ),            . Thus,      

        d.  
 

  
 .

 

   
/
 
,   .

 

 
/
 
 .

 

 
/
  

,      . Thus,   
 

 
  

        e. .
 

 
/
    

       
 

   
 ,          (  )     ,              ,          

 

 
 

x -1 0 1 2 

 ( )  (
 

 
)
 

 
  1  

 
 

 

  
 

x  

  
 

 

 
 

1 5 

 ( )     
.
 
 /
  2 1 0 -1 
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        f.                      
 

 
            .

 

 
  /                

        g.                     (  )     .
 

 
/      (  )  

 

 
(  ) .

 

 
/
 
 .

 

 
/
 
               

        h.   (   )  
 

  
                                                    

2.    a)      (    )   , 

        implies   
 

 
. So, the universe or domain is .   

 

 
/. 

    (    )     implies       . 

Hence,     
 

 
  

       b)    √              

     The universe or domain is (   ). 

         √    ,   
    

   √ 
  ,   

    

    
 
 

  ,    
    
 

 
    

  ,  
    

    
             

              So,       

      c)       (  
   )    

                       if and only if     or   
 

 
 .   

             So, the universe is (    )  .
 

 
  /. 

                   (  
   )   , 

       , 

         , 

Therefore,    
 

 
  . Both are members of the universe. 

      d)            (   )    

               if and only if    .   

So, the universe is (   ). 

          (   )   , 

     (   )   , 

         , 

(   )(   )               ,  

    (   ). 

      e)    (     )     (    )    

              
     

    
    (    )                

 

 
       

 

 
 

           ,      
 

 
  

       f)      (   )      (   )         
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            So, the universe is (   ). 

    
(   )(   )

  
      ,  

(   )(   )

  
                            

           , 

But,      is not in the universe.   So,      

      g)       (   )            

                   implies    .  

          So, the universe is (   ). 

   
   

 
     , So,      

Self-Test Exercises 7 

1.                                       

       ( )   .  
 

 
/
  

 

       ( )       .  
 

   
/
 ( )

        . 

      Therefore, the ammount in the account will be birr          after 5 years. 

2.          .  
    

  
/
    

  (      )    (      ) 

        
     

      
            

3.  A Population of cockroaches grows exponentially. There are 5 initially and 60 after 2 days. 

      How many are there after 10 days? 

 ( )     
           ( )               

        

       

Taking    of both sides,              
 

 
           is the growth rate. 

 (  )         (  )            cockroaches after 10 days. 

4.             ,  - 

                  ,  - 

                ,  -       

           ,  -         (    )         (       )         (     ) 

           ,  -             

5.  Suppose the hydrogin concentration reading of  milk is            . Calculate the pH of the  

     substance and determine whether it is acidic or basic. 

       ,  - 

                  (        (  ))   (     )        

                           It is acidic. 
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Unit 1 

Part-I True or false 

1. True 

2. False  

3. True 

4. True 

5. False 

Part-II Multiple choice 

1. B 

2. D 

3. A 

4. C 

5. B 

Part-III Fill in the blank space 

1. An onto  

2.     

3. a. No, because   does not less than  .              b. No               c. Yes 

4. ,   ) 

5. Domain of F *        + and range of F*         +. 

Part-IV Work out   

1. a. The domain and the range are the set of all real numbers. 

b. Domain of R is the set of real numbers                 and the range of R is the  

    set of real numbers                 

c. Domain of R is the set of real numbers           ,  and the range of R is the set of 

    real numbers          

        d. The domain is the set of brothers and sisters in a family and range is the set of sisters in 

             a family. 

2.  

 

 

 

 

 

 

 

 

 

 

 Answer key to Review Exercises 

 

a.         

The domain and range are the set of 

all real numbers. 

 

 

b.        

The domain and range are the set 

of all real numbers. 
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c. 

 

The domain and range are the set of real 

numbers.  

d. 

 

The domain and range are the set of real 

numbers. 

e. 

 

The domain is the set of real numbers 

*          + 

The range is the set of all real numbers 

*         +. 

f. 

 

The domain is the set of real numbers 

*     
 

 
    +   

The range is the set of all real numbers. 

3.   *(   )                  +  

The domain is the set of real numbers       . The range is the set of all real numbers. 

4. a. i.  (   )( )   ( )   ( )  (        )  (       ) 

                                                                   .         Removing bracket.  

                                                              

 

 

 

(   )
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  ii.  (   )( )   ( )   ( )  (        )  (       ) 

                                                                

                                                                                

 iii.  (   )(  )  (  )   (  )     . 

 iv. (    )( )   ( ( )   ( )   )  ( ( )     ) = 1. 

    b. The domain of      is the set of all real numbers. 

5. Given:  ( )             ( )      

a. i.  (  )( )   ( ) ( )  (     )(   )             . 

             ii..
 

 
/ ( )  

 ( )

 ( )
 

     

   
 

             iii.  (  )( )   ( )   ( )        

               iv.  .
 

 
/ ( )   

 ( )   

   
 

 

 
. 

b. The domain of  
 

 
 is the set of all real numbers *          +  

6.  a.   

                  

 ( )                          

 

 

        b.  

  -3 -2 -1 0 1 2 3 

2         4 2 0 -2 -4 -6 -8 
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           c . 

                       0 1 2 3 

 ( )              0 7 12    16 12 7 0        

 

The graph of            

7. Consider   ( )          If    , then  ( )                               that you 

pay for the repair. 

Unit 2 

I. Answer for Multiple Choice problems  

1) A  2) B      3) A           4) D         5) B 6) A     7) D  

II. Answer for Short answer problems 

1. a.                                  

b.                                

c.                                  

d.                                  

2.  a.     
 

 
       b.        

3.         and      

4.   ( )    (   )(   )             
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5.    a.   
 

 
  

 

 
                  b.  

 

 
     

 

 
 

III. Answer for Workout problems 

1.      is a factor implies 

    ( )            

      

                   ( ) 

And,  ( )                

                       (  ) 

Using (*) and (**)               

2.  a. If     and    are the zeros of  ( ), then         and     are factors of  ( ).   

          Therefore,  ( )   (   )(   )(   ) for some constant    . 

          To find the value of  , we use the given condition  (  )   , that is, 

           (   )(   )(   )       . This implies   
 

 
. 

         Hence, the required polynomial function is, 

           ( )  
 

 
(   )(   )(   )  

 

 
   

 

 
   . 

   b.  If    
 

 
 
 

 
  and   are the zeros of  ( ), then     

 

 
   

 

 
 and     are factors of  ( ).   

          Therefore,  ( )    (  
 

 
)(  

 

 
)(   ) for some constant    . 

          To find the value of  , we use the given condition  ( )  
 

 
, that is, 

            (  
 

 
)(  

 

 
)(   )   

 

 
  

 

 
. This implies   

 

  
. 

          Hence, the required polynomial function is, 

           ( )  
 

  
 .  

 

 
/ .  

 

 
/ (   )  

 

  
(   

  

 
       

 

 
 ). 

3.                         

a.  The leading coefficient is      and the constant term is      . 

Possible values of   are factors of   . These are                       .  

Possible values of   are factors of  . These are          and    . 

The possible rational zeros 
 

 
 are     

 

 
  

 

 
  

 

 
        

 

 
  

 

 
  

 

 
       

     . That is,  ( ) has    possible rational zeros. To find the actual rational zeros you can 

check by substituting each in  ( ) for  . 

  . 
 

 
/   ( )   . 

 

 
/   .

 

 
/   . 

Therefore,  
 

 
,  ,  

 

 
, and 

 

 
 are the only rational zeros. 

 



 Feedback to Activities and Exercises 
 

 
201 

4.  a 

 

 

 

 

 

 

 

 

 

    b.          

  

5. Let the two numbers be        . Then, 

        .  .  .  (1) 

If we denote the product of the two numbers by  , then 

       .  .  .  (2) 

To find the minimum value of  , first we solve either for   or for   from equation (1). 

Solving for   from equation (1) gives        and substituting this in equation (2) gives          

   (    )        , 

    = (          )     , 

    = (    )     . 

    =       (    )  

Since, (    )    

       (    )      . 
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Therefore,      is the minimum product and this minimum product is obtained when the 

value of     . And when     ,           . That is,      . 

6. Find the two real numbers whose sum is 16 and whose product is the maximum. 

        Let the two numbers be        . Then, 

        .  .  .  (1) 

If we denote the product of the two numbers by  , then 

       .  .  .  (2) 

To find the maximum value of  , first we solve either for   or for   from equation (1). 

Solving for   from equation (1) gives        and substituting this in equation (2) gives          

   (    )           (      ), 

    =  (         )    , 

    =  (   )    . 

    =     (   )  

Since, (   )    

     (   )    . 

Therefore,    is the maximum product and this maximum product is obtained when the value of 

   . And when    ,         . That is,    . 

Unit 3 

I. Answer for Multiple Choice problems 

1) D       2. B            3. A             4. D           5. A         6. A     7. D    

II. Answer for Short answer Problems 

1)                      2)       .
 

   
/                  3)                     4)     

5)  a.    
  

 
         b. 0      c.                d.          

6)        a)                    
 

 
                    *     

 

 
+      

          and the solution is    
  

 
.    

     b) The universe is (   ) and the solution is    . 

     c)  The universe is      and the solution is   
  

 
.                                                  

           d)  The universe is (   ) and the solution is   √        
 

√  
 . 

III. Answer for Workout Problems 

1.      a)              

(  )             

  (  )           
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(  )         

Here, let      (   ) 

Then,          (   )(   )           

Since    ,     

Hence,          

        b)   
  

      
      

  

  (    )
   (   ) 

   (    )   (   ) 

   
 

 
    

        c)                 (   )  

     (   )         , let           

    implies            (    )(   )                 

                                      √  

         d)             
  (    )   (   )

 (    )
 

 

 
 

  (    )  (   )  (    )      

 (    )   (   )   (    )      

        3,      

2.  a)  The universe is (   ).    

      (    )          

    (    )          

     (    )    

           

  
 

 
 

      b)  The universe is (   ).  

    (    )     (     ) 

   (    )     (     ) 

(    )        

                 

                 
 

 
 

       c) The universe is .
 

 
  /.   

    (    )       (   )        (   ) 
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    (
    

(   ) 
) (   )    

  
  

  
 

           d) The universe is (   ). 

     .
 

 
/      √    

 (           )  
 

 
        

Let        , then      
 

 
    

                       

       

           e) The universe is (   ) and the solutions are                  .             

                              (   )      (    )          

    4
  (   )

    
5    

  (   )

    
   

            

              

(   )(   )(   )    

    

          f) The universe is (   ) * + and the solution is    . 

 

    √ 
     (   ) 

    (   )      √    

    (   )  
    √ 

     
   

    (   )  (
 

 
)        

 

 
    (   )        

    (   )
 
        

Then, 

(   )
 
    

Squaring both side of the equation, 
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(   )(   )   ,          

     

3.         a)                                                                              

b)               
 

  
            (   )                                                        

c)               
  

 
                   

d)            
     

     
 

 

  
                                                  

4.  a) has   -intercept =(   ),  - intercept = (   ), the asympyote is the line    , the    

     domain is all real numbers and the range is *     +. 

 

 

 

 

 

 

 

 

 

 

 

        b)   -intercept = (   ),  - intercept (1, 0), the asympyote is the line     , the    

            domain is *      + and the range is all real numbers. 

 

 

 

 

 

 

 

 

 

5.   a)    ( )     
  , where            ( )         

      ( )          ( )        , 
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         , 

             , 

                 , 

      ( )                 is the function that models the population. 

The doubling period is when the number of bacteria is 20,000 

                      

           

               

            

  
   

      
 

              

      b)           

           ( )               ( )        (  )          

         Therefore, the population will be         after 3 hrs. 

6.   Here P =20,000, r = 5.25% = 0.0525, n = 2,       

 ( )   .  
 

 
/
  

       .  
     

 
/
    

       (      )             

Here P = 10,000, r = 7% = 0.07, n = 365, t = 5. 

 ( )   .  
 

 
/
  

       (  
    

   
)
   ( )

 

                 (        )    , 

7.          ( )   .  
 

 
/
  

, 

 ( )       .  
      

  
/
    

        , 

                    

So, the amount of interest earned at the end of four years is birr 1,086.2. 


